Ph.D Qualify Exam Analysis 2020 Fall
E: Easy; M: Moderate; D: Difficult

1(E, 15%, 2019, Spring). A sequence { f,} of Lebesgue measurable functions is called Cauchy
sequence in measure if given € > 0 there is NV such that

Leb ({z [ |fa(z) — fm(z)| 2 €}) <

for all m,n > N, where Leb(-) represents the Lebesgue measure. (a) Write down the defini-
tion of the convergence in measure. (b) Prove that {f,} converges in measure.

2(M, 15%, 2018, Spring). Suppose that fr — f in L3(R"), g — g a.e., and there exists
M > 0 such that |gi||emn) < M for all k. Prove that fygrx — fg in L*(R™).

3(E, 156%, 2019, Fall). Let k(z,y) be a measurable function on R™ x R" satisfying that
|k{z,y)|dy < C for a.e. z and |k(z,y)|dx < C for a.e. y,
Rn R”

where C > 0 is a universal constant. Prove that

(Tf)(x) = / k(z,9)f()dy

n

is a bounded operator on LP(R™) with || Tf||, < C||f|l, for 1 < p < 0.

4(E, 15%, 2018, Fall). Let {fi} and f be Lebesgue measurable functions on a measurable
set £ C R", where Leb(F) < co. Prove that

drz — 0 as k — oo.

fr — f in measure if and only if / - Lf}}rg ; f(}()| g
E klr) — &

5(E, 15%). The total variation function of a function f: R — R is defined by
n
Ti(z) = sup{Z|f(xj) ~flzjm1)] t neEN, —oo< < <y = x}, z € R.
J=1
If lim Ty(z) exists and is finite, prove that the function Ty + f is increasing.

T—00

6(E, 10%). Let (X, M) be a measurable space. Suppose that x4 and v are measures on
(X, M) with v <« u. Define a new measure A by A = 2u + v. Denote the Radon-Nikodym
derivative of v with respect to A by f. Express the Radon-Nikodym derivative of v with
respect to p in terms of f.

7(M, 15%). Suppose fx, f € L'(R™) and fi — f a.e. Prove or disprove that [;. |fx(z)|dz —
Jen | f(2)|dz implies [p. |fe(z) — f(z)|dz — 0.
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