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Abstract

Let IF, be a finite field of ¢ elements, F a p-adic field and D is a
quaternion division algebra over F. This paper proves uniqueness of
Shalika models for GLay,(F,) and GL2, (D), and re-obtain uniqueness
of Shalika models for GLa, (F), ! for any n € N.
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1 Introduction

Let F, denote a finite field of ¢ elements, and F denote a p-adic field. Let F
be one of the above fields, and D = Dz a quaternion division algebra over

*The project was supported by NSC 95-2115-M-006-022, Taiwan

Uniqueness of Shalika models for GLs,, over p-adic fields was first proved in ‘Unique-
ness of linear periods’, by H. Jacquet and S. Rallis via the verification of multiplicity
freeness of linear models and the fact: existence of Shalika models of GLy, implying
existence of linear models .



F. Denote by Mat,, be the space of n-by-n matrices over F. Through out,
1y denotes a nontrivial, complex, additive character of F.

Given D a quaternion division algebra over F, then there exists a basis
{1,1,7,k} for D and the multiplication table is given by

1 i g k
111 i g k
1| al k aj
JlJ| —k| B| —pi
klk|—aj| pi| —af

for some suitable o, 5 € F*.

For z = a+bi+cj+dk € D with a, b, c,d € F, define the conjugation of
z by Zz =a—0bi—cj—dk. Note that z7 - z3 = 2521, i.e. it is an anti-involution
on D (viewed as a multiplicative group). (An anti-involution 7 of a group
G is an operator on G so that (gh)” = h™g",g,h € G and 7% = id. ) Also
we define two maps: reduced norm N and reduced trace Tr on D by
Nz =2z, Trz = z+ z. There is an embedding ¢ : D — GL(2, K) defined
by

z=a+bi+cj+dk=(a+bi)+ (c+di)j
:Zl+szP—> (fl 225),

Zo 21

where K = F(y/a). Then Trz = tr(1z),z € D, where “tr” is the trace map
on matrices. Under this embedding, D is a closed subgroup of GL(2, K).
This embedding can be naturally extended to

t: GL(n, D) — GL(2n, K).

Let A be either the field F (one of the F,, F) or the quaternion division
algebra D. In GLs,(A), denote

d(g)Z(g 2>,g€GLnandu(X):(]” i),XeMatn.

Let M,, = {d(g9)lg € GL,},U, = {u(X)|X € M,}; and S,, = M, U,. A
Shalika character on S,, is given by

o(trX), for s € S, (F)
Ynldlg)ulX)) = { Go(tr(1X)), for s € Su(D)
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By abusing notation, we abbreviate vy (tr(¢X)) by ¢ (trX) for X € Mat, (D)
since no confusion should occur. Moreover, we will always refer to smooth
representations when we talk about representations of groups other than
finite groups.

Let p be an irreducible representation of GLo,(A).

Definition 1.1. A linear functional A, : V, — C is called a Shalika func-
tional of V, if it satisfies

A, (p(s)v) = Pn(s)A,(v) for all s € S,, and v € V.

We say that V, has a Shalika model if there exists a nontrivial Shalika
functional A, satisfying the above equation. This definition is equivalent to

dim Homgy,, (p, Indgfznzﬂn) > 1,

since Homgr,, (p, Indg’jz"wn) =~ Homyg, (pls, , ¥n) by reciprocity.

Definition 1.2. Given a representation w of a group G, we say that 7 is mul-
tiplicity free or possesses the uniqueness property if dim Homg(p, 7) < 1,
for any irreducible representation p of G.

Definition 1.3. Let 7 = Inde%l, where L = {( g g ) ,9; € GL, }, and
2

1 denotes the trivial representation of GL, x GL,. We say that V, has a
linear model if there exists a nontrivial intertwining operator from V, to m.

For general linear groups over non-archimedean local field, uniqueness of
Shalika models is proved in [JR] via the verification of the multiplicity free-
ness of linear models. Classification of Shalika models is not yet completely
established. In [Saj, Y. Sakellaridis showed necessary and sufficient condi-
tions for an irreducible unramified principal series admitting Shalika models.
In [JiS2], D. Jiang and D. Soudry showed a certain group of representations
possessing Shalika models. In [JiQ)], D. Jiang and Y. J. Qin defined a gen-
eralized Shalika model for SO(4n) and found the relationship between this
model and Shalika model of GL(2n). The study of Shalika models interacts
intensively with other related subjects. Let m be an irreducible cuspidal au-
tomorphic representation of GLa, (A), where A is the Adele ring of a number
field F'. Then the following statements are equivalent:

1. m is the image of Langlands functorial lifting from SQOq;, 1.

3



2. 7 has a nonzero Shalika period.
3. The exterior square L-function L(s, 7, A\?) has a simple pole at s = 1.

The theory has been established over years through the work of many authors
in [JaS]; [CKPSS]; [GRS]; [Ki], [JiS1] and [Jil].

Generalizations to the case of (quaternion) division algebras have been
studied by various Mathematicians. In ‘Kirillov theory of GLy(D), where
D is a division algebra over a non-Archimedean local field’, D. Prasad and
A. Raghuram have showed the uniqueness of Shalika model and established
the self-duality of irreducible representations admitting Shalika models on
GLs(D). Moreover, some extensions of the above theory (regarding to the
poles of the exterior square L-function and non-vanishing of Shalika peri-
ods) in the case of GLy(D) is given by H. Jacquet and K. Martin in [JM].
Moreover, they stated a conjecture (Jacquet-Martin conjecture) relating the
existences of Shalika models for representations of G L, (D) and GLg,(F),
which is now a theorem of [GT] by W. T. Gan and S. Takeda in the case
of GLy(D) and GL4(F). In this paper we will show uniqueness of Shalika
models for GLs,,n € N in the setting of p-adic fields, finite fields and p-adic
quaternion division algebras. We expect that the uniqueness of Shalika mod-
els for GLo, (D) (or even GLy,(F,)) could be proved useful in the near future.
Here we present the main theorems.

Theorem 3.2 For any n € N, let G = GLy,(F,), where F, is a finite field.
Then
dim Homg(p, Indgnwn) <1,

for any irreducible representation of G.

Theorem 3.4 Let G = GLy, over either a p-adic field F or a quaternion
division algebra D over F. Then

dim Homg (p, Indgn(A)wn) <1,

for any irreducible representation of G.

2 Common Strategy

Given a finite group G, it is known that a representation V, of G is multi-
plicity free if and only if the endomorphism algebra Homg (Vy, V;.) is abelian.
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Moreover, when V, = Ind$p is an induced representation, Homg(Vy, V) is
explicitly characterized by Mackey Theorem.

Theorem 2.1. (Mackey’s Theorem) Let G be a finite group. As a vector
space, Homg(lndglm, Indim) 15 wsomorphic to the space of functions

A . G — Home(m, m) satisfying

A(haghy) = ma(he) 0 A(g) o mi(h1), for hy € Hy, hy € H,.

Given such a function /\, the corresponding intertwining operator
L € Homg(Ind§j, w1, Ind§, ms) is given by L(fi1) = &« fi for fi € Indf, m,

where the convolution

Ak fi(x ZAQCQ ) fi(g

geG

Especially, when Hy = Hy,m = my, the Autg(lndglﬂl) is isomorphic to
(6,%) as an algebra, where the multiplication is the convolution given by

A1 x No(g ZA gr~ (x),\; € G.

zeG

In order to show that the endomorphism algebra is abelian, identifying
an anti-involution to interchange the order of factors is a common strategy.

The analogue of this method in p-adic case is “Gelfand-Kazhdan crite-
rion’, which is first investigated in [GK] and further investigated by [BZ1]
and [Grl].

Let C°(X) denote the space of smooth, compactly supported functions
on a l-adic space X (in the sense of [BZ1]). Let ®(X) denote the space of
linear functionals on C°(X). Given a p-adic group G, define actions L, and

R, on G;CX(G) and ©(G) as the following:
Ly = gu; Rg'x:xg_l,

(Lg- (@) = flg™"a); (R f)(2) = f(ag);
(Lg - T)(f) =T (Lg-r - [); (Ry-T)(f) =T(Ry1 - f),
where g, € G; f € C*(G) and T € D(G).
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Theorem 2.2. ([Ga], Gelfand-Kazhdan Criterion) Let v and {7 be char-
acters of a closed unimodular subgroup H of G. Suppose that there is an
anti-involution T of G so that T stabilizes H, »(h™) = " (h), and T acts
trivially on all distributions T" so that

T(Lwn) = ¥(h) - T(n); T(Rpn) = ¢7(h)~" - T(n) for n € C*(G).

Then
dim Homg (; Ind$4p) - dim Hompg ( Res$ ;7)) < 1,

where m 1s any irreducible representation of G and 7 its contragradient.

3 Main Theorems
Define anti-involutions on GL, (F) and GL,, (D) respectively by
T+ GLan (F) = GLaa(F), g = wang'wy,),

Ty : GLon(D) — GLay(D), g — wanglwy,),

where w»,, is the representative given by a permutation matrix of longest
Weyl elements of GLs,. When n is understood, we will abbreviate 7, by
7. Note that T, stabilizes S,, and 1,,. Throughout B,, will denote the Borel
subgroup of GL,, and W,, the Weyl group of GL,,.

Lemma 3.1. Let A be either a finite field or a p-adic field or a quaternion
division algebra D over F. For each g € GLa,(A), there exist s,s' € S,
(depending on g) such that one of the following conditions holds:?

(C.1):  sgs ' =g, and ¥n(ss'™") # 1.

(C.2): sgs ' =g, and Y,(ss' ") = 1.

Proof. We proceed the proof by Mathematical Induction. By Bruhat decom-
position

GLQ = B2W2B2 = SQDWQDSQ, where D = {( @ 1 ) ‘CL € A*}

2If g satisfies (C. 1) (resp. (C. 2)), then g", g~ ! and tgt’, t,t' € S,, will also satisfy
the same condition (with different s, s’.)



Representatives of So\GLs/Ss can be expressed by

fl(a)=<a 1) or£2(a):(1 a),aeA*.

a@( ] e (1Y )wea

and 1)y is nontrivial, there exists = € A such that ¥y(ax) # ¥o(x) for a # 1.
Hence &;(a) satisfies (C. 1) for a # 1. For a = 1, & (a) = id is T-invariant
and satisfies (C. 2). In the case of A =F, &(a),a € F* is 7-invariant. In the
case of A = D, there exists b € D* such that bab~! = a for a € D*. (Either
refer to [Ra], Lemma 3.1 or check by direct computation.) Therefore, there

exists < b 1 ) € Maty such that

(") )e@(’ 1)_1=§2<ar

and (C. 2) holds for & (a). The conclusion is then true for n = 1. Now we
assume that the conclusion is true for 1,--- ., n — 1.

Let P,, n € N denote the parabolic subgroup of GLs, corresponding to
the partition {n,n}, and Wp,_ its Weyl group. Then

Pn\GLQn/Pn = WPn \WQn/WPn s 'Snv

Since

where

2 2
£, ={(ai;) € Maty(Z)|0 < a; 5 <, Zak,j = Zai’k =n,1<i,j <2}
k=1 k=1
The last bijection refers to [GaRe]. Notice that the cardinality of £, is n+ 1.
Moreover, we can choose representatives of Wp \Wy,,/Wp_ to be T-invariant,
given by
oo =id,or = (1,2n)(2,2n — 1)--- (k,2n+ 1 — k), k=1, ---n.
1
W,
That is o}, = Iy, ok , where wy, = . is the

Wi
1

longest Weyl element of GLy. For «, § € GL,, denote by d;(a) = ( @ I )
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and do(f) = ( In 3 ) . Then the representatives of S, \GLa,/S, can be

expressed by
{di(a)orda(B)|k =0, -+ ,n,a, 3 € GL, }.

For k € {0,--- ,n}, fix any
Tk = ’Yk(aaﬂ) = dl(a)o'kd2(6) € Sn\GL2n/Sn7a76 € GLn

Let uy = uk(X) = ( In j.( ) , where X = ( )?k 8 ) , X;, € Mat,,_j. Then

a,;lukak = uyg. Let
ny = dl(oz)ukdl(oz)_l € U, and ne = vk_lnwk = dg(ﬁ)_lukdg(ﬁ) e U,.
Note that

Un(n1) = o(tr(aX)) and Pn(ng) = tho(tr(Xf3)) = to(tr(8X)).

Denote oo = ( and [ = ( * P ) , where ayg, O € Mat,,_. Then

")
aX = ( X >,andtr(aX)—tr(aka)

Similarly, tr(8X) = tr(6kXy). If ap # Bk, then there exists X € Mat,
such that ¥, (tr(aX)) # ¥, (tr(8X)). Therefore condition (C. 1) holds for

Y = Y(, B) with oy, # By
Assume that oy, = ;. That is

* o Qy 1, *
Y = % * O * O =

1, x %

13 7

Define an equivalence relation “ ~ 7 on ¢,¢" € GLs,, where g ~ ¢’ means
that sgs’ = ¢ for some s,s" € S,,. We sometimes use subscripts ~( ) to
indicate the connecting map (s, s).

If rank(ag) # 0, there exist g, h € GL,_ such that

g In+k

In—i—k h
Vk g Tk I

]n—i-k h



, for some 9,1 € Mat,,_j_1.

*

*
* K ¥ X X
O ¥ % ¥
O = ¥ % ¥

Ok—1
Wi,

For some suitable m,m’ € M,,,u, v’ € U,

* 0 1 x *x =
.1 0 % %  x
* 0 * *x %
Tk ™~ (m,m!) 0 0 1
* 04 0
Wi *
0 1
.. 0 % x
* 0 % % -
* 0y, 0
Wk
Let N = Ny N € GLg,_2, N; € Mat,,_; be embedded in GL5,, as
N3 Ny
1
M Nz . |- By induction assumption, there exist
Ny N,
1 P Z
5 = q Y and s’ = 1 ,
1 p
q 1

where p,q € GL,_1,Y, Z € Mat,,_; such that either (C. 1) or (C. 2) holds
for 4. Note that the above embedding is consistent between (7,_1,%,_1)

and (7, ¥n)-
Now it suffices to show that (C. 1) or (C. 2) holds for those 7 in the



form of

Tk = « 0,

Wy,
In this case, Kk > n — k and assume k = e + n — k for some non-negative
integer e. Then for suitable

Un—k Tk

v T
S1 = k y So = n—k S Mn
Un—k Tk
! /
Vg, Tk

~
T o
=

*
o % %
~
T o
=
o o
o=

Yk ™ (s1,52) [nfk
Ak Ak

for some \g,np € Maty.
Denote

1 2 1 2
/\k _ ( )‘e,nfk’ )‘e,e ) T ( nnfk,e nnfk,nfk ) .
- 3 4 ) - 3 4 )
)\n—k,n—k )\n—k,e 776,6 ne,n—k

Comk  Cle - Dy e Diyoc .

n—k,n—k n—k,e en—k

where subscripts denote the sizes of matrices. Let

I, Yyl
gl [e Y2
2 3 3 4
_ g g Ink Y* v g
S3 = I € On,
n—=k
1
g I
2
9 9 L
A =1 _
and sy = 1.83(7) " =
n?g*Ct + Iy, n?g>C? 0 nlg'+n’g?
174g5Cl ntg3C2? + I, 0 71391+77492
Y3crl +Y403 Y3C2+Y4C4 [n—k 0 g2D1 +g3D3 g2D2+g3D4
Ik 0 0
/\1yl +)\2y2 )\2ng1 +Ie )\291D2

)\3yl + )\4y2 )\4ng1 )\4ng2 +In7k



Therefore s4 € S,, if and only if
2P0 = 26302 = \2g1D? = X\4¢'D? = 0
7749302 — )\leDl
MY+ 22Y2 = pig3c! . (3.1)
MY MY?2 = Y30 + Y43 (= p, say )
Y3C2 + Y4C4 — )\491D1
Note that the last three equations in the system are equivalent to
vl 4301 B
A R R e C I A I B CE
y1 - 4,301
(Or ( v ) :/\k1<779p >,( Y3 ¥t ) =(p, Ag'D')ni.)
Also,
Un(s3) = Yo(tr(Y + Y1) = ¢o(tr(D'y'¢’Ct + D?p + pn + Ng' D'n")),
= o(tr(p(D* +1°) + D'n*g’Ct + Xg' Dly"))
Un(s4) = Yo(tr(n'g' +n°g* +¢*D* + g° D)) = vo(tr(¢>(D* +n?) +1'g" + ¢°D*)).
If we let ¢' = ¢ = 0 and chose Y?,i = 1,2, 3, 4 such that
Y3C? +Y1Ct =0,V = D2(Y3C! + YAC3), Y2 = DYY3C! + YiC?).
Then s4 € S,, and
Un(s3) = Yo(tr(p(D? +1%))) = Yo (tr(Y>C! + Y1C?)(D? + 1)),

Un(sa) = Yo(tr(n*e? + g°D?)) = ¢o(tr(g*(D* +1%))).
If n2 # —D?, we can choose suitable g2 such that ¢, (s3) # v, (s4). In this case,
7, satisfies (C. 1) and so does ;.
Suppose that n? = —D? in v, and the rank of 1% equals n’ . Choose g,h €

Mat,,_j, such that gn?h = < 8 _é"/ > and let

m = diag(g, I, h '), m’' = diag(g™*, I, h).

Then ~},
x o« 0 —Iy
oo [ S
x* Inp O 0
N(m’m/) * ok ok * ~ In_k O
Ik 0 0 bV ”
Lk 0 k
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0 0 0 —Iy
0 Ly 0 0
h e = n
where 7 0 0 I, 0
Y Y- 0 0 0
u,u’ € U,, further reduction shows that

, and n” = n — k — n'. For suitable

0 0
L, O 0 e
Y ™ (u,u’) I O = Yk-
M
Next we consider ~
0 0 A!
-1 I, O 0
T T I, 0
U

By the same argument and the equality of n? and —D?, we may assume that

0 0 I,
M= Brrokn 0 0 I,
Bg’kfnﬂkfn B%k—n,n” 0
where subscripts denote the sizes of matrices.
Now it suffices to show that
; 0 8 "Mk 0 0 Iy
ek‘ - ek I 0 with ﬁk = BTll—k,2I€—7’Z 0 0
. ok B3 B} 0
)‘k 2k—n,2k—n 2k—n,n'’
0 0 0 =1y
5 0 Ly 0 0 . .
and \, = 0 0 I 0 satisfies one of the conditions (C. 1)
,rL//

Dog—nnr 0 0 0
or (C. 2). Consider the system (3.1) for 6. Take

0 Tortl o1l koo 17 _
1 _ n',n 3 _ n' 2k—n

where subscripts denote the sizes of matrices. Then

772g3 :O,ngQ 20’7749302:0’)\291131 =0
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and s; € S,, with some suitable Y satisfying equation (3.2). Unless Dn*\*g! =
ntgt and ¢3C*Dint = ¢3D? for all ¢', ¢® in the form of equation (3.3), there
exist s3,s4 € S, such that (C. 1) holds for 6. (Note that trA\ig'Dn* =
trDn*\igl, etc..)

Next we consider those 6}, satisfying:

Condition (3.4) : D'n*A¢* = n'g' and ¢*C'D'n* = ¢°D*

for all g*, ¢g* in the form of equation (3.3).

1 1
Let n* = (;2 8);7712 (193 794);and01= (8 52),Where

TQ, TS, Ve Mat,,». Then

1 n!’ O 0 Tt 11
1,4v4 1 n',n
Pt (5 0 ) (7 )( ) ()
<0 T Tn”n” )
1.1 0 ’]“n// n' O O .
77 g a T O T Tn// n// !
3114 [ *n72k—n 0 vt 0 O T 0
. *n”,Qk—n V1T2 0
B 0 V21?0
314 [ *n”2k—n Ly 0O
o= () (5 o)

Condition (3.4) implies that

T =73 V'T? = I,,,V*=0.

That is
0 0 7k
I, 0 0
Or = I, 0 |°
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0 0 0 Iy 0 0 0  IDop_p—pr
- T2 T7* 0 0 N 0 I, O 0 .
with 7, = . 7' 0 Ak 0 0 I 0 . Since
« o« T2 0 I, 0 0 0
VIT? = I,,» implies that det T2 # 0,
0 0 0 Iy
T2 0 0 0
E 0 0
T2 0
In g
9 ~J
k In—k ;
0 0 0 I2k7n/7n”
0 Ly 0 0
0 0 L 0
—I, 0 0 0

for some E € GLgg_,,_2,v. In the case of fields, there exists some g €
GLag—n_2n such that gEg~! = E?, where E' denotes the transpose of E. In
the case of quaternion division algebras, there exists some g € GLog_y 2,7
such that gEg~! = E* (cf. [Ra], Lemma 3.1). In either case, there exists
g € GLoj_p_2, such that gEg~! = E7. Let

C = diag(In’-i-n”a g, [n—k+2n”> n+n"5 9 In—k+2n”)'

Then (0x(™! = 07 and 0}, satisfies (C. 2).
[

Theorem 3.2. For any n € N, let G = GLy,(F,), where F, is a finite field.
Then
dim Homg (p, Ind§ 1) < 1,

for any irreducible representation of G.

Proof. Let m = IndSann. Lemma 3.1 implies that elements
A G Homc(lndgnv,bn, Indgng/)n)

satisfying
A (s'gs) = w(s") o A(g) o m(s), for s,8" €S,

is 7-invariant. By Theorem 2.1 HomG(IndSann, IndSann) is abelian and the
result follows. N
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Lemma 3.3. Let G denote GLo,(A), where A is a p-adic field F or a quater-
nion diwvision algebra D over F. If T is a distribution on G satisfying

T(Ln, © Rny(n)) = tn(hihy )T (n) for hi,hy € Sy(A),n € CZX(G),  (3.4)
then T is T-invariant.

Proof. * Let H denote S,,(A). We verify the assumptions of Theorem 6.10 in
[BZ1]. Put H = H x H. Let (hy,hy) € H act on g € G and 5 € C=(G) by

(h1, h2) - g = haghy " and (ha, ha) - n(g) = vu(hy " h2)n(hy " gha).
The assumptions of Theorem 6.10 in [BZ1] in this case are the following:

1. The action of H is constructible (same as constructive in the sense of
[BZ1]), which means that the set of {(g,h - g)lg € G,h € H} is the
union of finitely many locally closed subsets of G x G.

2. For each h € H, there is h, € H such that h - g~ = (h, - g)7 for all
g€ G.

3. 2 =id.

4. If T is a nonzero H-invariant distribution on an H-orbit Y, thenY™ =Y
and TT =T.

The conclusion is that any H-invariant distribution on G is also T-invariant.

By Theorem A in 6.15 of [BZ1] the action of H is constructable on
GLagn(F). Also «H is constructable on GLy4, (K), K = F(y/a@) and its closed
subgroup GLg, (D), where ¢ is the embedding defined earlier. The condition
1 is then verified. For condition 2, take he = (hy7,hy7) for h = (hy, hy) € H.
Since H is 7-invariant and (h )r = — h, 7 induces an anti-involution on H (still
denoted by 7)

T:]I:]I»—MI:]IbyiLHiLT.

The action of h € H satisfies that i - g™ = (h,-¢)™ for all g € G. Condition 3
is obvious. To verify condition 4, let T be a nonzero H-invariant distribution
on an H-orbit Y = HgH, i.e.

T(h-(n)) = T(n) for all h = (hy, hy) € H and 5 € C=(Y).

3This proof mimics Theorem 2.3 [So]. We keep it here for the sake of completion.
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Denote by IHI the stabilizer of g in H. Then Y = ]HI/ ]HI Define a character
zpn of H by: o . R

Un(h) = n(hihyt) for h = (hy, hy) € H,
then v, is 7-invariant and C°(Y) = indg 1 (un-normalized compact induc-
tion). We have that

T c HomH(ind% 1; 772)71) = Homﬂ:ﬂg (5]1:}15]?[71’ RGSHQ@E”)
g g

by Frobenius reciprocity, where g, 5]?11(, are the modular functions of H and

]ﬁlg respectively. Since |@En| =1 and 5@%1 is positive, by Schur’s lemma we
g

have

either dim HomHg((SH(Sﬁgl, Rengz/;n) =0 or 51@1%3 = Rengzﬂn =1.

Therefore we conclude that: HomHg(éﬂéﬁ;,Rengzﬂn) = 0 for those g

satisfy (C. 1), i.e. there is no nontrivial H-invariant distribution 7" on such
Y.

Now we consider those g satisfies (C. 2), i.e.
k-g =g for some k = (ki, ky) € H with v, (k) = 1.

We may assume that dy 5 = 1, since otherwise H-invariant distribution on

such Y is trivial. Note that k - g = ¢" implies the double coset Y = HgH is
T-invariant. It remains to show that 77 = T'. In our case T is proportional
(see 6.12 of [BZ1]) to

~

nwzém 0 )i () dh

where dh is a left H-invariant measure on H/ Hg. We have

~

szﬂmvzémmm

~ ~

)7 ) (h)dh
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~

- / (s - - gy ()i = / n(il - )b ()b ()i
/11,

T/,

Last equality is obtained by change of variables W= h, -k along with our

assumption that dgd ! = 1 and the fact that 1, is T-invariant. Since g@n(l%) =
g

1, we have
T () = / (i - g ()dk = Ty().
H/H,
]

Theorem 3.4. Let G = GLa,(A), where A is either a p-adic field F or a
quaternion division algebra D over F. Then dim Homg(p, Indgn¢n) <1, for
any irreducible representation p of G.

Proof. We have obtained
dim Homg (7; Ind§ v,,) - dim Homg, (Res§ 7;1,) < 1,

for any irreducible representation 7w of GG from the previous theorem and the
Gelfand-Kazhdan criterion. It suffices to show that if 7 has a nontrivial
Shalika functional then 7 will also have one. Assume that A, is a nontrivial
Shalika functional for 7, i.e.

Az (m(h)v) = ¥, (h)Ag(v) for all h € S,, and v € V.
Define a representation 7’ on the same vector space V; by

(g = m(Eg™TE v,

where ¢ = diag(l,, —1I,,). Then ¥ (£s77¢71) = 9)(s) for s € S,,, and A is also
a Shalika functional for 7’.
In the case of F, define another representation 7" on the same vector
space V. by
' (g)v = 7(g~")v.

Then " = 7 by Theorem 7.3 in [BZ1]. Since £g~7¢™! is conjugate to g~ |
we have 7’ = 7.
In the case of D, define another representation n” on the same vector
space V. by
' (g)v = m(ng~"n"")o,

17



where n(i,j) = (—=1)"0;2,—j+1. Then 7" ~ 7 by Theorem 3.1 [Ra]. Since
€976 is conjugate to ngin~!, we have ' ~ 7" ~ 7.
In either case,

dim Homg (7; Indgn ¥y,) = dim Homeg (7'; Indan Vn)

= dim Homg, (7'[s, ; ¥n) > 1,

which completes the proof. n
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