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We generalize the descriptions of vortex moduli spaces in [4] to more than one section
with adiabatic constant s. The moduli space is topologically independent of s but is not
compact with respect to C*° topology. Following [17], we construct a Gromov limit for
vortices of fixed energy, and attempt to compactify the moduli space via bubble trees
with possibly conical bubbles (or raindrops).

Keywords: Vortex equations; moduli spaces; bubbling; bubble tree.

Mathematics Subject Classification 2010: 53C07

1. Introduction

The study of vortex equations finds its origin in Ginzburg-Landau’s descriptions
of the field configurations of superconducting material (cf. [11]). There, the energy
functional is given in the form of Yang—Mills—Higgs functional, which depends on the
electromagnetic potential D and the wave function ¢ of Cooper pairs of electrons.
Stable configurations are governed by minimizing the energy functional, and the
minimizing equations are known as the vortex equations.

The theory is mathematically modeled by equations on Hermitian vector bundles
(E, H) of degree r over closed Kéhler manifolds M, where the variables consist of
D € A(H), an H-unitary connection, and global smooth section ¢. The Kéhler
form w of M is normalized so that Vol,(M) = 1. The Yang—Mills—Higgs energy
functional contains two extra terms from classical Yang—Mills functional, arisen
from sections:

Lo
YMH (D, 6) = | Fpll72 + |1Déll3= + Fllé @ 6" —7ll3a, (1.1)
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where Fp is the curvature form of connection D and 7 is a real parameter. The
minimizing equations can be deduced by Bogomol’yi arguments ([4]):

Fy? =0
D(071)¢ =0 (12)

VTIAFp + (6@ 6™ —7) =0,

Namely, among pairs (D, ¢) such that D is integrable and ¢ is D-holomorphic, the
last equation imposes a relation on mean curvature and the norm of the sections.
As a standard principle in gauge theoretic equations, the existence of solutions is
equivalent to a ¢ and 7 dependent stability of the line bundle E (cf. [4, B]). For
line bundles F = L, the absence of proper subsheaves turns the stability condition
dependent only on the parameter 7. In [4], [5], it is proved that the necessary
condition for vortex to exist, followed by integrating the third equation of (I2),

T > 4nr (1.3)

is also sufficient. Solutions to ([:2)) are clearly invariant under standard unitary
gauge actions. Within the stable range, the moduli space of solutions to ([2)), or
the gauge classes of vortices, has been explicitly described in [4]. The moduli space
of vortices to (L2)) is precisely Div’, M, the space of degree r effective divisors on
M, and is topologically independent of 7.

Generalizations of the classical results for the case of line bundles have been
made in [2] [14]. We consider Yang-Mills-Higgs functional defined on k + 1 sections
with a scaling parameter s. The parameter 7 can be absorbed into s (cf. [14]) and
we rewrite
2

k
1 52
YMH 41,5(D, ¢) == S—QHFDlliz +) I1D¢ill7= + T , o (14)

=0

k
Z |oilt — 1
i=0
where ¢ is an abbreviation for (¢;)¥_,. The corresponding vortex equations are
Fy? =0
DOV, =0 Vi

L2

(1.5)
$2 (&
V—IAFp + 5 (Z |il7r — 1) =0.
i=0
The stability condition is then
s2 > dnr. (1.6)

Solutions to (ILA) are again invariant under unitary gauge group G. We then define,
for s in the stable range, the gauge class of solutions:

Definition 1.1.
vp+1(s) == {(D, ¢) € A(H) x QL) x - x QYL)| (@T3)hold}/gG.
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These spaces are topologically independent of s and fibers over a space with
explicit description. Detailed descriptions are provided in Sec. Bl Each class
[Ds, ¢s] € vip1(s) represents a unique holomorphic structure for the line bundle
L. Nevertheless, the topological structures of the line bundle L, determined by
the mean value of the corresponding curvatures Fp_, remain undisturbed until the
adiabatic limit s = co. As noted in [2], the formal limit of (3) as s — oo is:

DOD g =0

k

>l —1=0,
=0

signaling some topological distinctions from that of (LH). In particular, for the case
of one section £ = 0, the third equation above requires the global section to be
non-vanishing, which only exists on trivial line bundles. Moreover, the norms of

(1.7)

the sections are no longer constrained by curvature. These inconsistencies signal
bubbling phenomenon of vortex moduli spaces along some variation of vortices. The
main theme of this paper is to study such situations and provide explicit description
of the bubble formation. Moreover, we construct a reasonable limiting object for
[Ds, ¢s] without topological loss.

The bubbling phenomenon depends crucially on the dynamics of solutions to
([C3) and occurs when singularities form in the limiting solution. As will be shown
in Sec. Bl singularities of limiting solutions are due to accumulations of common
zeros, or base points, of ¢;’s at the boundary. In particular, consider the generic
open subset

Definition 1.2.

Vk+1,0(5) = {[D, Doy ey d)k] S V]H_l(s) | n; (]51_1(0) = @}

Analytic results from [14] show that no bubbling phenomenon occurs when the
entire convergence takes place in viy1,0(s). We are therefore mainly interested in
families of vortices for which new common zeros form at infinity. That is, when
the sequence in vg110(s) converges to a boundary point. The dense open subset
above may be identified diffeomorphically by a family of holomorphic maps from
M to CP* (cf. [8]). The Dirichlet energies of these associated maps are precisely
the degree of the bundle. For closed Riemann surfaces M = X, these are holo-
morphic curves with bounded energies and we may then apply results from [9] [17]
to establish their convergence behaviors of Gromov type. The limiting behav-
iors and objects known as the “bubble trees” are compatible with vortex mod-
uli spaces. The descriptions of bubble trees require some amount of work. For a
fixed line bundle L over a closed Riemann surfaces ¥, we first prove the following
theorem.
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Theorem 1.3 (Theorem [5.1] on Formal Removal of Singularities). Fiz a
Hermitian line bundle (L, H) over X. Given a sequence of vortices {[Ds, ¢s]} C
Vit1,0(8) approaching the boundary of viy1(s), there exists a finite set of points
{p1,....pn} C X, integers {ai,...,an} C N such that 3 a; < r, and vortices
[D., @] with smooth (subsequential) limit [Dy, ¢o] on line bundle

Lo:=L Xj O(—ajpj)7
such that

o [DL,¢.)=[Ds, ¢s] on Z\{p1,...,pn} (via the isomorphism Lo~ L on X\{p1,...,

PN}
e D! and ¢, satisfy the vortex equation
Dy Oy =0 Vi
1.8)
52 A B (
VIAFp, + 5 (; 6% - 1) -0,
on Lo — X.
e [Dg, ¢o] satisfies
DM goi =0 Vi
(1.9)

k
D goslir —1=0,
i=0

on Lo — X.

This theorem basically states that a sequence of vortices on a line bundle
approach one with singularities and we may formally remove the singularities.
Details will be fully explained in Sec. Bl

The extended line bundle Ly is of degree r—> ;- The reduction of degree sug-
gests concentration of energy of vortices near singularities. Appropriately rescaling
nearby coordinates by some factor t;(s), we may smooth out the energy density
and define vortices on C, which is identified by S?\{p*}, where pT is the north
pole, via stereographic projection. The limiting objects are determined by the rates
of energy blow ups.

Theorem 1.4 (Theorem on Renormalization). For each p; in Theo-
rem [L3] there exists € > 0 so that the geodesic disc B(pj,¢€) is conformally equiv-
alent to Bs C S?, an increasing family of domains with Us Bs = S*\{p™}, and the
followings hold:

e The pullbacked vortices [D%, ¢:] on By, satisfying
D*O,lqs* L

VEINFp, + (Zw“ - )— —
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on pullbacked line bundle L over Bs, coincide with the vortices defined by pull-
backed holomorphic functions fs: Bs — CP*.
e FEzactly one of the followings holds true:

(a) There exists a C}. -convergent subsequence of {[D7, ¢%]} whose limit [D;, ¢;]
satisfies

Dj¢ji=0

k
Z |67 —1=0
1=0

defined on the entire S®. That is, a holomorphic sphere in CP* bubbles off.
(b) There exsits points {p}7 e 7pj-vj} C S?, non-negative integers a?, a}, .. ,ajvj7
* * N
and a C} _-convergent subsequence of {[DZ,¢:]} on SQ\{p;,...,pj”,p"’},

whose limit [D;, ¢;] satisfies
Dj¢ji =0

(1.11)

k
1 (1.12)
VLA Fp; 4 5 (Z 6.6l F — 1) =0
i=0
on a degree a? line bundle L; over Sz\{p},...,p;vj,p+}. Moreover,

(Lj, D, ¢;) is the CV limit of (L%, D%, 7).
e OnS?* /—1A*Fp, is a distribution given by a smooth function plus Elszl aé-é(pé).

Once again, full explanation will be given in Sec. Bl The principle to obtain
the results above is to associate each generic vortex with a holomorphic map from
% to CP® (see Sec. B) and apply analytic results from [I7]. The limiting vortex
[D;, ¢;] above is given by a limiting map fpj as well. Standard Morrey estimate
and bootstrapping arguments allow one to extend fpj holomorphically to the entire
S2. Analogous extension is possible for vortices but requires certain adjustments.

Theorem 1.5 (Removal of Singularities for Limiting Vortices). Continuing
with the setting of Theorems [[3] and [[L4], the conformal transformations may be
modified so that the limiting vortex [D;, ¢;] may be extended, after an appropriate
gauge transformation, across pT. The extended pair gives rise to a vortex defined
on a non-trivial line bundle L; over S* with degree < a;. The metric on S* may
come with a conic singularity.

To this end we have associated a “bubble”, meant to smoothen the energy spike,
to each point where energy density blows up (the “bubble point”). The description
is not yet satisfactory because the inequality at the end of the theorem above may
be strict. That is, the bubble does not necessarily retain all the energy near p;.
Following [17], we may modify the renormalization process to accurately account
for all the energy concentrated near each p; by a finite sequence of bubbles. At the
end, we obtain a bubble tree T, a wedge sum of ¥ and S?’s. The vortices [Ds, ¢s]
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“Gromov converges” to a vortex [D, @] on T. The vague terms here will be precisely
defined in the due course.

Theorem 1.6 (Theorem on Bubble Tree). The vortices Vi := {[Ds, ¢s|}
on a degree r line bundle L over ¥ Gromov converge to a vortex V := [D,d| over
a degree r line bundle L over a bubble tree T defined by

T := T()\/Tl\/---\/TNV7 (113)

where Ty = X. Forn > 1, each T, is a disjoint union of 2-spheres with either round
metric gs2 or conic metric gg.

2. Background and Established Results

This section briefly summarizes results from [4] [T4] on the geometric descriptions
of some special vi11(s)’s. Analytic techniques developed in [4] assume &, s = 1, but
they are by no means special to this particular values. We will therefore cite those
results with general £ € N and s in the stable range. Readers familiar with these
work may skip to the next section.

Let (M, w) be a closed Ké&hler manifold of unit volume. (L, H) is a Hermitian line
bundle of degree r over it. Denote by A(H) the space of H-unitary connections and
Q9(L) the space of smooth global sections. The symmetries of (L, H) considered are
denoted by Gc and G , called the complex gauge group and unitary gauge groups,
respectively. Both groups act on A(H ), Q°(L), the metrics, complex structures, and
curvature forms of L in the standard ways (see [4] or [I2]). The necessity of the
stability condition s? > 477 implies immediately that vg.1(s) = 0 for all s with
52 < 4mr. For the critical value s? = 47r, the third equation of (5] requires that
all sections ¢; to be trivial, and therefore v11(s) is precisely A(H)/Gc, or the space
of holomorphic structures of L. For M = 3, the space corresponds to the Jacobian
torus of degree r, Jac"%.

Analytic discussion enters when s? > 47r. Similar to the search of Hermitian—
Einstein connections, solving the tensorial vortex equation modulo unitary gauge
group is equivalent to searching for special Hermitian metric modulo complex gauge
group. The restatement of the problem by variation of metrics invites classical
analytic tools from [T3] to enter the central argument.

We briefly summarize the correspondence of the two aspects. For a Hermitian
line bundle (L, H), it is a classical fact that the space of unitary connection A(H)
and the space C of holomorphic structures, or the collection of C-linear operators

o - Q°(L) — Q%Y(L)

satisfying Leibiniz rule and 0y, 0dy, = 0, identify each other. Fix k41 global sections
é = (¢:)k_,. The original tensorial approach to solve (L) is then equivalent to
finding a holomorphic structure dr, that makes all ¢; holomorphic, so that the
corresponding unitary connection D and curvature Fp satisfy the equation. This
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approach, however, is rather abstract. The alternative, or the scalar approach, picks
an arbitrary pair in the space of holomorphic pair

Nis1:={(0r,¢) € C x QL) x --- x QL) | O () = 0 Vi}. (2.1)

We then look for a special Hy; € H, the space of Hermitian structure, whose cor-
responding connection, and therefore curvature form Fp,, together with the given
sections satisfy the third equations of (L5):

§? [ &
V=IAFp, + 5 > ez, —1) =o0. (2.2)
i=0
For a line bundle L, the complex gauge group Gc¢ acts transitively on H. In partic-

ular, the special metric Hs; and the background metric H are related by

H, = e* H,

where u; is a real smooth function on M. The corresponding curvature Fp, is then
related to the background curvature F by

vV —IAFDS =V —1AFH - Aus, (23)

where A is the positive definite Laplacian determined by the Kéhler form w. Let
2

c1 = 27r, and c(s) = 2¢; — 5, which is negative for s in the stable range. Also let

1) be the unique solution to the Poisson equation

Aty =/ —1AFy — c;. (2.4)

It can be readily verified that solving (2:2) above is equivalent to solving the fol-
lowing Kazdan-Warner equation

2
Aps + %he“’s —c(s) =0, (25)

where ¢ = 2(us — 1) and the norm function

k
h=—eY"|oily (2.6)
=0

is non-positive and vanishes precisely at the common zeros of ¢;’s, an effective
divisor € of degree < r. For these choices of ¢(s) and h, techniques developed in [13]
guarantee a unique smooth solution ¢4 for each finite s in the stable range. The
unique existence is proved by the standard arguments of upper and lower solutions
of elliptic operators and applications of maximum principles.

The analytic results imply that given a holomorphic pair (9,¢) € Nji1 in
21, the special metric Hy to solve ([Z2) is uniquely determined if s? > 47r. One
may readily recognizes the gauge ambiguities and conclude that the space of G-
classes of solutions to ([CH) corresponds bijectively to Ny41/Gc. For k = 0, this
space is further identified, up to a G¢ action, with the space Div' (M) of effective
divisor of degree r (cf. [4]). Indeed, an effective divisor of degree r determines a

1950004-7
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holomorphic line bundle L = O(€) with holomorphic structure 9, and all global
sections vanishing along £ are in one complex gauge orbit. We have,

Theorem 2.1 (Description of v1(s) for M).
0; s2 < qr
vi(s) = { A(H)/Ge;  8* = drr
Divi (M); s* > 4mr.

For a closed Riemann surface M = X, Div,(X) is precisely the space of
unordered r points, or the symmetric space and A(H)/Gc is identified with the
Jacobian torus of degree r. We have

Theorem 2.2 (Description of v4(s) for X).
0; s2 < qr
vi(s) =< Jac'y; 8% =dmr
Sym™%; s > dmr,

vip+1(s) for general k has been described in [6] for the case M = X. In the next
section, we provide a general description which can be easily specialized to the case
of Riemann surfaces. Since we are interested in the adiabatic limit s — oo, we will
from now on assume s2 > 4rr, ruling out the first two possibilities in Theorems[Z.1]
and

3. Generalized Vortex Moduli Spaces and Maps
to Projective Spaces

We provide the general descriptions for vg11(s) here. In the space N7 in (1)), we
see that after a complex structure Jy, is fixed, holomorphic sections are determined
by effective divisors of degree r up to G¢ gauge. For holomorphic tuples with k + 1
sections, it is natural to analogously identify each vortex by the tuple of k 4 1
divisors defined by each section. However, ambiguities and restrictions arise. An
immediate restriction is that all divisors must define isomorphic holomorphic line
bundle, as we are fixing one holomorphic structure at a time. In another words, all
divisors must be linearly equivalent. Therefore we start with the space

Definition 3.1.
Epi1:= {(Eo, ..., Bx) € (Divy (M))** ! [ Eg ~ - ~ By}

This is a closed subset of (Div(M))**+1 and therefore compact. It however is
not an identification of vg41(s). An effective divisor E; determines a global section
¢; up to an element in G¢, and the gauge ambiguity for each ¢ need not be unitary
gauge equivalent. That is, Ey; only identifies N1 up to a (Gc)*! action, which
is larger than the diagonal action Gc on Ny used to define vgy1(s). Therefore,

1950004-8
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each element in Ej,; determines a vortex element in v 1(s) up to a (Ge)**!/Ge
orbit. More precisely, we have

Theorem 3.2. The space vii1(s) fibers over the space Eyy1 with toric fiber
(C*)k“/(C*.

Proof. For each p € M, let U, C Ex41 be the open subset such that no divisor
contains p. Since Ei41 is compact, it may be covered by finitely many such open
subsets Uy, ..., U, each equipped with a based point ; away from all divisors
in U;. Each (E,...,Ey) € U; determines a holomorphic structure 9, of L (i.e.
L~ O(Ey) ~ -+~ O(Fy)). Every E; determines a global holomorphic section ¢;
up to a non-zero constant. Therefore, two such sections are equal if and only if their
values are equal at the based point ;. Explicitly, consider the projection

T Ngr1 — Egaa

defined by
771-(5La ¢0a RN} ¢k) = (d)al(o)’ EERE d)];l(o))

This is a fiber bundle with fiber (C*)**! where the local trivialization over U; is
given by

5i(OLs 0, -+ s b)) = (65 (0), ..., 0, (0), d0(Bj), - - - » D1 (By))-

Finally we note that in the identification vg11(s) ~ Ng11/Gc, the gauge action does
not affect the zeros of the sections and therefore the projection 7 : Myi1 — Epiq
descends to the quotient 7 : vgy1(s) = Egt1. It follows that vgy1(s) is a bundle
over Ej, 1 with fiber (C*)¥+1/C*. O

The theorem is clearly consistent with [4], where k = 0.
To relate vi41(s) to the space of holomorphic maps, we consider its open dense
subset:

Definition 3.3.
Vi1,0(8) = {[D, b0, ..., o] € vig1(s) | Ni ¢; 1 (0) = 0}.

On this subset, we may control the special gauges (i.e. solutions to (ZH])) and
guarantee the existence of their smooth limit. This is due to the fact that the norm
function h in (ZB6) is strictly negative, and we may uniformly bound super and
subsolutions for the elliptic Kazdan—Warner equations (Z3]). The general analytic
statement from [I4] is

Theorem 3.4 (Asymptotic Behaviors on vi11,0(s)). On a compact Rieman-
nian manifold M without boundary, let ¢y be any constant, co any positive constant,
and h any negative smooth function. Let c(s) = c1 — ca5°, for each s large enough,
the unique solutions ps € C*° (M) for the equations

Ap, = c(s) — s2he?s
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are uniformly bounded in H"P for alll € N and p € [1,00]. Moreover, in the limit
5 — 00, @, converges smoothly (i.e. uniformly in all H'P) to

— oo [ 2
SOOO_ g —h ’

he¥f> + ¢y = 0.

the unique solution to

The theorem in particular rules out the formation of bubble point away from
the boundary of viy1(s).

Topologically, the space vi11,0(s) is identified with #, j, the space of degree r
holomorphic maps from M to CP*. For every f € ‘H.. i, consider the following back-
ground data: On the anti-tautological line bundle O(1) over CP* and its pullbacked
bundle L = f*O(1) over M, let ¢ := (¢:)%_, be the global holomorphic (with
respect to the pulled back holomorphic structure) sections on L pullbacked from
the hyperplane sections zo, ...,z on O(1) via f. O(1) is equipped naturally with
the Fubini-Study metric, which is also pulled back to be the background metric H
on L, and therefore determines an unitary connection D. We then gauge transform
the initial data [D,¢] with complex gauge determined by Kazdan—Warner equa-
tion (2.5) into [Ds, ¢s] that solves vortex equations. These sections clearly have no
common zeros, and we define

DMy — Vit1,0(9) (3.1)
by
D.(f) = [Ds, bs]-
The correspondence is in fact a diffeomorphism with a natural inverse
O i vi1,0(8) = Hoe
given by
N ([Ds, 6 (p) = fs(p) = [#s0(p) -+ Ds(p)].

As a smooth map, fs is clearly well defined as sections do not vanish simultaneously.
Also, a different choice of trivilization amounts to multiplication of all components
with a non-zero constant and therefore does not alter the definition. Moreover, each
fs is holomorphic with respect to the complex structure of ¥ given by Dy, which
corresponds to conformal deformations of Kéhler form w. Therefore the complex
structure is independent of s and the map ®;! is indeed well defined. See for
example, [14] for detailed verifications.

In the context of Theorem B2l vi110(s) is the restriction of vgy1(s) over the
generic open subset

Ert1,0 .= {(Eo,..., Ex) € x| N B = 0}.

1950004-10
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For Riemann surface M = ¥, we have an explicit interpretation of Theorem
in terms of holomorphic maps, introduced in [6]. Indeed, for M = X, Div,(2) =
Sym"Y, the symmetric r product. For an element (Ey, ..., Fx) € Exy1, we consider
the divisor formed by their intersection and a holomorphic map from ¥ to CP* by
the Theorem of Abel-Jacobi. Precisely, let E = N;E; € Sym!Y, counting multiplic-
ities, for 0 <1 <r and E, = E; — E. For each i > 1, the divisor E, — E|, has value
zero under Abel-Jacobi map and therefore determines a meromorphic function ¢;
on Y. These maps have no common zero and define a holomorphic map of degree
r — [ locally given by

f¢(z) = [1,¢1(Z), .. 7¢k(z)]

The map is unique up to a choice of image of the base point, which corresponds to
a choice of representative from the fiber (C*)¥*!/C* in Theorem The represen-
tative is determined by Kazdan—Warner equation. We therefore uniquely associate
a vortex [D, ¢] € v41(s) with an element (E, fs) € Sym! x H,_; . This is the well
known identification of v41(s) with the Uhlenbeck Compactification from [6].

Theorem 3.5 (Uhlenbeck Compactification [6]). For all finite s large enough,
the space vi11(s) is homeomorphic to the stratification

r

Hog = | |(Sym'S x Hy_14). (3.2)
=0

The topology of Uhlenbeck compactification is given sequentially. (E;, f;) —
(E, f) if an only if

e fi — finC5(X — E) topology, and
e e(f;) — e(f) in weak* topology.

Here, e(f) is the energy density |df|? of f with respect to w and Fubini-Study
metric on CP*. The weak convergence above says that for all g € C*>*(X), we have

/de(fi) ::/ngi*wFS_)/zgf*wFS ::/de(f)

as ¢ — 00. The precise homeomorphic correspondence is exhibited therein.

4. Gromov Compactness

Having identified vg41,0(s) with H,;, we intend to study convergence behav-
iors of vortices in terms of maps. We state relevant definitions and theorems
from [I7] regarding Gromov compactness of the space of jJ-holomorphic maps
in the form applicable to the aimed results. From this section on, we discuss the
case (M,w) = (X,w), a closed Kdhler Riemann surface with complex (conformal)
structure j compatible with w. Also, fix a compact symplectic manifold (Z, \) with
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almost complex structure J. For our applications, we may assume that J is com-
patible with A, and therefore A-tamed. When no confusion arises, we use the same
notation for energy density function

A =e(fws

and the measure it represents on C*°(X). Proofs from [I7] will be reproduced only
when they are relevant to our applications.

We need an important estimate on the energy density function by its integral,
a standard result following from Bochner type estimate on Ae(f). The inequality
allows one to apply the Theorem of Arzela—Ascoli.

Proposition 4.1 ([I7, Theorem 2.3] on Energy Estimate). There exists pos-
itive constants C' and €y, depending only on the complex geometry of 3, such for
all C' J-holomorphic map f:%¥ — Z and geodesic disc B(2r) with radius 2r, with
the property that

E = € 4.
= [ IRGEE (4.1
we have
C
sup e(f) < 5 E(2r). (4.2)
B(r) r

The removability of singularity of vortices depends on the following basic theo-
rem on extension jJ-holomorphic map across a punctured disc.

Theorem 4.2 (|[I7, Theorem 3.7] on Removable Singularity for Maps).
Let (Z,J) be a complex manifold with complex structure J and (X, j) be a Riemann
surface with complex structure j. Let B\{p} be a punctured disc of ¥ and

f:B\{p} = Z
be a jJ-holomorphic map of finite energy. Then [ extends to a jJ-holomorphic map
f:B— Z.

The extension and its regularity follow from Morrey’s Lemma ([16, Theo-
rem 2.1]), and the required energy estimate is achieved by the strong isoperimetric
inequality cited below. We will also need the fact that the energies of non-constant
holomorphic maps can not be arbitrarily small.

Theorem 4.3 ([I7, Proposition 1.1(b)]). There is a constant By > 0 such that
any jJ-holomorphic map f : 3 — Z with energy less than By is a constant map.

The constant By only depends on the complex structure and metric of X.
Next we cite two estimates that are needed to control energy loss. The first
result imposes a lower bound for the area of the image of holomorphic maps.

Proposition 4.4 ([17, Corollary 3.2] on Monotonicity). Let f:Q — Z be a
jJ-holomorphic map on a domain Q C X. There is a constant ¢ such that for any
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sufficiently small ball B(p,0) in Z with center p € f(2) and no boundary component
inside B(p,0) such that

Area(f(Q) N B(p,d)) > cb.
The second statement is a strong isoperimetric inequality for holomorphic maps.

Proposition 4.5 ([17, Proposition 3.4] on Strong Isoperimetric Inequal-
ity). Let f:Q — Z be a jJ-holomorphic map on a domain Q C ¥ with bound-
ary O). There are constants €y, C' such that for any tamed jJ-holomorphic map
f+ Q — Z with length (f(0)) < eo, there is an associated homology class
af € Hy(Z,Z) such that

Area(f(Q)) < C[(\, ay) + length®(£(99))]. (4.3)

The bracket is the usual pairing and the quantity is known as the “symplectic
area” of oy.

Note that the two estimates above hold for any metric since any two metrics
are uniformly equivalent due to the compactness of Z and tamedness of f.
The expository bubbling result is then the following theorem:

Theorem 4.6 ([17, Theorem 4.1] on Bubbling of Holomorphic Curves).
Given a sequence {fs} of jJ-holomorphic maps ¥ — Z with uniformly bounded
energies:

B(f.) = / e(f) < C,

there is a subsequence still denoted by {fs}, a finite set of points {p1,...,pn} C 2,
and a jJ-holomorphic map fo:¥ — Z such that

(a) fs— foin Ct on S\ {p1,...,pNn}
(b) The energy densities e(fs) converge as measures to e(fo) plus a sum of Dirac-
delta measures:

N
e(fs) =+ e(fo) + ) a;6(p;) (4.4)
j=1

where a; > By VY j. By is the constant in Theorem [A3]

The proof of this theorem contains critical renormalization techniques which
induce holomorphic maps from S? to Z, or “bubbles”. We reproduce the proof below
in our context.

Proof. The subsequence of {fs} exists due to compactness of ¥, the uniform
boundedness of energies, and the Theorem of Arzela—Ascoli. For convenience, we
do not change indices when extracting subsequences.

Take the constant ey > 0 as in Proposition Il For each m € N, it is pos-
sible to cover ¥ with a finite number of discs with radius r,, = 2~ ™¢y. Denote
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these discs by {B(ya, 'm )} The compactness of ¥ allows us to further assume that
{B(Ya, "~)} continues to cover ¥ and that r,, < injy, the injectivity radius of the
chosen background metric. Furthermore, we may assume that each point of ¥ is
covered by these discs at most M times, where M is uniform for all s and m. With
these choices, and the energy bound, we may conclude that for each s,

/ e(fs) < eo
B(ya’rm)

for all but finitely many m. By passing to a subsequence we may fix these discs for
each m and conclude that

/ o(fy) >
B(ya’rm)

only at certain “bad discs” {B(p1,m,"m),---s B(PN,m,Tm)}, where [ is uniform
over s. For each m, the estimate (£2) holds on all “good discs”, namely, those
B(ya, 73)’s disjoint from bad discs. Since e(f;s) dominates the first derivatives of
fs, we see that fs and their first derivatives are uniformly bounded. By the Theo-
rem of Arzela—Ascoli, we have a subsequence of {fs} that converge in C! on each
good discs. On the other hand, as m — oo, the centers of bad discs converge (by a
subsequence) to {p1,...,pn}. These points are known as the bubble points. Picking
the diagonal subsequence from the double sequence in s and m, we conclude the
existence of fy : ¥\{p1,...,pn} — Z in part (a). The domain of f; can be extended
holomorphically to ¥ by Theorem 1.2l This establishes part (a).

Part (b) concerns energy densities on the bad discs {B(pj,e)}é-vzl. For each
€ < €9, we may assume that the numbers

bj(s) == sup {le(fs)}
B(pj ’6)
are unbounded for all j. Shrinking e if necessary, we may assume that B(p;, 2¢) are
all disjoint and set

=0 5500

o, = lim lmsup | el = el (4.5)

the energy loss at each p; at s = oo when extending the domain of fy over p;’s. fo
and these a; clearly satisfy (£4), and it remains to show that a; > By. That is,
the energy loss is at least the minimum requirement for non-constant holomorphic
map.

The inequality is verified by standard renormalization of fs; near each bubble
point by techniques of Sacks—Uhlenbeck type. Let p; € B (pj,€) be the point at
which maximum energy density is achieved: |e(fs)(p;)| = bj(s). Then p; — p; as
s — oo (up to subsequences, by compactness of ¥). Fixing an appropriate holomor-
phic coordinate, we rescale the geodesic ball B(p;,€) to define the renormalization

fs:B(0,ebj(s)) — Z
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by

7 _ _s Y

R = £ (55 + 55 ) (16)
Straightforward computations show that |e(fs)| < 1 and |e(fs)(0)| = 1. Via stereo-
graphic projection, we may regard each fs as a map on a domain of S?\{pT}, where
pT is the north pole, or point of infinity. Since b;(s) — oo as s — 0o, the domains
approach the punctured disc as s — co. The conditions for energy densities remain
true on the sphere due to conformal invariance. With the required energy bound, we
may then apply part (a) to extract a subsequence converging to a jJ-holomorphic
map fpj : S2\{pT} = Z as s — oo. Removing the singularity by Theorem EZ] we
obtain the “bubble map” fpj :§? — N. Since e(fs)(O) # 0, it is not a constant map
and therefore E(fy,) > By by Theorem B3l By Fatou’s lemma and (&.3)), we have
a; > E(fp,;), and therefore a; > By. O

A drawback of the renormalization procedure above is that the inequality a; >
E( fp ;) may be strict. That is, the bubble map might not capture all the energy
loss a; when extending fo over bubble point. The main reason for this is that the
rescaling factor b;(s) in (E6) may be too large so that too much energy is pushed
toward the north pole pT, forming a connecting tube with positive energy. The
tube is removed when extending fpj over pT, resulting in energy loss. The loss is
certainly undesirable as it creates topological jump in the limit, making continuity
more difficult. The situations are illustrated in the next page. Figure [ illustrates
the renormalization at s and Fig. [ illustrates the limit s — oo with a connecting
tube of positive energy to be removed.

To avoid such setback, we adjust the rescaling factor so that the energies on the
tubes are controlled by €. Since energies of non-constant holomorphic maps may not

fo(%)

connecting tube

Fig. 1. Formation of connecting tube.
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connecting tube
with positive energy

fpj (p_)

Fig. 2. Bubbling with energy loss.

v (p7)

Fig. 3. Bubbling without energy loss.

be arbitrarily small, they must approach 0 as € — 0 (cf. [I7] Sec. B]). The modified
process introduces the “bubble tree” description of moduli space at infinity, which
associates a sequence of S? and corresponding holomorphic maps on S? at a bubble
point. These bubbles in total will preserve all the original energy and we expect
bubbles to be attached as illustrated in Fig.[3

For simplicity, we omit the subscript j of the bubble point p;, as well as all the
data associated to it, in describing the energy preserving bubbling at p;.

Theorem 4.7 (Bubble Tree). For each bubble point p, there erists a finite
sequence of holomorphic maps {le,} from S? to Z so that

Y E(fl) =a. (4.7)
l

The general principle for adjusted renormalization is that for each € and neigh-
borhood D(p,€) around p, we pull back the maps by some carefully designed
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conformal maps so that they are all defined on domains of two sphere Sf,. Then
we apply renormalization techniques of Theorem EL6] on sphere with possibly new
bubble points on SZQD. On these points, we iterate the construction, forming “bubbles
on bubbles”, or a bubble tree. The technical designs here ensure that the energy loss,
or the energy of connecting tubes, are controlled by e, which vanishes as ¢ — 0.

Proof. Fix ¢ > 0. Each disc B(p,¢) in the proof of the previous theorem corre-
sponds to a domain B, C SIQJ under stereographic projection. Denote the north
pole and south pole of SIQJ by pt and p~, respectively. The bubble point p then
corresponds to the south pole p~ € B,. Let also

ale,s) = / le(f)l = le(fo)lw, (48)

€

be numbers so that

lim limsup a(e, s) = a > By
=0 500

as in Theorem 6l
We consider the following composition of conformal maps:

Pte,s Te,s o exp
Res:S; —5 S =58 HT,N — 3. (4.9)

Here, exp is the exponential map with respect to complex structure j and o is
an orientation preserving conformal map from S? to R? such that o(p~) = 0 and
o(pt) = oo (e.g., a stereographic projection). T, s is a conformal transformation on
S? corresponding to the translation of T;,Y that translates the center of mass of the
measure |le(fs)| — |e(fo)|| to z-axis. Finally, p;, , is the conformal transformation
corresponding to radial dilation of T,X by t. s > 0. We give a qualitative description
of the scale t¢ s below.

Let Cy > 0 be a constant less than %, where By is the lower bound of energies of
non-constant holomorphic maps described in Theorem [4.3] The scale t. s is chosen
so that

[ et~ letsoll = o, (.10
Bs\H-

where H™ is the southern hemisphere and Bf := R ;B(p,¢). In another words,
a constant amount of energy is retained on the northern hemisphere throughout
the process. Such a scale is possible by continuous dilation to continuously spread
out the energy concentration at p (or p~). Apparently, t. s is introduced to control
the amount of energy pushed toward oo, or pT. Nevertheless, it is still necessary
that t. s — 0o as s — oo. Indeed, for each s, let p° € B(p,€) be the point where
le(fs)| achieve its supremum. These points converge to the bubble point p as s — oo
and energies of |e(fs)| are arbitrarily concentrated near p—. Therefore, for ([I0)
to be true, the scaling factors t. ; must be large enough so that ¢. ;p° - p, which
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requires t. s — 0o so that a constant amount of energy to be kept away from p~.
The renormalized map is then

Jew = B2y (FulBp.0), (4.11)
which are holomorphic with respect to the pull back complex structures js = Rf ;J.
The structures j; approach the standard complex structure on SIQJ as s — oo. Since
te,s — 00 as s — 0o, the domains of fgs approach Sf,\{er} as s — 0o. Moreover,

with conformal invariance, we have E( fe,s) <C,

_ By

|E(f6,s) - E(fe,0)| > 77 (412)

and
| el = (el = Co. (4.13)

where H7 is the northern hemisphere and fe,o = lims_mo(R’;5 fo). We may repeat
the arguments in the proof of Theorem [£.6] and obtain the list of bubbling points
Be == {y1,e,--»e;p ) CS2 (4.14)

and a jJ-holomorphic map fe, : S2 — Z so that fes = fer in C* on S2\B.. The
adjusted renormalization satisfies part (b) of Theorem G For all e,

l
e(fes) = e(fer) + Y a;.c0(yj.e) + Tepd(p™) (4.15)

j=1
as s — 0o, where 7. ;, is the energy loss at infinity.

Finally, we shrink the radius € of the initial disc around p. Pick a sequence
€s — 0 as s — oo0. The bubble points and associated energy losses

{yl,esa sy Ylesy Alyegsy - - - 7al,£577-65,p}57 (416)

range in compact sets and possess subsequences converging to

B:= {ylv"'ayhah"wah,rp} (417)

as s — oo. The corresponding holomorphic maps fes,p converge to a map fp :in
C! on SZ\]B% which extends to the entire Sf, holomorphically. Since fy is smooth
on B(p,e€), by conformal invariance we have e(f.o) — 0 as ¢ — 0 in measure.
Consequentially, we have

l
e(fes,S) - e(fp) + Z and(yn) + Tp5(p+) (4.18)
n=1
and
/ le(fe..s)| = Co (4.19)
H+
as s — oo.
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Next we observe that 7, in (£18)) is controlled by e. Fix a small disc 2 centered
at pT of radius e small enough so € contains no other bubble point. Since the
energy of fp on H7T is no greater than Cy < By, the minimum requirement for
non-constant holomorphic map. The homology class, « Ia of fp on 2 is therefore
trivial. By (#3) in Proposition L5 we have

7p < Area(f,(Q)) < O length?(f,(00)), (4.20)

and the right-hand side is dominated by €5 by continuity of fp. Let s — oo, or
€s — 0, we therefore eliminate energy loss and have the conservation of energy

l
a=Yan. (4.21)
n=1

The energy-preserving renormalization may be iterated. Near each y, € B, we
may renormalize f, to obtain a collection of bubble points and bubble energies

1 ._
B, = {Un1,- s UnlnsAnis---0n i, }

on another sphere S? equipped with a “bubble” fy. : S* = N constructed identi-
cally as above. Of course, these new energies satisfy

In
ap = E An, t-
t=1

The process continues and we end up with 3 and a collection of bubbles wedged at
various bubble points, forming a bubble tree. O

The origins of new bubbles y, ...,y in @I, as well as their e limit (17,
can be explicitly explained. The only bubble point on B(p, €), namely p, forms due
to the accumulation of p*, points where |e(fs)| achieves supremum. The renormal-
ized map fe,s then has maximum energy density at Rgsl (p®). Therefore, the only
possibilities for new bubbles to form upon the next renormalization is the presence
of new limit points from the sequence {R_}(p®)} in S2. Since the finite energy con-
dition is invariant under R, s, there are only finitely many such points 41 ,..., i,
and so are their e-limit points and corresponding bubbles.

It is important to point out that the limiting map fp : §2 — Z may itself
be a constant map and E(f,) = 0. That is, the energy of the bubble is entirely
concentrated at the new bubble point(s) B on it and therefore entirely bubbled off
upon renormalization. We refer to such sphere as a ghost bubble. A ghost bubble
for the non-constant holomorphic map fp, however, must contain at least 2 new
bubble points.

Lemma 4.8 (cf. [17, Lemma 4.2]). For f, in Theorem &, if E(f,) = 0, the
integer | in B is at least 2.

It follows from this lemma, TheoremsH.6l and B that the new bubbles attached
to a ghost bubble has maximum energy at least Cy less than the ghost bubble before
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renormalization. Therefore, each new level of bubble tree, ghost or not, consists
of bubbles with energies no grater than the energy of the root bubble minus Cjy.
Consequentially, the bubble tree is of finite length with a finite number spheres.

All these newly induced objects extend both the domain of original maps and
give rise to a new map f on the extended domain consisting of a finite number
of S?’s wedging at bubble points. We denote the union of these spheres by 7. A
more geometrical description of 7 is through a tower of S?-fibrations. A complex
structure on ¥ determines the complex tangent bundle 7Y := FY X« C, where F'X
is the complex frame bundle. Stereographic projection o, an orientation preserving
conformal map S? — R2, compactifies TS into S := FX. x ¢~ S%. The newly formed
bubble points {y1,...,y:} are therefore elements in the fiber of SY over bubble
point p. Renormalization on y,,’s therefore give rise to more bubble points on S5,
and so forth. We therefore have a tower of sphere fibrations

R L Y 0 Y= RERIESC) Y )} (4.22)

Definition 4.9 ([17]). A bubble domain B at level m is a fiber (~ S?) at the level
m in [@22). A bubble domain tower is an extension of ¥ by a finite union of bubble
domains:

N
T:=%J T, (4.23)
m=1

where each T, is a finite collection of bubble domains at level m. A bubble tree with
bubble domain 7 is 7 /~, identifying the north pole of each bubble domain (fiber)
with its base point.

T has a natural tree structure, where vertices are maps and bubble points form
the incident edges. The discussions above associate to every sequence of holomorphic
maps a unique bubble tree 7 where ¥ and every sphere is mapped holomorphically
into Z. The image of 7 under f is known as a cusp curve ([22]).

Gromov compactness is constructed in this extended scope. For each s, we may
extend the domain of f, from X to T by appropriate surgeries. The precise definition

requires the following lemma.

Lemma 4.10 ([17, Lemma 6.1] on Extension). For each A > 0, there isesa > 0
such that for all € < €4 and continuous L2 map

f:2\B(z,¢) > N

with E(f) < A extends to a continuous L*? map f:¥ — N.
Moreover, the following estimate hold on By = B(x,ry) with e <ry < \/e:

/ dF2 < Clloge ™!
By

and
dist(f(y), f(2)) < Clloge™ 2| Vye€ By, z¢€ dBy.

1950004-20



20 Reading

October 16, 2018 9:30 WSPC/S0129-055X 148-RMP J070-1950004

The Gromov limit for vortex moduli spaces

With the lemma, we extend the domain of fs, or construct the prolongation of
fs on T. For each holomorphic fs: ¥ — Z considered above, we define

Pfs): T —Z

separately on ¥ and the spheres as follows.
First restrict fs on ¥\U B(p,€) for € small enough, and extend fs across the
small discs around bubble points to a map f, according to Lemma [ TI0. We define

Pe(fs)(2) = fs(2); VzeX.

Let now z € Sg, a bubble attached to a bubble point p € 7. Each € > 0 is associated
to a disc B. = B(p*,e¢) around the north pole so that for large enough s, the
renormalized fe,s is defined outside D.. The map fgs has its bubble points {y;},
and let B; := B(y;,€). We then restrict f., on S*\U; B;j and extends again by
Lemma@I0to f, : S2 — Z. We define

Pe(fs)(z) = fyl(2); Yz €S

Identical definitions apply on neighborhoods around other bubble points. We
then have the rigorous sense of Gromov compactness of sequence of holomorphic
maps with bounded energies.

Theorem 4.11 ([17, Theorem 6.2] on Gromov Compactness). Let {fs} be
a sequence of jJ-holomorphic maps ¥ — Z. Then there is a bubble tree T, and a
sequence €5 \(0 as s — 0o such that a subsequence of

Pe(fs):T = 2

converges in C° N LY2 to a jJ-holomorphic map f:T — Z. The convergence is in
C"(K) for all compact set K away from bubble points.

We say that such f; Gromov converge to f on the bubble tree 7.

5. Bubbling of Vortex Moduli Spaces

We now return to vortex moduli spaces. The bubbling phenomenon we study takes
place on a family of vortices {[Ds, ¢s]} C vit1,0(s) approaching the boundary
of vp11(s) as s — oo. By Theorem B2, each [Ds, ¢s] projects down to a tuple
of linearly equivalent divisors (Es,i)»]f:() € Ei41,0 that approaches the boundary of
Ej+1. Convergence to the boundary indicates the coalescence of these divisors at
infinity, or common zeros of these tuples of sections. Precisely, we write each divisor
L ; into a sum of two divisors

N,,(S)

N
Es; = Zlaij(s)pij(s) + lz bi(s)qi(s), (5.1)
= —1
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where the integral coefficients above sum up to r. The first sum corresponds to
coalescence, that is, a;;(s) — a; and p;;(s) = pj as s — oo for all i. We let

N
E = Z a;p;-
j=1

The second sum then consists of points that remain separated as s — oco. That is,
bi(s) = by, Ngi — Ny, qu(s) — i as s — oo and

m{qz‘z} =0.

The divisors

N;
Eoi =Y _ bagi
=1

give rise to new holomorphic maps with degree r — 3. a;. Note that a;(s), Ni(s),
and b;(s) in (5] are all integers and may be assumed constants in s.

On the other hand, the vortices {[Ds, ¢s|} C vik+1,0(s) correspond to degree r
maps {fs} C H, via the diffeomorphism ®, described in Sec. [3t

fs(p) = [¢s,0(p) s ¢s,k(p)]'

Equip CP* with the Fubini—Study metric, we attempt to explicitly express the
energy density of fs. For each s, we observe the energy density e(f,) defined by

k
e(f)w = frwrs = 09log (Z |¢>s,1-|2> . (5.2)

i=0
fs’s are of uniformly bounded, in fact constant, energies:

E(fs):/ze(fs)wzir Vs

and they fit into the discussions of Sec. @l In particular, e(fs)’s blow up at finitely
many points. Straightforward computations show that the only possible blow up
points are p1,...,pn € supp(E). For each j, fix a normal neighborhood B; :=
B(pj,€) small enough so that B; Ns; Es; = {pi;(s)}. Given a local trivialization,
each section ¢, ; is locally given by

bs,i = (2 = i () fsis (5.3)

where p;;(s) = 0 as s — 0o and f,; are non-vanishing holomorphic functions on
Bj. Moreover, fs ; converge smoothly to a non-vanishing holomorphic function on
Bj by Theorem B4l With respect to this trivilization, the globally defined (1,1)
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form (5.2)) is then locally given by
frwrs = e(fs)dz Ndz
_ V-1 (Zf—o |2 — pig(s)2% G S8 |2 —pij(3)|2‘”|fs,i|2> ds A d
- k @ 2
2m [Zi:o |2 = pij(s)[>% |fs,i|2]
k a;—
im0 |2 = pij(s)]?9 72 (2 — pij(8)) Fi
V-1 X Zfzo 12 = pij (5)]* 7% (2 — pij(s)) Hs s

— dzNdz, (54)
D) E 2 J
[Zi:O |z = pij(s)[>% |Js,i|2]

where F§ ;, G55, and H, ; are smooth and non-vanishing functions on B; consisting
of fs; and its derivatives. They converge in C'™ and the only sources of singularities
are |z — p;;(s)|’s. It is then clear that the bubbling behaviors depend crucially on
the convergence behaviors of p;;(s) to 0 as s — co. We first observe the outcome
when singularities are formally ignored:

Theorem 5.1 (Formal Removal of Singularities). Fiz a Hermitian line bun-
dle (L, H) over X. Given a sequence of vortices {[Ds, ¢s]} C vi+1,0(8) approaching
the boundary of vi11(s), there exists a finite set of points {p1,...,pn} C X, inte-
gers {a,...,an} C N such that 3 ;a; < r, and vortices [Dy, ¢,] with smooth
(subsequential) limit [Do, ¢o] on line bundle

Lo:=L Qj O(—ajpj)7

such that
o [DL,#.] = [Ds,¢s] on X\{p1,...,pn} (via the isomorphism Ly ~ L on
2\{]917"'7]91\7})'

e D! and ¢’ satisfy the vortex equation

DVl =0 Vi

@l (55)
V—1AFp: +§ Z|¢s,i|H_1 =0,
i=0

on Lo — X.
e [Do, ¢o] satisfies

D(()O’l)%,z‘ =0 Vi
k (5.6)

> ol —1=0,

i=0

on Lo — X.

Proof. We continue the usage of notations introduced in (&I)-G4).
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For large enough s, a family {[D;, ¢s]} is uniquely associated with a family of
tuples {(Eso,. .., Esk,7s)}, where 7, € (C*)k*1/C* as in Theorem B2 and E; ; as
in (B1):

N N
Es; = Z a;p; + Z birgy-
j=1 =1

Let 1; be the defining meromorphic section of O(—a;p;) and consider the holo-
morphic sections ¢, = ( %.i)i> defined by

Ol = s ®;j 15 € HY(Z, Lo). (5.7)

Choose 1 = 1 away from p;’s so that on every compact subset K C X\{p1,...,pn},
LIK ~ Lo|K and ¢/ ; = ¢5,;. The sections ¢/ ; do not have common zero and define
a degree 7 — [ holomorphic map f : ¥ — CP*, where [ = >-j a5 and (f5)*O(1) = Lo
smoothly. [D’, ¢.] are then vortices defined by f! that satisfy (&) via identical
construction of ®, in (FI)). Since f. = fs on X\{p1,...,pn}, the first and second
statements of the theorem are clear from our constructions.

Staying in the compact region of the moduli space, the limit of [D’, ¢’] is then
naturally constructed from the limit of f,. The energy densities e(f]) are uniformly
bounded on the entire ¥ since they are defined by sections whose zeros leil b}
do not coalesce as s — oo. Let fo € H,_; be their limit, which defines a vortex
[Do, ¢po] on Lg. It is clear that [D’, ¢.] — [Do, ¢o] in C*.

To verify that [Do, ¢o] satisfies (5.6), we note that holomorphic condition from
first equation of (B.5]) continues to hold as s — oo via standard elliptic regular-
ity arguments. As for the second equation, we note that \/—_1AFD; are uniformly
bounded in s. Indeed, Fp: is the pullback of curvature form Frgs on O(1), which
is proportional to wrg, via fi. Therefore, V—1AFp, = Ce(f]) for all s, which are
uniformly bounded by the discussions above. Dividing the second equation of (5H)
by % and let s — oo, the proof is completed. O

Evidently, formal removal of singularities reduces the topological degree of L
byl=>" ;@ The loss is a clear consequence of concentration of energy densities
of fs. In another words, curvature forms corresponding to fs approach a smooth
form plus a Dirac delta current supported on these isolated singularities, and the
extension simply ignore the singular part. These vortices [D7, ¢)] corresponds to
the map defined by

fo(2) = [fs0(z) i -+ fan(2)]

from (&3), e(f]) = W, converges to the smooth function Wy = e(fo) as s — oo.
As in Theorems and [£7], we apply the carefully designed renormalization
process to smooth out the singularities and use the limiting map to obtain the
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limiting vortex preserving the energy ignored in Theorem [5.1] by bubbles. Part of
the following theorem is in fact a specialization of observations from [10].

Theorem 5.2 (Renormalization). For each p; in TheoremB.1] there exists e, —
0 as s — 0o so that the geodesic disc B(pj,€s) is conformally equivalent to By C S?,
an increasing family of domains with UsBs = S?\{p*}, and the followings hold:

e The pullbacked vortices [D¥, ¢%] on B, satisfies
D%1¢;; =0

VEIAFp; + 5 (ZI% - ) %

on line bundle LY = R;(s ) L over Bs. They coincide with the vortices defined
by holomorphic functions fs = Rj(s)o fs : Bs — CP* in the way of (BI).
Conformal maps R;(s) and parameters t;(s) — oo have been introduced in the
proof of Theorem Bl (Here, we denote R, s,tc, s by R;(s) and t;(s).)

e FEzactly one of the followings holds true:

(a) There exists a C,.-convergent subsequence of {{D7, ¢%|} whose limit [Dy;, ¢;]
satisfies

k
Z |bjilfr — 1=

defined on the entire S®. That is, a holomorphic sphere in CP* bubbles off.
(b) There exsits points {p], D J} C S?, non-negative integers a?, ajl, ... ,ajvj,
and a C} -convergent subsequence of {[DZ, %]} on SQ\{pj7...,pjj7p+}7

whose limit [Dj, ¢;] satisfies

D;¢;i=0 Vi

(5.9)

k
i 1 (5.10)
V=IAFp, + 5 (ZO 6.6l H — 1) =0
on a degree a? line bundle L; over SQ\{p;,...,pévj,p*'}. Moreover,

(Lj, Dj, ¢;) is the C' limit of (L%, D?, ¢%).
e OnS?, —1A*Fp, is a distribution given by a smooth function plus ZIN:J1 aé»é(pé-).

We make a brief digression to observe the relationship between the scales ¢;(s)
and zeros p;;(s) for the simple case when B(p;, €) is Euclidean. Moreover, we assume
that all f;’s, the non-vanishing parts of the sections in (£.3)), are 1:

¢s,i = (2 — piz(s))™ (5.11)

and fs(2) = [(z — poj(s))® : -+ : (2 — prj(s))*]. The extension map fo in
Theorem [£2 is therefore constant and of zero energy density. The energy density
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is simplified considerably:
e(fs) = e(fs) — e(fo)
_ VL S lr e ()P T g |2 — pig ()
2 (X012 — pij(s)2)
S o |z = pig(8)[2972(2 — pij(s))
VAL XSl p )P —pu(s)
o (Zf:o |Z_pij(3)|2aj)2

We denote by e( fs.+) the energy density of fs pullbacked by dilation ¢. By conformal
invariance, we have

(5.12)

/ e(fur)dy? = aj(c, s) (5.13)
B(0,te)

for all t and a;(e, s) — aj as € — 0 and s — co. Recall that ¢;(s) is the scaling factor
so that the masses of e(fs:) are Cp for all s on the annulus B(0,%;(s)e)\B(0,1)
(which correspond to the o=!(B(0,¢;(s)e)) N HT, where o is the stereographic
projection.) Also recall that Cj is strictly less than half of the lower bound of
energies of non-constant holomorphic maps between S? and CP*. Consider

L 2
Fu(t) = /B o, s

27 %
= / / re(fs)(r,0)drdo. (5.14)
o Jo
The above conditions for t; then require that
Fs(ts) = CL]‘(Q 8) - Co. (515)

Elementary computations show that
aj(e,s)—Cp—C

te=e Koo . (5.16)

for some C' > 0 and

2
Ks:/o —e(f,)|s1db. (5.17)

Since e(fs) concentrates near 0, we see that for s large enough, Fi(1) = C = q;.
Also note that t; — oo as s — oo as expected.

For the general case of metric w and non-vanishing holomorphic functions f; ;,
we note that w; is asymptotically flat and the functions approach non-vanishing
holomorphic functions. (5.I6]) is then asymptotically satisfied.

We begin the proof of Theorem
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Proof. With the preparations above, we repeat the proof of Theorem 7] except
removal of singularity. Recall the composition of conformal transformations in (Z9)):

Pt (s

Ri(s):§? 22 §2 B 2 % 1, 5(~ C©) Z2 B(p),e), (5.18)
where Ts and py;(s) are the conformal transformations on S? corresponding to
appropriate translations and dilations y — tj% on C, respectively. o and exp
are the usual stereographic projection and exponential map, respectively. Let
fs = fso R;(s) and B, := R;(s)"'(B(pj,€)), the following diagram is considered:

L* = fr0(1) L (0(1), Hrs)

S

}0 ..... .
1
Rj(s) fs (5 9)

i —

fs

The complex structure on Bj is given by

Js(§) = js(§) sz, (5.20)

where ¢ is the standard complex coordinate on S? centered at p* and Jgo is the
standard complex structure of the 2 sphere. It is straightforward to check that
js — 1 uniformly as s — oo so that the maps fs are asymptotically holomorphic
with respect to standard complex structure compatible with the round metric.

The vortex equation (LH) on L — B(pj, €) is then pulled back to (B.8) defined on
the left end of the diagram, where the bundle is equipped with background metric
H? := R;(s)*H. The extra factor of t](%y comes from the fact that A} is taken with
respect to the metric rescaled by ¢;(s). The section terms are of course invariant
throughout these parametrizations. On the other hand, we may construct solutions
[D1, ¢1] to (58) directly from holomorphic maps f; : By — CP* in the manner of
®, in Sec. Bl Namely, we start with background metric Hf := f*Hpg on L* and the
same holomorphic sections ¢ ; := fszi on L*. Turning HI into the special metric
G1 via a gauge, we obtain the solutions [DI, #!]. The two solutions, [DZ, ¢*] and
[D1, #1] correspond to two special metrics, G* and G}, that are gauge transformed
from H* and HI, so that the holomorphic pair (frd, f*¢,) satisfies the second
equation of (5.8). G* and G are therefore determined, up to unitary gauge, by the
unique solution to one Kazdan-Warner equation, and we have [D¥, ¢*] = [DI, ¢1].

We have identified pullbacked vortices [D*, ¢*] with holomorphic maps fs, we
wish to study the convergent behavior of vortices from the Gromov compactness of
maps. As we have expected, the existences of bubble point for fs are determined by
the relative rates of convergence of p;;(s) to p;, and they are observed through the
scale t;(s). We here observe that bubble point exists when t;(s) grows proportionally
to s, in which the scaling gives rise to an affine vortex.
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e Case 1 (Fast Blow Up): t,( 5 — 0 as s — oo

This is a special case of Case 1 of (11.1) in [10]. Here, we can actually observe
directly from (G.8]). Since ﬁ — 0, the trace of pullbacked curvature approach
0 away from bubble points. In the limit, we obtain a line bundle trivial over
C\{bubble points} with limiting sections ¢%, = (¢% ¢, -, 95 x). Being global
holomorphic sections of a trivial line bundle, ¢%  defines a holomorphic map from
C\{bubble points}, and therefore S?\ {bubble points and p*}, to Ck¥*1. Removing
singularities by Theorem E.6, we obtain a non-constant holomorphic map form S?
to C**! which violates the asphericality of C**1. This case is therefore ruled out.

e Case 2 (Slow Blow Up): % &

For this extreme, it follows that Zi:o |¢% ;13 — 1 as s — oo. In another words,
for s large enough, we may assume that

)—>ooass—>oo

ﬂqﬁ*’l {0y =0

and that the limiting sections have no common zero. From (54)), we see that the
holomorphic maps { fs} have uniformly bounded energy densities and do not have
bubble point. Let fp be its subsequential C' limit. The map defines a vortex
[D;, ¢;], which satisfies (5.9). Indeed, since e(f*), and therefore /=1 A% Fp- in (B3),
are uniformly bounded, the curvature term there approaches 0 after dividing by
z(tfﬁ and let s — co. The holomorphic condition clearly continues to hold as
s — oo and (B9) follows. We therefore obtain a finite energy holomorphic map
from C to CP*, which extends to a map from S? to CP*, or a holomorphic sphere
in CP*.

e Case 3 (Moderate Blow Up): tj% — A€ (0,00) as s — 0.

Bubble points occur only in this case, when energy densities blow up roughly
proportional to s. With an additional normalization if necessary, we assume that
A = 1. By conformal invariance of energy, we have E(f) = a; for all s. Following
constructions in the proof of Theorem[(.2] let {pjl, ... ,p;-vj ,pt} be the bubble points,
f; be the C_ limit of f, on Z\{p},... ,pj-vj}, and f; be the extension of f; to S2.
Let a’ € N be defined as in Theorem [5.2:

=0 s 500

aé = lim hmsup/ le(fs)] — le(f;)llws- (5.21)
B(p},€)

The vortex [D;, ¢;] defined by f; therefore satisfies (5I0), where a = BE( fi)-

We finally check that the limiting procedure is compatible Wlth the geometric
structure of line bundles L* := f*O(1) over B,. The degrees of L* are precisely
the energies of fs, which is the constant a;. Each L} is equipped with transition
functions {74} (pullbacked from those on O(1) via fs) so that on the overlap, we
have the compatibility condition

Aso = _d'Ys,aB('Ys,aﬂ)71 + 'Ys,aﬁAs,ﬁ('Ys,aﬁ)717 (5.22)

1950004-28



20 Reading

October 16, 2018 9:30 WSPC/S0129-055X 148-RMP J070-1950004

The Gromov limit for vortex moduli spaces

where A, and A g are the connection forms of the unitary connections D} con-
structed above. That is, the coeflicients of these one forms are by definition algebraic
expressions f, and its first derivatives. For a local holomorphic frame u,, we have

|ual?
As,a = d/ IOg H:a = d/ log <k7~ . (523)
> izo | fs(z)?
The C}., convergence of f, therefore imply that A% and Aj converge uniformly (in
s) on their domains of definitions. Smooth convergence of these transition functions
then follow by standard bootstrapping arguments. As s — oo, (5.22]) passes to the
limit:

Ajo = dv5.08(V.08) " +ViapAs(Vjas) " (5.24)

on Sz\{p}, e ,p;Vj ,pT}. Therefore, the local transition functions and one forms
patch together to give a degree ag holomorphic line bundle L; over the punctured
sphere. This proves the second statement.

Finally, since the conformal transformations are designed so that there is no
energy loss at pT, and therefore

N;
F l 0
E(f;) =a; — Zaj = aj. (5.25)
=1
The curvature current Fp, it defines then satisfies the last statement. O

Iterating the procedure at each bubble point pé- € S?, the theorem provides an
almost complete description on the root of bubble tree. We however still face the
hurdle of extending the vortex across p', or removal of singularities. Extending
holomorphic maps of finite energy over p* poses little difficulty by application of
Theorem[4.2], but the extensions are not necessarily compatible with the correspon-
dence of maps and vortices. This is the stage where classical extension results for
topological fields, such as those in |20l 21], enter. The more general case of critical
points to the Yang—Mills—Higgs energy functional, which contains our case, have
been discussed in [18]. We briefly summarize the work here.

6. Extension of the Bundle at Infinity and Conical Metrics
6.1. The smooth case

Fix a small geodesic disc Br, around p+ within the injectivity radius that contains
no other bubble point. The removability of singularities depends on how well one
controls certain norms of connection form A and curvature Fa on Br,\{p™} (cf.
[20121] for Yang—Mills fields). For critical points to YMH s, Smith showed that the
limiting field may be extended across p™ if F4 is integrable enough and there is a
gauge on which

| Allp| Bry\ (o1 < O(p), (6.1)
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where p = [€] is the radial component of the polar coordinate of Bg,. Such an esti-
mate allows one to apply implicit function theorem to solve the required regularity
condition

d* (g~ "dg+ g ' Ag) =0, (6.2)

which ensures the smoothness of extended field on the entire disc Bg,. The estab-
lishment of (EI) has been thoroughly discussed in [I8]. It was proved that the
bound follows from certain decay condition on the holonomy of the connection D,
called the “Condition H”:

Definition 6.1 (Condition H). Let D be a an affine connection on the bundle
L over Bg, and yg(t) : [0,1] — 0Bg, be a smooth positive parametrization of the
circle Bp, around pT. Let g(R) be the holonomy of D over the v(¢). That is, for
every D-parallel vector field v over (t), we have

v(v(1)) = v(v(0)) - g(R).
We say that D satisfies connection H if

li R) =id, 6.3
lim g(R) = (6.3)
pointwise.

This condition is in fact equivalent to the existence of the gauge, on which the
angular component of the connection form A decays to 0.

Theorem 6.2 ([I8, Theorem 1.1]). Condition H is equivalent to the existence
of a unitary gauge in which

A= AP(p7 a)dp + Ag(p,&)d@ € u(l)
with
in supnorm topology.

With (64), one may apply further gauge transformation, or the “auxiliary
gauge” to improve the decay of A.

Theorem 6.3 ([18, Lemma 1.1] on the Auxiliary Gauge). If the connection
D satisfies the H condition (&4), there exists a gauge in which D = d+ A and the
followings hold:

. . .0

In the auxiliary gauge, one can estimate the L” norms of A, and Ay separately,
as in the technical Lemmas 1.2 and 1.3 in [I], so that (I follows. Classical
arguments in [20] [2T] imply the theorem on removability of singularity:

Theorem 6.4 ([18, Theorem M], Relevant Form). On Bpg,\{p+} with
Euclidean metric and L a line bundle over it, let A be a connection form satisfying
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condition H, and its curvature form F € LP(Bpg,) be smooth for p > 1. Assume
that (F, ¢) satisfies the Euler—Lagrange equation of Yang—Mills—Higgs energy func-
tional (L4), and ¢ € H3(Bgr,). Then, there exists a continuous gauge transforma-

tion such that (F,A) is gauge equivalent to a smooth pair (F,¢) over B3 and the
bundle extends smoothly to Br,.

6.2. Conical Hermitian metrics

Unfortunately, the hypotheses of Theorem [6.4] are not guaranteed for the limiting
vortex [Dj, ¢;] constructed in Theorem [£.2] The first source of failure is the inte-
grability of curvature form F; of D;. In the notations of diagram (5.19)), let again
z and £ be natural complex coordinates of B(p;,e) C ¥ and By C S?, centered at
p; and pt, respectively. The Kahler form w on B(p;,€) can be expressed as

w(z) (z)dz A dz, (6.6)

1
T o1

with ¢g(0) = 1. With further holomorphic coordinate change if necessary, the pull-
back Kéhler form is

1 ¢ 1 _

wi(€) = R;i(s)"w(&) = dé N dE, 6.7
O = el = 5= (755 ) Ty A 6)
and it is clear that w} approaches the standard round metric as s — oo. In
other words, the limiting vortex the restriction of an affine vortex on Bg,\{p*} ~
C\B(0, R)) for some large Ry,. For such a vortex, the pointwise norm of FX is
controlled by the estimate of energy density given in [24]:

Proposition 6.5 (|24, Corollary 1.4]). Let w = dx A dy be the standard area
form on C and assume that (A, ¢) is an affine vortex with such that the images of
sections have compact closure. Define the energy density by

k k 2
1
e(4,0) = Fal> + D 1Dadil” + 1 | D 16sl% — 1
i=0 i=0
Then for every € > 0 there exists a constant C¢ such that:
e(A, ¢) < Ce 2|7 (6.8)

for |z| > 1.

Pulling back estimate (f.8) onto S?\{p*} ~ C as above, the estimate for point-
wise norm of F; we have is

|[Fy| < Celg| =% (6.9)

for some € > 0. The estimate is clearly insufficient to guarantee any integrability of
F; in the usual Lebesgue measure.
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For the vortex [Dj, ¢,] that does not satisfy the H condition (6.4]), a reasonable
modification is to associate a conic singularity at p™ to absorb the singularity. We
recall the following definition of canical metrics in dimension 2:

Definition 6.6. Let ¥ be a Riemann surface and p € 3. A conical Kéahler metric
of angle 3, conical at p, is a metric whose Ké&hler (1,1)-form in a holomorphic
coordinate system centered at p looks like:

_ udzNdz
W= s

for some 3 € (0,1) near p. Here u € C°(%).

Such metrics can be realized as the pullback metric of the map z — 2z° and also
1
the map w — w?, where defined, pulls such metrics back to a smooth metric. It is
an easy calculation to see that the form of a conic metric at oo looks like:
|

W p =€ ony T (0 |£|2)2d§ A d€ (6.10)

where £ = %

We now recall some properties of the function spaces described by Donaldson
[7] and their behavior under the Laplacian (cf. same reference). Introducing a back-
ground metric gg, conical along a divisor D, with associated distance dg, let:

C,mB(M)D) = {f S CO(M) s.t. HfH@é»dﬁ < +OO}’
C™?(M, D) = {f € C*F(M,D) st. f(z) =0 for all z € D},

where

) —
1oty = sup |f(o)] + sup LWL

As the notation suggests, those spaces depend on 5 but they are independent
of the particular conical metric gg chosen. This follows from the fact that any two
metrics on M which are conical of angle 8 along D induce equivalent distances on
M. We will sometimes refer to functions in these spaces as S-weighted functions of
a given regularity.

In local holomorphic coordinates z centered at a point of D such that D is the
locus z = 0 define

®(2) = |2/ 712

which is clearly a homeomorphism. As noted by Donaldson [7], a function f on M
is of class C®# if and only if it is C*® away from D, and f o ®~! is C%* for any
choice as above of local coordinates around D.

Consider the change of coordinates z = ¥ (w), where the map v is defined by

b(w) = w?,
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with w = ,oe\/je7 0<b< % Note 1 is a biholomorphism on its image, therefore
(w is local holomorphic coordinates around any point not lying in D. One can check
that ® o) is bi-Lipschiz, whence it follows that C**# is constituted by functions on
M that are C%® away from D, and such that * f is C%® for any choice of local
(holomorphic) coordinate z around D as above.

Now we pass to recall the definition of one and two forms of class C'*#. A (1,0)-
form & on M is said to be of class C'*8 if it is C*® away from D, and ¢*¢ is of
class C%® and it satisfies 1#*5(%) — 0 as w — 0. Analogously, a (1,1)-form 7 on
M is said to be of class C:*# if it is C%® away from D and ¢*n is C%, and both
the contractions of *n with % or % 2o to zero as w — 0. One then defines:

C?P = {f e C](M\D)NC°(M) s.t. f,df,d0f are of class C*P}.
We also consider the space:
H = {f € C®(M) where &*f ¢ W'?}.
Then Donaldson proves the following (cf. [T] for a strengthening).

Theorem 6.7 ([7]). Let w be a Kdhler metric on the ball B(0) which is of class
CP and satisfies a1 Q < w < ag Q for some suitable constants a1, as > 0. Suppose
that o < p := %— 1 and that f is a function of class C**8 defined on the ball Bg(0),
and v € H is a weak solution of the equation A v = f. Then the restriction v|p, (o)
is of class C>P.

With 8 > 5, we see that F; € L}J)(BRO), the space of integrable functions
with measure defined by w7, 5 above. Following identical arguments in the proof
of [I8] Theorem 4.1] (with the condition that ¢; is smooth), we conclude that
Fj € L(Bg,) for all p > 1.

Next, we naturally generalize the condition H above with conic metric. A Her-
mitian metric A on a line bundle is conic if h(s) = |2|?# for holomorphic frame s.

The associated connection is
D =d+ipdo
or, in holomorphic coordinates:
dz
d+ [f—.
z

We view this as the standard model.
For 3 € (0,1), an extra factor of p>?~2 appears in the volume measure and to
achieve the decay condition

1A

p.8l(Bro\{p™}) < O(p), (6.11)

the corresponding “Hg condition” for integral estimates to hold true is then

lim p**=2A44(p,0) = 0. (6.12)
p—0
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The analogous theorem for removal of singularity is then the following, whose proof
is entirely identical to Theorem 6.4l except the measure on the LP space is replaced
by the one defined by conic metric. However, with (612), all the estimates in [18]
remain valid and making substantial use of Theorem B.7] we have

Theorem 6.8 (Theorem Mg). On Br\{p+} with conic metric of angle 2r( at
pt, L a line bundle over it, let A be a connection form satisfying condition Hg, and
its curvature form F € Ly(Br,) be smooth. Assume that (F,¢) satisfies the Euler—
Lagrange equation of Yang—Mills—Higgs energy functional (L4), and ¢ € H(Bg,)-
Then, there exists a continuous gauge transformation such that (F,A) is gauge
equivalent to a smooth conic pair (F, q?)) over Bp,, the bundle extends smoothly to
Bpr, and:

A=d+ifdf+a
where a is smooth.

For the vortex [Dj, ¢;] in particular, it remains to construct a trivialization in
which the connection form of the limiting vortex (Dj,¢;) on Br\{p"} satisfies
condition Hpg.

Theorem 6.9. For the line bundle L; and the limiting gauge [D;, ¢;] in the second
statement of Theorem B2 failing to satisfy the H condition (G4), we may contin-
uously extended it to (S?, gg), where gg is the conic metric of angle 3 at the north
pole.

Proof. Let A; = Aj(z)dz, where A;(z) € u(1). On the domain C\B(0, Rj), con-
sider, for some a > 3 — 283 > 1, the differential equation

e

0
12 () —
4] p, logvy + A;(2) 2] dz. (6.13)

The gauge «y can be easily expressed by integration: (Note that the right-hand
side is integrable since o > 1.)

v =exp <\/—_1/ (i - Aj(z')> dz’) e U(1). (6.14)

2]

In polar coordinate (r,6) of Br/, A, can be written as

Ar—ev o (Y Lg o 1), (6.15)
J ro 7‘0‘_1

Pulling back to S? via R;(s) and let s — oo, we have, in polar coordinate (p, 0) of
S? near pT, that

(A])5 := R;(c0)*(A))g = p*~'G(p,0), (6.16)

where G is a smooth non-vanishing function on Bpg,. Since o — 1 — (2 —25) > 0,
(E12)) holds and we are done. O
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6.3. Bubble trees with cones

The description of bubble tree at the root level is now complete, and the entire
bubble tree is essentially a finite number of iterations of these renormalization
processes. To unify the notation, we denote X by T and relabel the bubble points by

BY .= {p%...7p9\,07q?7...,q?\,é,r?7...7r?\,6/} C T, (6.17)

where p, ¢, and r are bubble points where round spheres, conic spheres (raindrops),
and holomorphic spheres that are bubbled off respectively. The first level 77, is then
a disjoint union of these Ny + Nj + N{ bubbles with various types:

N

No N 0
i=1 j=1 =1

Each sphere is wedged to its designated bubble point at its north pole, and those
spheres from the first two components above may contain new bubble points. We
similarly classify them by the types of new bubbles they form, as in B°:

B! := {ph...7p}vl7q%7...,q]l\,{,rh...ﬂ"]l\,{/} C Ty. (6.19)

B! give rise to a new set of Ny + N + Nj’ bubbles whose disjoint union is 75 with
new bubble points By. The process is iterated and we have the main theorem of
this article:

Theorem 6.10 (Bubble Tree). The vortices Vs := {[Ds, ¢s]} on a degree r line

bundle L over ¥ Gromov converge to a vortex V := [D,®| over a degree r line
bundle L over a bubble tree T defined by

TZ:T0VT1\/--'VTNV7 (620)
where Ty = X.

Proof. T, is constructed inductively as above, with associated bubble points B,,.
T, and T,4, are then wedged at B, C 7T, and the north poles of each sphere
in T, designated to its bubble point. By Lemma and Theorem [£3] each
renormalization reduces the total energy by at least Cy > 0 and therefore the bubble
tower consists of at most finite number (Ny) of levels.

L is the line bundle over 7 whose restriction to each sphere S?)?\{p*’} is the
holomorphic line bundle determined by the connection Dyr that is determined by
iterations of Theorem (.21 @ is constructed identically. Allowing the possibility of
conic singularity, the discussions above conclude that the extensions of vortices
are possible whenever the corresponding holomorphic maps extend. Therefore, we
may define prolongation of vortices V;, Vg, identically by their corresponding maps.
The Gromov convergence of V, to V are then defined by the C! convergence from
Vs to V on T, which follow from convergence of their corresponding maps. Conic
singularities are appropriately introduced at points where energy density does not
decay fast enough. Since energy is conserved throughout the entire process, the
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degree of L, or the sum of the energies of V on ¥ and all bubbles, is precisely the
original degree 7. O

The Gromov limit of a sequence of vortices have been constructed. The natural
follow up construction is the moduli space whose boundary includes all these bubble
trees. Furthermore, we expect some kind of dynamics, or L? metric on the space.
The rate of convergence, or equivalently the rate of coalescence of zeros, will play an
important role in this metric. We are eager to purse, or learn any possible progress
in this direction.
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