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ABSTRACT. In this paper, we give an algebraic construction of the solution to
the following mean field equation:

2g+2
Ay +e¥ =dr > op,

i=1
on a genus g > 2 hyperelliptic curve (X, dsQ), where ds? is a canonical metric
on X and {Py,---, Pagi2} is the set of Weierstrass points on X.

1. INTRODUCTION

Let f(z) be a complex polynomial in z with 2g 4+ 2 distinct complex roots
{e1,-++ ,e2g+2}. The affine plane curve Cy = {(z,y) € C? : y* = f(z)} de-
fines a noncompact Riemann surface with respect to the complex analytic topol-
ogy on C2. To compactifiy Cy in the category of Riemann surfaces, we intro-
duce another smooth affine plane curve C{. Let g(z) be the complex polynomial
9(2) = [12%1%(1—¢,2) and C} be the smooth affine plane curve defined by w? = g(z),
ie., C) = {(z,w) € C? : w? = g(2)}. Let Uy be the open subset of Cj consisting
of points (x,y) so that = # 0 and Ujj be the open subset of C{, consisting of points
(z,w) such that z # 0. The map ¢ : Uy — U}, defined by ¢(z,y) = (1/z,y/x9)
is an isomorphism of Riemann surfaces. It is well known that the gluing Cp U, C})
of Cy and C} along ¢ is a connected compact Riemann surface of genus g; see [3]
or [4]. The compact Riemann surface Cy U, C is called the hyperelliptic curve of
genus g defined by y? = f(z) and is denoted by X in this paper. The holomorphic
map 7 : X — P! defined by

) (@(P):1) if P e Gy,
m(P) = {(1 L 2(P)) iPeC

is a degree two ramified covering map of P!, where (zy : 21) is the homogeneous
coordinate on P'. The Weierstrass points of X are the 2g + 2 ramification points
{Py, -, Pagyo} of m such that (z(Py),y(Px)) = (ex,0) for 1 <k < 2g+ 2.

The space HY(X, Q) of holomorphic one forms on X has a simple basis of the
form {z*~tdx/y : 1 < i < g} and the integral homology group H;(X) of X has a
(symplectic) Z-basis {a;,b; : 1 <4,j < g} such that faj w; = 0;; for 1 < 4,5 < g.

Denote 7;; = fbj wj for 1 <14,j < g and let 7 be the complex g x g matrix [r;]{ ;_;.
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Then 7 is a symmetric matrix with a positive definite imaginary part. Let A, be
the lattice in CY generated by the column vectors of the g x 2g matrix Q = [I,, 7].
Let §; be the i-th column vector of € and let {dx1,-- - ,dzag} be the real basis dual
to {; : 1 < i < 2g}. The complex torus Jac(X) = C9/A, together with the class
[w], where w = Y7 | dx; A dzgyq; is a principally polarized abelian variety called
the Jacobian variety of X. Fixing a point Py on X, we define a holomorphic map

P P g—1
IU‘:X_>J8“C(X)) /L(P)_</ d_wa"'a/ i dx) mod A.

PD y Po y
Let (21, , 24) be the standard holomorphic coordinate on Jac(X) and let ds%, be
the flat hermitian metric 77, hijdz* ® dz? on Jac(X), where H = [hyj]isagxg

positive definite hermitian matrix. The canonical metric ds?, on X is defined by
ds? = p*ds? and has the form

1 g
2 § i—1—j—1
dSH = —| 2| h”.’II T’ .
Yy i,7=1

Let Ay be the Laplace operator associated with the metric ds%;. In this paper, we
study the following mean field equation:

2g+2
(1.1) Aptp+e¥ =4m Y p,
i=1
where {Py,- -, Pagt2} is the set of all Weierstrass points on X and dp : C°(X) —

C is the Dirac measure centered at P for P € X.

In [2], we discovered that when X has genus two, the Gaussian curvature function
K of a canonical metric determines a solution 9 to (ILI)). This paper is a contin-
uation of [2]; we give an algebraic construction of a solution to (L)) involving the
study of solutions to the formal nonlinear ordinary differential equation

(1.2) (tQ"(t) + Q'(1))Q(t) — t(Q'(1))* = S(H)Q(1),
and the study of solutions to the formal nonlinear partial differential equation
O?u  Oudu

Here S(t) is a complex formal power series and ¢ is a complex polynomial in z,y.
We call S the data for (I2]) and o the data for (I3), respectively. In Section 2] we
define a sequence of polynomials to solve (IL2) and give a necessary and sufficient
condition for (I2)) possesing a polynomial solution. In Section Bl we show that the
existence of solutions to (L3) is equivalent to the nonemptiness of a certain (ind)
affine algebraic set. Solutions to (2] would allow us to construct solutions to (L3))
for a certain type of polynomials o. In Section @] using the method developed in
Section 2] and Section Bl we give a construction of a solution to (ILT)) and the closed
form of a solution to (IT]) when H is a diagonal matrix with positive diagonals. In
Section B, we introduce a real positive parameter v into (LI and generalize the
solutions constructed in previous sections. The parameter arises from a rescaling
of a canonical metric by v and we discuss the adiabatic limit of solutions as v — 0.
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2. A FORMAL NONLINEAR ORDINARY DIFFERENTIAL EQUATION

Let {)\; : ¢ > 0} be an infinite sequence of variables and K[A] be the ring of
polynomials in {\; : ©« > 0} over a field K. We define a sequence of polynomials

{f3 i =1} in Q[AJ[t] by fi(t) = Ao and

(2.1)
T (t) = Ak + t kil(Ai—(i+1)(2i+1—k) WO, k>2
(k+1)2 " (k+1)° = -

<

By definition,

. )\gt"‘)\l o )\0>\1t+)\2

A
)= —1 £t = — 9 SA() = =A5A1E% + (BAT +8XoA2)t +

23

6
By induction, the degree of fi(t) in ¢ is i — 2 for i > 3 and the t° term of f}(t) is
Ni—1/(i — 1)? for i > 2. Let us denote fi by

i—2
A =B, Bi(\) € QA
§=0
If S(t) =Y o, sit’ is a complex formal power series, we set fi(t) = s and
i—2
fé(t) = Z/Bij(SOa S1,0 0 )tj'
§=0

Notice that when S(t) is a polynomial of degree at most n, then fi(t) is divisible
by t for all i > n + 2.

Lemma 2.1. Let f(t) and g(t) be complex power series such that g(0) # 0 and
f)g(t) is divisible by t™ for some m > 1. Then f(t) is divisible by t™.

Proof. We assume that f(t)g(t) = t"™h(t) for some h(t) € C[[t]]. Then f(0) = 0.
Taking the (formal) derivatives of the equation f(t)g(t) = t™h(t) with respect to
t and using the fact that g(0) # 0, we prove by induction that f((0) = 0 for
1 <4 <m — 1. This implies that f(t) =t f1(¢) with f; € C[[t]]. O

Assume that Q(t) is a solution to (I2) and Q(¢) is divisible by t" but not by
tmTL. Define Q;(t) € C[[t]] such that Q(t) = t™Q1(t). (Q1(t) is defined since C[[t]]
is a unique factorization domain.) Then @Q1(0) # 0. By an elementary computation,

™ ((tQY (t) + QL(1)Q1(1) — H(Q4(1)*) = S(H)Qu ().
By Lemma 2] S(¢) is divisible by t". Define S;(t) by S(t) = t™S1(¢). Then

(tQ1 (1) + Q1 (1)Q1(1) — Q1 (1)) = S1()Qu ().

This shows that Q1 () is a solution to (L2 with the data S;(¢) and with the initial
condition 1(0) # 0. Owing to this observation, it suffices to consider the solutions
Q(t) to (I2) for a given data S(t) under the assumption Q(0) # 0.

Proposition 2.2. Let S(t) = Zﬁo sit’ be a complex formal power series and let
a be a monzero complex number. A formal power series Q(t) = Y o, qit’ with
Q(0) = 1/a solves ([L2) for the data S(t) if and only if ¢ = fi(a) fori > 1.
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Proof. After some basic computation, we know

9] k
(HQ" (1) + Q' (0)Q) = HQ'(1))* = (Z(Z +D2i+1- k)‘]i+1q1€i> t*,

k=0 \i=0
[e9) k
smam =3 (Z q> t
k=0 \i=0
If Q(¢) is a solution to (2)), then
k k
(2.2) S+ 1)Q2i+1-k)gg—i =Y sigri, k>0
i=0 =0

Hence goq1 = qoso- Since qo # 0, ¢1 = so. Then ¢; = fi(a) holds. Furthermore,
[2) can be rewritten as:

k—1
(23)  (k+1)%qre1q0 = skqo+ Y _(si — (i +1)(2i + 1= k)gis1)qe—s, k> 1,
=0
which implies that (by ¢o = 1/a)
< k—1
k
= D(2i+1-k)g —i k>1.
RN CESVE k+12§% (14 D2+ 1 = k)git1)ax

By (1)) and induction, g1 = fE**(a) for k > 1. For the converse, since ¢; = fi(a),

(q;) satisfies [22). Define Q(t) = Yo, qit’. By 22), Q(t) satisfies (L2). We

complete the proof of our assertion. O

This proposition implies that the solution to (2] is uniquely determined by the
initial condition Q(0) = a with a # 0 and the solution can be constructed by the
numbers f%(a) for i > 1.

When S(¢) is a polynomial of degree m, we would like to find the necessary and
the sufficient condition for ([I2]) possessing polynomial solutions.

Lemma 2.3. Let S(t) be a polynomial of degree m. If the solution Q(t) to (L2)
for the data S(t) is a polynomial of degree n in t, then n > m + 2.

Proof. The polynomial (tQ"(t) + Q' (t))Q(t) — t(Q’'(t))? has degree at most 2n — 2
while the degree of S(¢t)Q(t) is n + m. Hence n + m < 2n — 2 implies that n >
m+ 2. ]

Proposition 2.4. Let S(t) be a polynomial of degree m. The solution Q(t) to (L2)
for the data S(t) constructed in Proposition is a polynomial in t if and only
if there exists N € N with N > m + 2 such that qgl is the common root of the
polynomials {f% : N +1<1i < 2N —1}. Here gy = Q(0).

Proof. Suppose that Q(t) = 32 ¢;t" is a polynomial of degree n. Then ¢; = 0 for
all i > n + 1. We choose N = n. By Lemma 23] N > m + 2. Since ¢; = fg(qal),
q(;l is a root of fi for all i > N + 1 and hence fg(qgl) =0 foralli > N+ 1.
Therefore, qgl is a root of fg(t) fori > N +1and thusfor N +1 <3 <2N —1.
Let us prove the converse. Assume that g 1'is a common root of fi(t) for
N+1<i<2N—1. Let us prove the statement gon_14; = 0 for j > 1 by induction
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on j. For j =1,
] e
GoN = m ; (si— (@ +1)(2N —2i+2)qi+1)goN-1—i-

For0<i< N-2 N+1<2N-1—i<2N-1.Hencegon_1_;=0for0 <i< N-2.
Fori> N —1,i>m+ 1 and hence s; =0 fori > N — 1. For N <i < 2N — 2,
N+1<i+1<2N—1.Hence g;4+1 =0 for N <i < 2N —2 by assumption. Notice
that when i = N — 1, 20 — 2N + 2 = 0. We conclude that gon = 0. This proves that
the statement holds for j = 1. We assume that the statement is true for 0 < j <.
Ifj=104+1,2N—-1+37> N >m+2 and hence syn_14; = 0 which implies that

2N+1-2

> (si— i+ 12+ 1= k)gir1)gan i1

1
2N+l = (
i=0

2N + l)2QQ
ForO<i<N—1I,N+1<N+I<2N—-1+41—-i<2N —-1+1—-i<2N-1+1.
By induction hypothesis and the assumption, we obtain that gany_14;—; = 0 for
0<i<N—-1LFor N<i<2N+I1—-2, N+1<i+1<2N —1+1 and hence
si = ¢i+1 = 0. We conclude that gan4; = 0. We prove that gan—14; = 0 holds for
j = 1+ 1. By mathematical induction, gan—14; = 0 for all j > 1. Combining with
the assumption, one has ¢; = 0 for all ¢ > N+1. Therefore, Q(¢) is a polynomial. [

In fact, we can prove that:

Lemma 2.5. Let zqg, - , T, be a set of formal variables for m > 1. For each 1,
define a polynomial over Q in xg, - ,Tym,t by
(24) Fi(‘r()v e ,Im,t) = f;g+x1t+~-~+wmt7” (t)’

where fg is the polynomial defined in ([2I). Let N be a natural number so that
N > m + 2. The set of polynomials {F* : N +1 < i < 2N — 1} is divisible by
G(zo, -+ ,g-1,t) € Qlzo, -+ ,xy-1,t] if and only if {F" : i > N + 1} is divisible
by G.

Proof. The proof follows from the recursive relation

k—1
t . ,
FFl— = N — i+ 1)2i+1—k)FTHFF k>m+1,
e X ) )F) >
and is similar to that given in Proposition 24l We leave it to the readers. O

Corollary 2.6. Let S(t) be a complex polynomial of degree m and let Q(t) be a
solution to ([(L2) for the data S(t) such that Q(0)~! is a common zero of {fi :
m+3<i<2m+3}. Then Q(t) is a polynomial of degree m + 2.

Proof. By assumption and Proposition 24 ¢; = 0 for ¢ > m + 3. Then Q(¢t) is a
polynomial of degree at most m + 2. By Lemma 23] the degree of Q(¢) is at least
m + 2. We conclude that Q(t) is a polynomial of degree m + 2. a

Lemma 2.7. For any ¢ > 1, and any S(t) € C[[t]],

fs(t) = Afs(At)
for any A € C.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Proof. When i = 1, the statement is obvious. One can also verify that the statement
is true for i = 2 and 3. Assume that the statement is true for i = k. For i = k + 1,
we use the recursive relation:

As t . . ; .
As t = . . ; »
=TI T S o D L= KA NS )
k-1
= A <(k -5:1)2 % —)i\—tl)2 Z(sz- —(i+1)(2i+1—k)f5 (A1) ’gﬂ‘(ﬁ))
= Afa(\t).

O

This lemma implies that:

Corollary 2.8. Let S(t) be a complex polynomial of degree m. Then ([L2) has a
polynomial solution for data S(t) if and only if (L2) has polynomial solution for
data AS(t) for X € C*.

Given any complex polynomial B(t) = Y b;t’, we define a new polynomial

B(t) by
B(t) =t¥e BBt

and write B(t) = Z?:()Fl;iti, where n = deg B(t). Then b; = b,,_; for 0 < i < n.
Proposition 2.9. Let S(t) be a complex polynomial of degree m. Suppose that (L2)
has a polynomial solution Q(t) of degree n for the data S(t). Then Q(t) solves (L2)
for the data t"~™=25(t).
Proof. One uses the chain rules to prove the statement while the calculation is
elementary. ]

This proposition implies that
Corollary 2.10. Let S(t) be a complex polynomial of degree m. Suppose that (2]

has a polynomial solution Q(t) of degree m + 2 for the data S(t). Then @(t) solves
[@T2) for the data S(t).

3. A FORMAL NONLINEAR PARTIAL DIFFERENTIAL EQUATION

Let M,,(C) be the algebra of n x n complex matrices. For each n > 1, we consider
the algebra monomorphism ¢, 41 : My (C) = M, 11(C) defined by

VYnnt1(A) = { 13 8 } .

The direct limit of the directed system {(M,,(C), ¢y m)} is denoted by M (C),
where the algebra monomorphism )y, ,,, : M, (C) — M,,(C) for n < m is defined
by

77Z17z,7rL = 1/}m,m—1 0:-+0 d)n+1,n~
Denote the canonical map M, (C) — My (C) by %, and identify M, (C) with its
image in M., (C). Then M, (C) can be realized as a union |, ; M,(C); M (C)
is an ind-variety over C.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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By an ind-variety over a field k, we mean that a set X together with a filtration
Xo C X1 C Xy C -+ such that Un>0 X, = X and each X, is a finite dimensional
variety over k such that the inclusion X, — X,+1 is a closed embedding. An
ind-variety has a natural topology defined as follows. A subset U of X is said to
be open if and only if U N X,, is open in X,, for each n > 0. The ring of regular
functions on X denoted by k[X] is defined to be k[X L E[X,]. An ind-variety
is said to be projective, resp., affine, if each X, is prOJectlve resp., afﬁne. For more
details about ind-varieties, see [5].

For each A € M (C), we may write A = (a;;);5-; with a;; = 0 for all but
finitely many 4, j. We associate to A a complex polynomial p(A4)(z,y) in x,y by

o0
y) = E Ait1 412"y
1,7=0

We obtain a linear monomorphism p : M (C) — Clz, y]. The image of p is denoted
by Poo[z,y]. Given o € Pz, y], we would like to solve for the formal nonlinear
differential equation (L3)) in Poo[z, y]. To solve for (L3 in Poo [z, y], let us assume
that

u(z,y) Z Gat1,84+12" y?  and o(z,y) = Z Ci+17j+195iyj-
a,=0 i,j=0
By simple computation,

00 a+1B+1

Ulgy — UgUy = Z Z Z 1(2] — ﬂ — 1)ai+17j+1aa,i+275,]—+2 xayﬁ,

a,B=0 \ i=0 j=0
a B
_ a, B
ou = Qi41,j+1Ca—i+1,—j+1 | T Y-
a,B=0 \ i=0 j=0

Then u solves ([L3J) if and only if

a+1B8+1 a B
E : E :i@j -B- 1)ai+1,j+1aa7i+2,ﬁfj+2 = E E Ai+1,j+1Ca—i+1,8—j+1
=0 j=0 i=0 j=0

for any «, 8 > 0. For each «, 8, we define

a+1B+1 a B
Z Z 2.] az—i—l J+H10a—i42, 86— j+2_z Zaz+17]+1co¢ i+1,8—j5+1-
i=0 j=0 1=0 j=0

Then u = p(A) for some A € M., (C) solves (L3) for data o if and only if p2#(A) =
0 for all v, 3, i.e., A satisfies a family of quadratic polynomials. The subset

Vo ={A € Mw(C) : p57(4) = 0}

of M« (C) is called the ind-affine algebraic variety associated with 0. The equation
([C3) has a solution for o if and only if V, is nonempty.
For each u € Poo[z,y|, we define My, u by

(Myyu)(z,y) = (zy)u(z, y).

Then M,, defines a linear endomorphism on Pu [z, y].
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Lemma 3.1. Suppose that u € Poolx,y] is a solution to (LI) for data o. Then
Mgy is a solution to (IL3) for data Myyo.

Proof. Let v = Myyu. Then v(z,y) = (zy)u(z,y). Hence v, = yu + (zy)u,, and
vy = zu + (2Y)uy, and vgy = u + yu, + suz + (2y)ug,. We discover that

VUgy — Ugply = (:cy)Q(uumy — Uglly) = (zy)’ou = (Myyo)v.
This proves our assertion. O

By making use of the fact that C[xz, y] is a unique factorization domain, we prove
the following fact:

Proposition 3.2. Let v € Poo [z, y] be a solution to [L3) for a data o € Poo[z, y].

m+1, m

Assume that there exists m € N such that v is divisible by (zy)™ but not by x Y
and not by x™y™ L. Then o is divisible by (zy)™. Furthermore, if u € Pool, ]
and v € Poo|r,y] are polynomials so that v = My u and o = My, then u is a

solution to ([(L3)) for the data ~.

Proof. Since v is divisible by (zy)™, we write v = M,

can show that

u for some u € Poo[z,y]. We

VW — Va0 = (2Y)*™ (Ully — Uztty).
Since vugy — vgvy = ov = (zy)"ou, we find
ou = (2Y)" (Ullgy — Uglly).
Since v is not divisible by ™% y™ and not by 2™y™*!, u is not divisible by z and

y. We see that o is divisible by (zy)™. Let o = M}~ for v € Poo[r, y]. Then

Ulgy — Ugly = YU.
This proves our assertion. O

Definition 3.3. A solution u € Poo[z,y] to (L3)) for a given data is called a prime
solution to (L3) if u is not divisible by xy.

Let us denote the image of M,,(C) in Clz,y] via p by B[z, y]. Then Pz, y] =
UnZl S:Bn [J?, y]

Lemma 3.4. Let 0 € P, [z, y] with dego = 2m — 2. If u € Poolz, y] is a solution
to ([L3)) for the data o of degree 2n — 2, then n > m + 2.

Proof. We observe that the coefficients of 22"~ 3y?"~3 and of 22"~ 3y?"~* and of
x2n—4y?n =3 ip Ulzy — UgUy all vanish. Then wugy — uyuy, is a polynomial of degree
at most 4n — 8. On the other hand, the degree of ou is 2n + 2m — 4. We conclude
that n > m + 2. O

Let us write a remark that V,, is an ind-affine variety. Given o € B,,[x, y] with
degree 2m — 2, the intersection V* =V, N M,,(C) is an affine algebraic subvariety
of M, (C) = A"*(C) for n > m+2 and V, = J v

n>m+2 Yo
Let g € P, [z, y]. Formally, we define

gz, y) = (zy)"q(="y™ ).

Lemma 3.5. Let 0 € B, [z, y] be given with dego = 2m — 2. If u € Py, [z,y] is a
solution to (L3) for data o, then U is a solution to (L3) with data M, ™ 5.
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Proof. Let v = 1. Then v(z,y) = (zy)"u(z~t,y~ ). Then
vy = na"y u(a Ty ) — 2Ty g (e y Y,

1

vy = nx"y"" u(z™hy™h — Jinynfzuy(xilvyil)v

n—lyn—2uy(x—1, y—l)
A T T C e T I T TR C A TR §
This implies that
WUy = 0z0y = (2y)*" 2 (ule™ Y™ gy (27 y ™) —ue(z™h y ™ Duy (@™t y ™)
= (zy)*" Po(z "y Dulz™ y )
= (zy)" " P(ay) o (z Ly - () u(@ Ty
= M " 25 (, y)u (e, y).

This proves our assertion. O

Vyy = 7’L2,’En_1yn_lu($_1,y_1) —nr

This lemma leads to:

Corollary 3.6. Let o0 € B[z, y] be given with dego = 2m — 2. If u € P, p2]x, y]
is a solution to (L3) for data o, then u is a solution to (L3) with data .

Apparently, it is not simple to determine whether the set V, is empty or not.
For the main purpose of this paper, we give only a partial solution to this question.

A polynomial u in B [z,y] is called diagonal if u = p(A) for some diagonal
matrix A € M (C). If a polynomial u is diagonal, we can find a polynomial Q(t) €
C[t] such that u(x,y) = Q(zy). Here comes a natural question: given a diagonal
polynomial o as a data of (I3]), can we find a solution u to (3] such that v is also
diagonal? From now on, we only consider prime solutions to (L3).

Theorem 3.7. Let 0 € PB,,[x,y] be a diagonal polynomial of degree 2m — 2 with
o(x,y) = S(xy) for some S(t) € C[t]. Then ([L3) has a solution u that is also
diagonal if and only if there exists N € N with N > m + 2 such that the family of
polynomial {f% : N +1 <4 <2N — 1} has a nonzero common root. Furthermore,
if N=m+2, then u € P pa2lx,y] with degu = 2m + 2.
Proof. Assume that v(z,y) = q(zy) for some g € C[t]. Then
(3.1) VUzy — U0y — ov = (2y)¢" (zy)q(zy) + ¢ (zy)q(zy)

= (2y)(d'(29))* = S(ay)q(ay)-
If u(z,y) is a diagonal polynomial that solves (I3) for data o, and if we write
u(z,y) = Q(zy) for some Q(t) € CJt], then by BI]), Q(t) solves (L2) for data S(t)
with ¢ = xy. Since Q(t) is a polynomial solution to (I2) with data S(t), Proposition
24 implies the result.

Let us prove the converse. Let a be a nonzero common root of { f?s TN+1<3<
2N — 1}. Define ¢; by ¢o = 1/a and ¢; = f&(a) for i > 1. By Proposition 2.4} the
polynomial Q(t) = Y7, ¢;t* solves ([L2) with data S(t). Define u(z,y) = Q(zy).
Then u(x,y) is a polynomial. By [BIl), u solves (L3) for data o. The rest follows
from Corollary d

This theorem enables us to find a class of polynomials o in B[z, y] such that
V, is nonempty. It would be interesting to find criterions to know when V is
nonempty for any o € Poo [z, y].
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4. AN EXPLICIT CONSTRUCTION OF A SOLUTION TO THE MEAN FIELD EQUATION
FOR HYPERELLIPTIC CURVES

Let H = (hij)ﬁ j—1 be a g X g positive definite hermitian matrix and consider the
corresponding canonical metric ds? on the hyperelliptic curve X of genus g defined
in the introduction. If we let oy (x,y) be the complex polynomial op(z,y) =
> i1 hijz*~1y7 =1, then the canonical metric ds?, on X has the local expression

Md ®dz on Cy,

ds? =< ~ y? —
Mdz@df on Cf.

|w?|

Theorem 4.1. Suppose [L3) has a solution uw = p(A) € Pyyq[x,y] for the data o
with A € My41(C) being positive definite. Then the function

Y@, o
w2 ’
L

s

is a globally defined nonnegative smooth function whose zero set coincides with the
set of Weierstrass points of X and ¢ = loge defines smooth function on X \

{Py1,- -+, Pagyo} satisfying (L))

Proof. The proof is the same as that given in our previous paper; we give a sketch
of the proof. For more details, see [2]. Let us verify that Ay +e¥ = 0on U =
X\{P1, -+, Pygi2}. We will prove this equation on U N Cy. Since u satisfies (L3)),
on U NCy,

9? CUaglU —UglUy _ OU O
0207 log = u? Toow?u
As a consequence,
|f(z)| |f(z)
Agyp =4 1 =_4 — = —e¥.
Y o(z,T) 0x0T o8y u(x, T) ¢

Similarly, the equation holds on U N C}.

Let P = Py, be a Weierstrass point of X. In a coordinate neighborhood (Up, ¢) of
P = Py, where ( = \/x — ey, the function ¢ has a local expression ¢ = 2log |(|+ «,
where « is a nonzero smooth function on Up. By classical analysis, the action of
the Laplace operator A on 9 creates a Dirac delta measure 4mdp,. We complete
the proof of our assertion. O

Since H is a g X g positive definite hermitian matrix, there exists a g X g unitary
matrix U such that U*HU is a diagonal matrix A with positive diagonals. We
assume that A = diag(A,---,Ay) with A\; > 0 for 1 < ¢ < g. Let us denote
Sa(t) = 32970 Aiya1t’; then the polynomial op (x,y) = Sa(zy) is diagonal. In other
words, we consider the canonical metric on X of the form

Z?:l )‘i(ff)ifl
) _ N
Dy P

|w?|

dxr ®dz on Cpy,

dz®dz on Cj.
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One can use Theorem B.7] to determine diagonal solutions to (L3) for o in this
case and to obtain “positive definite” solutions to (I3) for oy. We need further
analysis, i.e., solutions u = p(A) so that A is a g X g positive definite hermitian
matrix. For g > 2, let {F*(zq, -+ ,24-1,t) : i > 1} be the sequence of polynomials
defined in ([Z4). Let V be the affine algebraic subset of C97! defined by the zero set
of the polynomials {F972 ...  F29=1} and let forl be the set of all n-tuples of real
numbers (a1, -, ag+41) such that a; > 0 for all 1 <7 < g+ 1 and let Qﬂ_ﬂ be the
subset of all forl consisting of points (ag, -+ ,ag+1) so that Fi(ag, -+ ,a4+1) >0
for 1 <i < g+1. If there exists a positive real number a such that (A, a) € VﬂQfl,
then the polynomial

g+1

(1) U (9) =+ D F(A )y’
i=1

solves for (L3) and equals p(A) for A = diag(1/a, F*(A,a),---, F9*t1(A,a)) and
hence determines a solution to (II]) by

log UL?;T) on CO,
A, )
42) Yo =9 )
IOg = on Cé,
U(A,a) (Z7 Z)
for A = diag(A1,---,Ag). Let us take a look at the case when X is of genus two

and of genus three.

Example 4.2. Let X be the hyperelliptic curve defined by the equation y? = f(z)
with metric ds?, where f(z) is a degree six polynomial with six distinct roots and
1 2
ds* = + Lx|
lv?|

In this case, S(t) = 1 +¢. Then fi(¢t) =1 and f2(t) = (t+1)/4 and f2(t) =t/9
and

dr ® dz.

1 1
4 2
t) = ——t2 + —+t
1 1
St :_t3__t2
fs(®) 1800 600

One sees that 3 is the common root of the polynomials f&(¢) and fZ(¢). Then
ho=1/3 and hy = f&(3) =1 and hy = f2(3) = 1 and hy = f2(3) = 1/3. We obtain
a polynomial u(z,y) by
1 1
u(@,y) = 3 +ay + (2y)* + 5 (2y)°

which solves (3] for data o(z,y) = 1 + xy. This gives us a solution ¢ to (LI)) by
the construction of Theorem 1] for the genus two hyperelliptic curve:

oy 12 @)

—_— C

pod COxRRP
= 12]g(2)

log ———~— on C},

S TENPFRE 0

The result coincides with that obtained in our previous paper.
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Example 4.3. Let X be the hyperelliptic curve defined by the equation y? = f(x)

with the metric ds?, where f(z) is a polynomial with eight distinct roots and

_ 1tz + e
ly?|

1+t+t2 Then fi(t) =1 and f2(t) = (t+1)/4 and f3(t) =

= (—t? +11¢)/192 and

ds? dz ® dz.

In this case, S(t) =
(t+1)/9 and f3(t)

1 11 1
5 3 2

D= —t3— — 24 —¢
Is(t) 1800 800" 7Bk

1 11 1 1

6 4 3 2

t) = — t B — 2t
Is() 11520° T 11520 105" T34
£ 1 401, 373, 43

T 58800 2116800 ' 705600 52920

One sees that 8 is the common root of the polynomials f3(t) and fS(t) and fZI(t).
We see that hg = 1/8 and hy = f4(8) = 1 and hy = f2(8) = 9/4 and hy = f2(8) =1
and hy = f4(8) = 1/8. We obtain a polynomial

1 9 1
u(w,y) = g +ay + 1@ + (2y)’ + g(a?y)4

that solves (LL3J) for the data o(z,y) = 1 + 2y + (zy)?. This gives us a solution ¢
to (L)) by Theorem E.Tl for the genus three hyperelliptic curve:

12|f ()]

log on Cy,

yo L E TP+ gJaf £ [ol° + FJalF)
10g 12|g(2)| on C/
0

(5 + 1212+ F12|* + |2[° + §|2[®)

5. ADIABATIC LIMIT OF SOLUTIONS TO MEAN FIELD EQUATIONS

We propose a possible direction following the results above. Rescale the canonical
metric by v € RT, i.e., we consider the rescaling of the canonical metric dsi,v =
vds3. With respect to this metric, the mean field equation is equivalent to

2g+2
(5.1) Ay, + ye¥r = 4y Z op,

i=1
with respect to ds3 Il Following from the analysis in [I], we study the existence of
a solution to this equation for small v, as well as the limit of the solutions {5}
as 7 — 0. Directly observing (5.1)), we naturally expect Ay, — 0 as v — 0, or
that 1), approaches to a constant function since X is a connected closed manifold.
Classical analysis from [I] confirms both expectations. We normalize the metrics
so that the area of X is 1. Let W*P(X) be the completion of C°°(X) with respect
to the (k, p)-norm:

k ) 1/p
lulhwo =3 ( [ 197upar) ™
j=0 X

1For convenience, we use A instead of A, in this section.
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where V7w is the j-th covariant derivative of u. We call W*P(X) the Sobolev (k, p)-
space on X [ A technical analytic statement is needed to conclude the asymptotic
behaviors:

Proposition 5.1. If u; — u weakly in W?(X), then e“i — e* strongly in L*(X).

Proof. For the proof, see (3.7) in [1J. O

Theorem 5.2 (Adiabatic limit). A solution to (B1) exists for all v small enough
and approaches a constant in W22?(X) as v — 0.

Proof. We only sketch the existence part of the proof since it is a replica of the
proof from Theorem 7.2 in [I]. Let

2g+2
(5.2) Py 1= vy + 47y Z G,

i=1
where G; is the Green’s function satisfying AG; = —dp, + 1. Solving (5] is then
equivalent to solving the following equation:
(5.3) Avy + vhe"™ = 8mvy(g + 1),

where the function h = exp (471' 2122'2 Gi) € C*(X) is nonnegative with zero set
precisely the Weierstrass points. This is a Kazdan-Warner equation of the type
discussed in section 7 from [I], which is solved by a variational method. One notes
that (53) is the minimizing equation to the functional

1
(5.4) J(u) = / <§Vu|2 + 8my(g + 1)u> dv
X
on the subset B C W12(X) satisfying the constraint equation
(5.5) / he'dv = 8r(g + 1).
X

Following identical reasoning, we have the following estimate for .J:

1
(5.6) J(u) = @(% = 81y(g + 1) Vullzzx) +9,
where 0 is a constant and § is a Trudinger constant for X both independent of ~y.
More precisely, 3 is a positive constant so that

/ PV du
X

are uniformly bounded for all v € W?(X) with 7 = 0 and |[Vv| z2(x) < 1. Such a
constant always exists for surfaces (cf. (3.4) in [I]). Therefore, for v small enough
so that 28 — 87y(g + 1) > 0, J is bounded below and positive.

For each v, (56) and Sobolev embedding shows that the minimizing sequence
{vl} of J is contained in a fixed ball of radius R, in W'?(X), which is weakly
compact. Passing to a subsequence, let v, be the weak limit. Arguments in the
proof of Theorem 5.3 in [I] show that v, minimizes J in B and, therefore, is a strong
limit and solution to (B3]). The proof there also provides a regularity argument,

2In some context, people use H*?(X) for Sobolev (k,p) spaces.
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which is applicable to our case here, to show that v, is actually smooth. The
existence of a smooth solution for each ~ is established.

Furthermore, one notices that the radii R, are uniformly controlled over v (in
fact proportional to (28 —8my(g+1))~') and therefore {v,} are uniformly bounded
in Wh2(X). Following identical arguments, let v be the limit of v, in W?(X).
Proposition [5.1 then implies that e+ converge to e¥ in L?(X) and, therefore, are
uniformly bounded in L?(X). It then follows from elliptic regularity of A in (5.3):

(5.7) oy [lw22(x) < e(7][87(g + 1) — he™ ||L2(x) + [[vy ]2 (x))

that v, are uniformly bounded in W22(X). The estimate, together with some
Schauder estimates, also imply that v € C*°(X). After taking a subsequence, we
conclude that v, — v in W22(X). Taking the limit v — 0 in (5.3)), it then follows
that

. Av = lim Av., =
(5.8) v = lim Av, 0
and, therefore, v is a constant function since X is closed. ([l

It is of great interest, as stated in [I], to study the upper bound of :

-5
dr(g+1)

for (B3] to be solvable, a quantity related to the geometry of X. It is not imme-
diately clear whether 79 > 1, despite the explicit solution to (B3]) with v = 1 in
Section @l One may attempt to construct a variation of (£2) depending on v, and
its corresponding mean field equation so that the limiting solution at v = 0 coin-
cides with that of Theorem Such a conjecture provides significant geometric
insight. In the case of Example where solutions are precisely the logarithm of
Gaussian curvatures, the limiting solution suggests that the manifold deforms into

S?, a sign of topological jumps, or bubbling.

Yo
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