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ö
ld

er
n
o
rm

o
f
o
rd

er
t

>
1
/2

a
n
d

th
e

co
n
sta

n
t

c
t
d
ep

en
d
s

o
n
ly

o
n

t.

F
o
r

d
=

3
,

χ
s
≤

c1 (1
+

ω
)) −

1‖
f
s‖

1
,∞



If,
h
o
w
ever,

su
p
p
(f

s)
d
o
es

n
o
t

co
n
ta

in
s

a
n
y

B
lin

d
S
p
o
t,

th
en

χ
s

sa
tisfi

es
th

e
b
o
u
n
d

χ
s
≤

c
h (1

+
ω

)) −
h‖

f
s‖

h
,∞

w
h
ere

th
e

co
n
sta

n
t

c
h

d
ep

en
d
s

o
n
ly

o
n

h
.

•
W

e
d
o

n
o
t

n
eed

fu
ll

view
m

ea
su

rem
en

t:
th

e
su

p
p
o
rt

o
f

f
s

ca
n

b
e

a
sm

a
ll

p
o
rtio

n
o
f

S
d−

1
,d

=
2
,3

.

W
e

n
eed

so
m

e
sm

o
o
th

n
ess

in
f
s:

a
n
u
m

b
er

o
f
existin

g
n
u
m

erica
l

tests
(b

y
o
th

ers)
n
eg

lect
th

is!

•
T
o

h
a
ve

µ
'

1
,
n
eed

ω
)
1

1
a
n
d

n
1

1
.

•
In

th
e

ca
se

o
f
ra

n
d
o
m

p
artia

l
F
o
u
rier

m
a
trix,

χ
s
=

0
.



P
ro

o
f
u
ses

co
n
cen

tra
tio

n
in

eq
u
a
lity

a
n
d

sta
tio

n
ary

p
h
a
se

a
n
a
lysis.

•
T

h
e

p
a
irw

ise
co

h
eren

ce
h
a
s

th
e

fo
rm

S
n

=
1n

n∑

j=
1

e
iω

r̂
j ·(r−

r ′)

•
H
o
eff

d
in

g
in

eq
u
a
lity

P
[ |S

n
−

E
S

n |≥
n
t] ≤

2
exp

[−
n
t 2

2

]

fo
r
a
ll

p
o
sitive

va
lu

es
o
f

t.

•
E
xp

ecta
tio

n
estim

a
tio

n
:

1n E


n∑

j=
1

e
iω

r̂
j ·(r−

r ′) 
=

∫
2
π

0
e
iω

r̂·(r−
r ′)f

s(θ)d
θ,

r̂
=

(co
s
θ,sin

θ)

w
h
ich

is
th

e
H
erg

lo
tz

w
a
ve

fu
n
ctio

n
w
ith

kern
el

f
s.



O
p
e
ra

to
r
n
o
rm

b
o
u
n
d

T
h
e
o
re

m
5

(A
F

2
0
0
9
)

F
o
r
th

e
S
IM

O
m

ea
su

rem
en

t
w
e

h
a
ve

‖Φ
‖
2
≤

2
mn

w
ith

p
ro

b
a
b
ility

larg
er

th
a
n


1
−

c1 √
n
−

1

m


n
(n−

1
)

T
h
e

p
ro

b
a
b
ility

b
o
u
n
d

is
p
ro

b
a
b
ly

n
o
t

o
p
tim

a
l.



M
u
ltip

le
-sc

a
tte

rin
g

w
a
v
e

L
ip

p
m

a
n
n
-S

ch
w
in

g
er

eq
u
a
tio

n

u
(r

i )
=

u
i(r

i )
+

ω
2

∑j-=
i G

(r
i ,x

j )ν
j u

(x
j )

L
et

ik
b
e

th
e

in
d
ices

fo
r

w
h
ich

ν
(r

ik )
-=

0
.

D
efi

n
e

th
e

illu
m

in
a
tio

n
a
n
d

fu
ll

fi
eld

vecto
rs

a
t

th
e

lo
ca

tio
n
s

o
f
th

e
sca

tterers:

U
i

=
(u

i(r
i1 ),...,u

i(r
is ))

T
∈

C
s

U
=

(u
(r

i1 ),...,u
(r

is ))
T
∈

C
s.

L
et

G
b
e

th
e

s
×

s
m

a
trix

G
=

[(1
−

δ
jl )G

(r
ij ,r

il )]

a
n
d
V

th
e

d
ia

g
o
n
a
l
m

a
trix

V
=

d
ia

g
(ν

i1 ,...,ν
is ).

L
ip

p
m

a
n
n
-S

ch
w
in

g
er

eq
u
a
tio

n
ca

n
b
e

w
ritten

a
s

U
=

U
i+

ω
2G

V
U



o
r

U
=

U
i+

ω
2G

X

O
n

th
e

o
th

er
h
a
n
d
,

X
=

V
(I−

ω
2G

V
)−

1
U

i.

T
h
e
o
re

m
6

(A
F

2
0
0
9
)

S
u
p
p
o
se

ω
−
2

is
n
o
t

a
n

eig
en

va
lu

e
o
f
th

e
m

a
trix

G
V

a
n
dU

i
is

n
o
t

o
rth

o
g
o
n
a
l
to

a
n
y

ro
w

vecto
r
o
f

(I−
ω

2G
V

)−
1

.

T
h
en

th
e

tru
e

targ
et

V
is

g
iven

b
y

V
=

d
ia

g
[

X

ω
2G

X
+

U
i ]

w
h
ere

th
e

d
ivisio

n
is

in
th

e
en

try-w
ise

sen
se

(H
a
d
a
m

ard
p
ro

d
u
ct).



N
e
a
r-fi

e
ld

m
e
a
su

re
m

e
n
ts

incident wave

sensors

s
D

-
+

D
D

z=0

scattered wave

sources

z=0

D
D

+
-

D
s

S
IM

O
∼

m
u
lti-sh

o
t

S
IS

O
m

ea
su

rem
en

t.

m
in

Δ
L



T
h
e
o
re

m
7

(A
F

2
0
0
9
)

S
u
p
p
o
se

m
≤

δ2
e
2
K

2
/r

20,
δ

>
0

w
h
ere

c0
d
ep

en
d
s

o
n

th
e

m
in

im
u
m

d
ista

n
ce

∆
m

in
b
etw

een
{
z

=
0}

a
n
d

th
e

la
ttice

(F
o
r

d
=

2
,

r
0

=
O

(−
lo

g
∆

m
in );

fo
r

d
=

3
,

r
0

=
O

(∆
−
1

m
in )).

T
h
e

m
u
tu

a
l
co

h
eren

ce
o
b
eys

µ
(Φ

)
≤

|G
(∆

m
a
x )| −

2
(
√

2
K

√
n

+
c

√
ω

L

)

,
d

=
2

µ
(Φ

)
≤

|G
(∆

m
a
x )| −

2
(
√

2
K

√
n

+
cω
L

)

,
d

=
3

fo
r

so
m

e
co

n
sta

n
t

c
(in

d
ep

en
d
en

t
o
f

ω
>

0
fo

r
d

=
2

a
n
d

ω
>

1
fo

r
d

=
3
),

w
ith

p
ro

b
a
b
ility

g
rea

ter
th

a
n

(1
−

δ)
2,

w
h
ere

∆
m

a
x

is
th

e
larg

est
d
ista

n
ce

b
etw

een
th

e
array

a
n
d

th
e

la
ttice.

N
eed

ω
L
1

1
a
n
d

n
1

1
.



R
e
so

lu
tio

n

ω
)
∼

1
?

M
u
lti-sh

o
t

S
IS

O
sch

em
es

p
ro

vid
e

m
o
re

in
fo

rm
a
tio

n



M
u
lti-sh

o
t

S
IS

O
sc

h
e
m

e
s

T
h
e

(l,j)-en
try

o
f

Φ
∈

C
n×

m
is

e −
iω

l r̂
l ·r

je
iω

l d̂
l ·r

j
=

e
iω

l )(j2 (sin
θ
l −

sin
θ̃
l )+

j1 (co
s
θ
l −

co
s
θ̃
l )),

j
=

(j1
−

1
)
+

j2
.

•
L
et

(ρ
l ,φ

l ),i
=

1
,..,n

b
e

th
e

p
o
lar

co
o
rd

in
a
tes

o
f

i.i.d
.

u
n
ifo

rm
r.v.s

(ξ
l ,η

l )
∈

[0
,2

π
] 2.

•
S
c
h
e
m

e
I.

T
h
is

sch
em

e
em

p
lo

ys
Ω
−
b
a
n
d

lim
ited

p
ro

b
es,

i.e.
ω

l ∈
[−

Ω
,Ω

].
S
et

θ̃
l

=
θ
l +

π
=

φ
l

(b
a
ck

w
ard

sa
m

p
lin

g
)

ω
l

=
Ω

ρ
l

√
2

l
=

1
,...,n

.
In

th
is

ca
se

th
e

sca
tterin

g
a
m

p
litu

d
e

is
a
lw

ays
sa

m
-

p
led

in
th

e
b
a
ck

-sca
tterin

g
d
irectio

n
a
n
a
lo

g
o
u
s

to
S
A
R
.



•
S
c
h
e
m

e
II.

T
h
is

sch
em

e
em

p
lo

ys
sin

g
le

freq
u
en

cy
p
ro

b
es

n
o

less
th

a
n

Ω
:

ω
l
=

γ
Ω

,
γ
≥

1
,

l
=

1
,...,n

.

S
et

θ
l
=

φ
l +

arcsin
ρ
l

γ √
2

θ̃
l
=

φ
l −

arcsin
ρ
l

γ √
2

.

T
h
e

d
iff

eren
ce

b
etw

een
th

e
in

cid
en

t
a
n
g
le

a
n
d

th
e

sa
m

p
lin

g
a
n
g
le

is

θ
l −

θ̃
l
=

2
arcsin

ρ
l

γ √
2

(sca
tterin

g
a
n
g
les)

w
h
ich

d
im

in
ish

es
a
s

γ
→
∞

.
In

o
th

er
w
o
rd

s,
in

th
e

h
ig

h
freq

u
en

cy
lim

it,
th

e
sa

m
p
lin

g
a
n
g
le

a
p
p
ro

a
ch

es
th

e
in

cid
en

t
a
n
g
le.

T
h
is

resem
b
les

th
e

settin
g

o
f
th

e
X
-ray

to
m

o
g
ra

p
h
y.



•
T

h
e
o
re

m
8

(A
F

2
0
0
9
)

S
u
p
p
o
se

Ω
)
=

π
/ √

2
.

T
h
en

sch
em

e
I
a
n
d

II
sa

tisfy
R
IP

w
ith

h
ig

h
p
ro

b
a
b
ility

a
n
d

th
e

erro
r
b
o
u
n
d

‖
X̂
−

X
‖
2
≤

C
1
s −

1
/2‖

X
−

X
(s)‖

1
+

C
2
ε.



N
u
m

e
ric

a
l
te

sts

−200
−150

−100
−50

0
50

100
150

200

−200

−150

−100

−50 0 50

100

150

200

 

 

0.2

0.4

0.6

0.8

1 1.2

1.4

1.6

1.8

−200
−150

−100
−50

0
50

100
150

200

−200

−150

−100

−50 0 50

100

150

200

 

 

0.2

0.4

0.6

0.8

1 1.2

1.4

1.6

1.8

2 x 10
−4

(left)
S
o
u
rce

in
versio

n
w
ith

th
e

p
ara

xia
l
sen

sin
g

m
a
trix

4
0

so
u
rce

p
o
in

ts
a
n
d

1
2
1

a
n
ten

n
a
s.

T
h
e

resu
ltin

g
erro

r
is

0
.0

1
6
4

w
h
ile

th
e

erro
r

w
ith

exa
ct

G
reen

fu
n
ctio

n
is

7
×

1
0
−
1
6

(n
o
t

sh
o
w
n
).

(rig
h
t)

M
F
P

im
a
g
e

p
ro

d
u
ced

o
n

th
e

sa
m

e
g
rid

.
T

h
e

red
circles

rep
resen

t
th

e
tru

e
lo

ca
tio

n
s

o
f
th

e
targ

ets
in

b
o
th

p
lo

ts.



0
100

200
300

400
500

600
380

390

400

410

420
BP

0
100

200
300

400
500

600
15 20 25 30

M
F w

. thresholding

C
o
m

p
ressed

im
a
g
in

g
b
y

M
F
P

(b
o
tto

m
)

versu
s

B
P

(to
p
).

T
h
e

n
u
m

-
b
er

o
f

reco
vera

b
le

o
b
jects

a
s

a
fu

n
ctio

n
o
f

th
e

n
u
m

b
er

o
f

sen
so

rs
n

=
1
,2

,3
,4

,5
,
6
,
8
,
1
0
,
1
2
,
1
5
,
2
0
,
2
4
,
2
5
,
3
0
,
4
0
,
5
0
,
6
0
,
7
5
,
1
0
0
,

1
2
0
,
1
5
0
,
2
0
0
,
3
0
0
,
6
0
0

w
ith

n
p
=

6
0
0

fi
xed

.



S
c
h
e
m

e
I:

su
c
c
e
ss

p
ro

b
a
b
ility

0
5

10
15

20
25

30
35

40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

 

 
11/2
1/4
1/8

S
u
ccess

p
ro

b
a
b
ilities

fo
r
S
ch

em
e

I.
A
s
th

e
b
a
ck

w
ard

sa
m

p
lin

g
co

n
d
i-

tio
n

is
in

crea
sin

g
ly

vio
la

ted
,
th

e
p
erfo

rm
a
n
ce

d
eg

ra
d
es

a
cco

rd
in

g
ly.



S
c
h
e
m

e
II:

su
c
c
e
ss

p
ro

b
a
b
ility

10
15

20
25

30
35

40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

 

 
gam

m
a =  1, eta tilde = 1

gam
m

a =  1, eta tilde = 1/2
gam

m
a =  1, eta tilde = 1/4

gam
m

a = 20, eta tilde = 1
gam

m
a = 20, eta tilde = 1/2

gam
m

a = 20, eta tilde = 1/4

S
u
ccess

p
ro

b
a
b
ilities

fo
r
S
ch

em
e

II
w
ith

γ
=

1
,2

0
a
n
d

th
e

sca
tterin

g
a
n
g
le

co
n
d
itio

n
vio

la
ted

in
vario

u
s

d
eg

rees.



C
o
m

p
a
riso

n
o
f
S
IM

O
a
n
d

S
IS

O

10
15

20
25

30
35

40
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

 

 
S

IM
O

 gam
m

a=1
S

IM
O

 gam
m

a=20
S

IM
O

 gam
m

a=200
S

IS
O

 gam
m

a=1

S
o
lid

cu
rves

are
th

e
su

ccess
p
ro

b
a
b
ilities

fo
r
th

e
S
IM

O
m

ea
su

rem
en

t
a
t

γ
=

1
,2

0
,2

0
0

a
n
d

th
e

d
a
sh

ed
cu

rve
is

th
e

S
IS

O
S
ch

em
e

II
a
t

γ
=

1
.



D
istrib

u
te

d
e
x
te

n
d
e
d

ta
rg

e
ts

•
T

h
e

w
a
velet

exp
a
n
sio

n

ν
(x

,z)
=

∑

p
,q∈Z

2

ν
p
,q

ψ
p
,q (x

,z)

w
h
ere

ψ
p
,q (r)

=
2
−
(p

1 +
p
2 )/2

ψ
(2
−

p
r
−

q
),

p
,q
∈

Z
2

w
ith

2
−

p
r
=

(2
−

p
1x

,2
−

p
2z)

fo
rm

a
n

O
N
B

in
L

2(R
2).

•
L
ittlew

o
o
d
-P

a
ley

b
a
sis

ψ
(r)

=
(π

2
x
z) −

1(sin
(2

π
x
)
−

sin
(π

x
))

·(sin
(2

π
z)
−

sin
(π

z))

w
h
ich

is
b
a
n
d
-lim

ited

ψ̂
(ξ,ζ)

=

{
(2

π
) −

1
.

π
≤
|ξ|,|ζ|≤

2
π

0
,

o
th

erw
ise

.



•
W

ith
th

e
in

cid
en

t
fi
eld

s

u
ik (r)

=
e
iω

k r·d̂
k,

k
=

1
,...,n

w
e

h
a
ve

Y
k
=

2
π

∑

p
,q∈Z

2

2
(p

1 +
p
2 )/2

ν
p
,q

e
iω

k 2
p
(d̂

k −
r̂
k )·q

ψ̂
(ω

k 2
p
(r̂

k
−

d̂
k ))

w
ith

cu
to

ff
s

|q|∞
≤

m
p
,

|p|∞
≤

p∗ ,
|q
′|∞

≤
n
p
′ ,

|p
′|∞

≤
p∗ .

•
L
et

l
=

p
1 −

1
∑

j1 =
−

p∗

p
2 −

1
∑

j2 =
−

p∗ (2
m

j +
1
)
2
+

(q
1
+

m
p
)(2

m
p
+

1
)
+

(q
2
+

m
p
+

1
),

|q|∞
≤

m
p
,

|p|∞
≤

p∗ ,

k
=

p ′1 −
1

∑

j1 =
−

p∗

p ′2 −
1

∑

j2 =
−

p∗ (2
n
j +

1
)
2
+

(q ′1
+

n
p
′ )(2

n
p
′ +

1
)
+

(q ′2
+

n
p
′ +

1
),

|q
′|∞

≤
n
p
′ ,

|p
′|∞

≤
p∗ .



D
efi

n
e

th
e

sen
sin

g
m

a
trix

elem
en

ts
to

b
e

Φ
k
,l

=
1

2
n
p
+

1
ψ̂
(ω

k 2
p
(̂r

k
−

d̂
k ))e

iω
k 2

p
(d̂

k −
r̂
k )·q

a
n
d

let
Φ

=
[Φ

k
,l ],

w
h
ere

d̂
k ,r̂

k ,ω
k

are
g
iven

b
elo

w
.

L
et

X
=

(X
l )

w
ithX

l
=

2
π
(2

n
p
+

1
)2

(p
1 +

p
2 )/2

ν
p
,q

b
e

th
e

targ
et

vecto
r.



•
S
a
m

p
lin

g
sch

em
e:

L
et

ξ
k ,ζ

k
b
e

in
d
ep

en
d
en

t,
u
n
ifo

rm
ra

n
d
o
m

varia
b
les

o
n

[−
1
,1

]
a
n
d

d
efi

n
e

α
k
=

π

ω
k 2

p ′1
· {

1
+

ξ
k ,

ξ
k
∈

[0
,1

]
−
1

+
ξ
k ,

ξ
k
∈

[−
1
,0

]

β
k
=

π

ω
k 2

p ′2
· {

1
+

ζ
k ,

ζ
k
∈

[0
,1

]
−
1

+
ζ
k ,

ζ
k
∈

[−
1
,0

]
.

L
et

(ρ
k ,φ

k )
b
e

th
e

p
o
lar

co
o
rd

in
a
tes

o
f

(α
k ,β

k )
u
sed

to
d
efi

n
e

sch
em

es
I
a
n
d

II.

•
Φ

k
,l

are
zero

if
p
-=

p
′.

C
o
n
seq

u
en

tly
th

e
sen

sin
g

m
a
trix

is
th

e
b
lo

ck
-d

ia
g
o
n
a
l
m

a
trix

w
ith

ea
ch

b
lo

ck
(in

d
exed

b
y

p
=

p
′)

in
th

e
fo

rm
o
f
ra

n
d
o
m

F
o
u
rier

m
a
trix

Φ
k
,l

=
1

2
n
p
+

1
e
iπ

(q
1
ξ
k +

q
2
ζ
k ).

T
h
e

a
b
o
ve

o
b
serva

tio
n

m
ea

n
s
th

a
t
th

e
targ

et
stru

ctu
res

o
f
d
iff

er-
en

t
d
ya

d
ic

sca
les

are
d
eco

u
p
led

a
n
d

ca
n

b
e

d
eterm

in
ed

sep
ara

tely
b
y

o
u
r
a
p
p
ro

a
ch

u
sin

g
co

m
p
ressed

sen
sin

g
tech

n
iq

u
es.



Im
a
g
in

g
o
f
a
n

exten
d
ed

targ
et

o
f
th

e
sca

les
p∗

=
0

w
ith

m
0

=
3
2
.



L
o
c
a
liz

e
d

e
x
te

n
d
e
d

ta
rg

e
ts

scatterers

scattered wave
probe wave

•
In

terp
o
la

tio
n

fro
m

th
e

g
rid

ν
) (r)

=
) 2

∑q∈
I

g( r)
−

q
)ν

()q
),

I
⊂

Z
2
.

Y
=

Φ
X

+
E

w
h
ere

E
in

clu
d
es

th
e

d
iscretiza

tio
n

erro
r.



T
h
e
o
re

m
9

(A
F

2
0
0
9
)

C
o
n
sid

er
th

e
sa

m
p
lin

g
sch

em
es

I
a
n
d

II
(w

ith
γ

=
1
).

In
a
d
d
itio

n
to

th
e

p
revio

u
s

a
ssu

m
p
tio

n
s

a
ssu

m
e

‖
ν
−

ν
) ‖

1
≤

2
π
ε

‖
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