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Homework 8, Analytic Geometry and Matrices

1. Determine, with su�cient reasons, whether the following linear transformations are lin-
ear.

(a) T

xy
z

 =

 x+ y
z − y

x+ y + 2

 .

(b) T

(
x
y

)
=

(
x cosφ− y sinφ
x sinφ+ y cosφ

)
for some φ ∈ R.

2. Given a linear transformation T : R2 → R3 such that

T

(
1
1

)
=

1
0
2

 and T

(
2
3

)
=

 1
−1
4

 .

Find T

(
8
11

)
.

3. Find the nullity and rank of the linear transformation T : R3 → R2 de�ned by

T

xy
z

 =

(
x− y
2z

)
.

4. Given a linear transformation T : V → W . Prove that

(a) If dimV > dimW , T can not be one-to-one.

(b) If dimV < dimW , T can not be onto.

5. Determine if the following maps are onto.

(a) T : R2 → R4 de�ned by

T

(
x
y

)
=


x+ y
x− y
x+ 2y
2y − 4x

 .

(b) T : R4 → R4 de�ned by

T


x
y
z
w

 =


x+ z
y

2z + w
x− w

 .



A direct sum decomposition of a vector space V consists of two subspaces W1, W2 of V ,
so that W1 ∩W2 = {0} and V = W1 +W2. Recall that

W1 +W2 = {w1 + w2 | w1 ∈ W1 and w2 ∈ W2}.

This decomposition of V is denoted by

V = W1 ⊕W2.

6. Prove that if V = W1⊕W2, every element v ∈ V can be written uniquely as v = w1+w2,
where wi ∈ Wi.

7. On R4, let W1 = Sp((1, 0, 0, 0)T , (0, 1, 0, 0)T ) and W2 = Sp((1, 1, 1, 1)T , (0, 1, 1,−1)T ).
(a) Prove that R4 = W1 ⊕W2.

(b) De�ne T : R4 → R4 by T (v) = v1 + v2, where v1 ∈ W1 and v2 ∈ W2 is the direct
sum decomposition of v de�ned above. Explain why is T well de�ned, that is, why
does it return only one output for each input.

(c) Write down [T ]γβ, where β = {e1, e2, e3, e4} is the standard bases of R4 and γ =

{e1, e2, (1, 1, 1, 1)T , (0, 1, 1,−1)T}.
(d)

T


x
y
z
w

 =?

(e) Prove that T is an isomorphism.
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