EXISTENCE AND UNIQUENESS FOR
BOUSSINESQ TYPE EQUATIONS ON A CIRCLE

YUNG-FU FANG! & MANOUSSOS G. GRILLAKIS?

Abstract. We establish local and global existence results for Boussinesq
type equations on a circle, employing Fourier series and a fixed point argu-
ment.

0. Introduction and Main Results.

In the present work, we want to consider the question of existence and

uniqueness of solutions for Boussinesq type equations
(0.1) Ugy — Ugy + Upgpzz + O f(u) =0, rzeT, tekR,

where T is the unit circle and f(u) is a polynomial of u and |u|, under minimal

regularity assumptions on the initial data prescribed at time ¢ = 0,
(0.2) u(0,x) = ug(x), ut(0,2) = uy(z).

Equations of this type, but with the opposite sign in the fourth derivative,
were originally derived by Boussinesq [Bo| in the context of water waves.
Zakharov [Z] proposed equation (0.1) as a model of a nonlinear string. Falk
et al derived an equation which is equivalent to (0.1) in their study of shape-
memory alloys, see [FLS]. In fact, the equation studied in [FLS] is of the
following type

(03) €tt — YCaa + Crrrx + agf(e) = 07
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where ¢ is a constant, e = u,, is the strain and f(e) = 4e3 — 6¢°. In general
however f(e) contains a term of the form exp(vye?). McKean studied the
complete integrability of the good Boussinesq equation on a circle, see [M].
An interesting observation connecting the Kadomstev-Petviashvili equation

with the Boussinesq equation is the following. For the KP equation
(0.4) (Ut + Ugpg + Uy )y + Uyy =0,

consider waves that move in the x direction, i.e. u(t,x,y) = v(x — ct,y) and

denote £ = x — ct, thus the KP equation is reduced to
(0.5) Vyy — CVge T Veeee + O (u”/2) = 0,

which is (0.1) with f(u) = u?/2, and the time variable is now played by the
y direction, see [HP].

Equation (0.1) has certain features that are interesting, the linear equation
(06) Ut — Ugy T Ugpzox = 0

has solutions that are periodic in space but only aperiodic in time. By this
we mean that the function is a linear combination of functions with different
non integer periods. Also in contrast to the equation on the real line, i.e.
x € R, there is no dispersion and no decay in the time variable.

On the other hand, equation (0.1) can be written as a Hamiltonian system

as follows

Ut = Uy,
0.7
( ) { VUVt = Uy — Uggpa — amf(u)

The above equation conserves the energy, namely the integral

1
(0.8) E= / W2 412 + 2 — 2P (u)de,
T

where F' = f and F(0) = 0, does not depend on the time ¢. Another

conserved quantity is the momentum

(0.9) I = /Tuvd:c
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which turns out to be a relevant quantity in the investigation of stability
properties of traveling waves. The conservation of energy can lead to global
existence if it is positive definite. However if it is not positive definite, then
it is possible to show blow-up in finite time, see [S] and [KL].

Sachs in [S] proved that the “good” Boussinesq equation, which is the
equation (0.1) with f(u) = u?, ( the energy F is indefinite in this case ),
has solutions that can only exist for finite time for certain initial data ( also
see [KL]). The same method applies to equation (0.1) to show that solutions
blow-up if the energy is indefinite. Liu extended and refined the blow-up
results in [S], see [L]. Some local and global results of the Boussinesq type
equation on the real line were shown by F. Linares [Ln].

It was shown by Zakharov, [Z], that the Boussinesq equation, which agrees
with (0.1) for f(u) = u? and with the opposite sign in the fourth derivative
term has infinitely many conservation laws and is formally completely in-
tegrable. Using the same method, one can show that equation (0.1) is also
formally completely integrable. McKean developed a rigorous theory of com-
plete integrability for the good Boussinesq equation on a circle.

The fact that Boussinesq type equations have solitary wave solutions has
been studied by many authors, see Bona & Sachs [BS], Alexander & Sachs
[AS] and Liu [L]. Solitary waves of (0.1) are traveling wave solutions of the

form

(0.10) u(z,t) = (&) = ¢z — ct),

where c is the speed of the wave and satisfy the ordinary differential equation
(0.11) == —fle); =
with appropriate boundary conditions. The quantity
(0.12) (") = (1= *)¢® +2F(p)

is a quadrature and enables us to determine the conditions on F(-) so that

equation (0.1) possesses solitary waves, e.g. f(u) = +u?, f(u) = |uP~ u if
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lcf < 1and p > 1, f(u) = Mu|?tu — |u[P~u for certain values of A € R
and 1 < g <p, ... etc.

The outline of the paper is as follows, we first establish the local existence
of solutions. The main ingredient in the proof is an a priori estimate inspired
by recent work of J. Bourgain, see [B1] and [B2], and it can be understood
as a multiplier estimate on the set R x Z, ( dual variables in the Fourier
transform), where Z is the one dimensional lattice. The proof which we
present in chapter 2 is somewhat different from the one in [B1] and we
believe it is more transparent. The proof relies on an idea of Zygmund [Zy]
and reduces to a counting argument. Related previous arguments in the
continuous case can be found in [Fe] and [CS].

Once the local existence is proved, the time interval of existence and the
size of the initial data are reciprocal, so that the maximal existence time,
Tinaz, can be finite. On the other hand, to prove global existence, we can
use the conservation of energy. This is one of the motivations for the local
existence under minimal regularity assumptions on the initial data. The
other motivation is related to the construction of invariant measures in the
space of solutions.

The main theorems proved in this paper are stated below.

Theorem 0.1. (Local Ezistence and Uniqueness) Assume that the initial
data (0.2) satisfy ug € H®, uy € H=2T% with 0 < s < 1. Assume also that
|f(u)] < ClulP and the p and the s satisfy

{p <p(s) =175, if 0

p < +oo if 3<s.

IN

s <

Y

N

(0.13)

Then equation (0.1) has a local unique solution.

Theorem 0.2. (Global Ezistence) Assume that the initial data of problem
(0.1) satisfy u(0,x) € H*, us(0,2) € H~ Y. Let f(u) = Mu|?tu — |[ulP~1u
and 1 < q <p, for any A € R. Then a unique solution of (0.1) exists for all

time. The solution has the same reqularity as the local solution and belongs
to L4(IR10C X T)

In general we would like to consider (0.1) with different periods. If u(t, z)
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is periodic in x with period L, then calling 1 = 27/L and rescaling in space-

time, ¢ — put and r — px, we obtain the equation
(0.14) Ut — Ugy + PP Uzzae + 02 f(u) =0, (t,z) € R x T.

The methods and the corresponding results for equation (0.14) are of course
completely analogous to those of equation (0.1). It is interesting however
to see how the a priori estimate and the time of existence are influenced by
w=2m/L.

1. Local and Global Existence.

Throughout the rest of this paper, we will consider functions of two vari-
ables, g(t,x) with ¢ € R the time variable and x € T the space variable. We
will denote by g the Fourier transform of the function g with respect to the
space variable and by ¢ the Fourier transform of the function g with respect

to both the space variable and the time variable, i.e.

3.6 = [ otade wd g9 = [ [ e g(t,a)dodr
T RJT
We will also use the following notation

(1.1) { w(§) =&+,

S =7 —w|+1
and the negative Sobolev space H~*(T) with norm defined as follows.

Definition. H~%(T) is the space of periodic functions u(x) with norm

fulas = {3 A1

2 1+ [¢2)F

Remark. Notice that the space L!(T) is contained in the space H*(T) for
all &> 0.
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Our first step is to write the solution of equation,
(1.28,) Upt — Ugy T Uggpa = g(t, x),

in integral form using Fourier series. The solution can be written as follows.

(1.2b)
. int
ul(t, @) = tin (0) + o (0) + Y ™ (S”; Zi1 (§) + cos twao(@)
€40
it P rsin(t — s)w .
+Z€ /0 [TQ(Saf)}d&
£#0
where g(t,r) = —02f(u) corresponding to equation (0.1). Observe that

g(t,x) has average zero, i.e. §(t,0) = 0. The solution (1.2) can be split into

the linear and nonlinear parts
) Ult,z) =3 e '™t (S, (&) + costwin(§)) + tii1(0) + o (0),
(13 : t |sin(t—s)w ~
V(ta) = Yeu e fy | 205225(s,6) | ds.

The idea of the proof of local existence is to consider the nonlinear map

(1.2) and prove that it is a contraction in the appropriate space. The right
space in this case is dictated by the equation and it is expressed in the dual

variables with the norm
1,
(1.4) N(u) =[Sz L2 (rx2z),

see (1.2). The idea to use the contraction principle with norms like (1.4)
is due to Bourgain. However this is not essential for the construction here,
alternatively one can use the norm ||ul/zs(g,  x1), instead of N(u). The
heuristic idea of the norm is that one can formally takes Fourier transform

over the space and time variables on the both sides of (1.2a) to have

(T2 - w2)ﬁ(7—7 f) = g(7-7 5)
Then one can get

9(7,§)

e = ki o)
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T

T-w=0

T+0=q

AVA
A\

T+w=0

Fic 1. The level curves of |7| £ w.

and take the L? norm on both sides.

Observe that the linear part of the solution, U(t, ), is only aperiodic in
time, for this reason we have to localize it in time using a cutoff function
1 (t) which is identically one if |{| < 1 and identically zero if |t| > 2. Denote
by ¥s5(t) = ¥(t/6) its dilation.

In order to handle the term V, see (1.3), consider first the linear equation

Utt — Upy + Ugzer = G,
(1.5) { i g

u(0,2) =0, wu(0,z)=0.

Assume that g(¢,0) = 0 for all £. The solution of (1.5), compare with the

expression for V (¢, z) in (1.3), can be rewritten as follows

i(z&+tw) it(r—w) _ 1
e e ~
(16) 2t =Y / a(r.)dr

€20 w T —W

ei(zé—tw) / eft(t+w) _ 1
R

§(r, f)d7>.

w T4+ w
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We want to use cutoff functions to decompose the integrals into parts
near and far off the level curves of 7 + w, see figure 1. For this reason, let
us introduce a smooth function @ and denote b = 1 — a. Assume that a has

support in |7| < 2R and is identically 1 for |7| < R. The solution of (1.5)

can be decomposed in the following manner

(1.7) u(t,z) =¥ (t,x) + F(t,x),
where
(1.8) b (b(T—w) b(7+w)> q
T—Ww T+w w
and
(1.9) U =0, + Uy,
with W, and ¥, given by the expressions
(1.10a)
(T —w) (A —w), 5(T+w)/6(x+w .
b(rg) = =2 [EA= g0 gan s L2 [EAE) 500 iy
and
(1.10b) =3 [P (r - )G} () + W (r + w)G ().
k=1

The quantities C;’Zt (&) are
OB [Tyt 2 w)iir,

1.11 ) =
a1y Gheo="C0 [
where the expressions G (&) are obtained by expanding in power series the

6). Call

1, see (1.
¢5( )\I[(tax) + F(tax)

expression e/ (TF@)t _

)

us(t,x) =

(1.12)
and we have the following theorem
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Theorem 1.1. For us given in (1.12) and for 0 < € < 1, the following

estimate holds

A

9

(1.13) ||S%716”L2(]R><Z) < (42 s
wS 2

L2(RXZ) .

Proof. Straightforward calculations and Holder’s inequality give the follow-
ing bound for the term F

C
R

(1.14) 1S% Fl| oy < — || —

L2(RXZ)

Since ¥y o consists of the delta function and its derivatives, we need to lo-
calize them in the ¢ variable. Thus consider the convolution of Sz ¥ and the
Fourier transform of a smooth cutoff function ¥s(t) = ¢(t/d), and observe
first that

s # (STW) = s * 0.

Now for the expression S (95 * W) we have

15 ()5 * )| p2mxz) < </(|’7’| + 1)’1@;(7)’2(57)%.

(15220, ] [ 522 1”@)

< | LA D T \ o=l == -
A L2(R) wS L2(RXZ)
For the term Wy, since
(7] + 1) 2 thes]| 2@y < C(w)(26)
and ( )k )
A 2R e g
G llra < O~ RS ‘
1G22 < k! wS =z lL2®xz)’
we get

1~ ~ 15 - A ~
15245 Wallz2exzy < D N7+ 1) 27l 2w (1G5 22 @) + 1G5 122 2))
k

5
< C(¢)€4R RS

€

i el

L2(RXZ)
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Combining the estimates for ¥y, W5, we have the estimate for ¥

1A . 64R6 g
1.15 Sl Wl oy < C ‘ 1 ‘ .
(1.15) 152 45 * V| 22y < C e o |2y
Now choose § = % and this completes the proof. 0

Now we can state the local existence theorem. For simplicity, assume first
that ug € L?, u; € H~? and then we will describe the modification needed

in the proof of Theorem 0.1.

Theorem 1.2. Consider the problem

— Ugy TTITT 82 :()7
(1.16) {utt Upy + U + 0: f(u)

u(0,2) = ugp(z), u(0,2) = us(z).

Assume that the initial data ug and uy satisfy ug € L*(T) and u; € H=2(T).
Let |f(u)] < C(lul? + |ul?), 1 < ¢ < p < 3. Then equation (1.16) has a
unique weak solution for t € [—4,d], where & depends on the initial data.The

solution for each fixed time t, 0 < t < 9, has same reqularity as initial data
and belongs to L* (R 5y x T).

The proof consists of a fixed point argument and an a priori estimate
involving Fourier multipliers on the set R x Z. The a priori estimate is

stated in the next Theorem.
Theorem 1.3. Let f(t,z) be a function with (t,z) € R x T and denote by

f(1,€) its Fourier transform, with (1,£) € R x Z. The following estimates
hold

(1.17a) I llzs@xmy < ClAITI = w(©)] + 1)3 fllz2@xz)

and its dual

A~

e
(Il = w@l+ 1=

(1.17b)

<C .
L2(RXZ) - ||f||L%(RXT)

The proof of Theorem 1.3 will be given in the next section.
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Proof of Theorem 1.2. The linear part of (1.16), i.e. U(t,x) can be

written

ei(w£+tw) _ ei(w&—tw) . ei(w£+tw) + ei(mé—tw)

iy (0)+(0)+ ) < 57 a1 (§)+ 5 a0(§)>,
£#0

from which we can obtain the estimate

(118) (1S < Ullzann) < CW) (Il + llwol 22 )
Call
D = C@)(lhullr= + fuolz2 )
which is a constant depending only on the initial data.
Now consider the map T defined by

(1.19) Tu(t,x) = s (t)U (¢, x) 4+ s (t) U (¢, x) + F(¢, x).

Notice that (T'u), = T'u,. We want to show that 7" is a contraction under
the norm

N(u) = | S22 @xz)-

Without loss of generality, we may assume that f(u) = |u/P~'u. Combining

Theorems 1.1 and 1.3 and the estimate for U, we have, for € = i,

(1.20)
cy f C
< D —< || /7 =¢ < D 5 Pl 4
N(Tu) < C(D) + Rz Il g5~ llL2(Rx2) o)+ R2 [ ||LB(RxT)
C C
< OD) + pellullis@xr < C(D) + EN(U)I)-

By choosing sufficiently large M, we have, for suitable § and R,
(1.21) Nu) <M = N(Tu)< M,
provided that the following condition holds

(D) + %M? < M.
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Notice that in the estimate (1.15) we make the choice 6 ~ . This implies
the time interval of existence ¢ is small if the quantity R is large.

Next, consider the difference Tu — T'v and denote
(1.22) u=®+9,+ F,, v=o+ W, + F,.

Elementary calculations and the inequality

(1.23) [ul?~ = folP ™ o] < CulP ™+ ol = v,
give
c -1 -1
(1.24) N(Tu—Tv) < = (N(u)P~' 4+ N(@)?~") N(u — v).
8
Therefore, again for suitable 6 and R, we obtain

N(Tu—Tv) < 1N(u—v),

\)

provided that

C

—r (M + MP) <5
8

which can be satisfied by choosing R large for given M. This proves that

the map T is a contraction with respect to the norm N(u), hence it has a

unique fixed point. 0

The above theorem proves that a unique solution exists for finite time. In
order to prove that the solution persists for all time, it is necessary to control

the L?-norm over the space variable for each fixed time. The norm
(1.26) Q(u) = sup [lu(t, )|

can be estimated as follows. Assume for simplicity that f(u) = |u[P~ u and

e = 1, the term F in (1.8) can be estimated as follows

(1.27a)

2
T w 2
1E 72 emy = || F(¢, HL2(Z)<Z(/‘ B Tiw)‘guljﬂ )

SZ/‘Bv—w)_bTw *s1-<ar eI

T—w T+ w w?281—e dr
f ‘
Sl;e

2
€ L2(RXZ)
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For ¥ in (1.10), we have

12t )2y = 101(E )12z
82(7—_(“)) 1—e b2<7—+w) 1—e ’foP
SCZ(/WS d’7’+/ms d) 25167’

13
C
< ool ==
Rell 95 llL2(Rx7Z)
and
(1.27c¢)
192 (t, )2y = 12t )2z < Dt (115 2@ + 1G5 l2@)
k
(2Rt 27 2Rt ;
<oy B pos|| L <c|-L .
k'2R wS 5 lL2(Rx7Z) Rz Il g5 llL2(RxZ)
For U, see (1.3), we have
(1.27d)

U, Mz = 10 ) 2@y < Clluallm-2 + [luo 2).

Combining the above results we get the estimate

-
Sz

N(u)P.

2Rt

R?
2Rt
<D+C—

8

L2(RXZ)

However, the L?-estimate we have for u(t,-) in (1.28) is not sufficient to
show global existence. Choosing R large, § ~ 1/R and %M = D so that
N(u) < M, we obtain

1 C€2Rt
(1.29) [u(t, )lr2(r) < §M+ 7178

This only leads to finite time of existence. At each step we argue the local

MP.

existence, the time period of existence d,, is of the order of 1/R,, and R,, >
(2CMP~1)8. Using (1.29), we find that the bound on the norm N (u) increases

exponentially, i.e.

1 1 Ce?findnppt
(1.30) SMas1 < (5 + © T M, < 2" M.

RE
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Hence the maximum time period of existence can be estimated by

1 C 1
(1.31) Trnas = Z(Sn ~ Z R, a80-D) Z 28—

My
In fact equation (1.16) can blow up in finite time, see [KL], [S] and [L2].

However, if the energy is positive or semipositive definite, one expects a
global solution. This implies that we need the initial data in H' to have a
solution for which the energy is well-defined. On the other hand, in order
to be able to prove an analog of Theorem 1.2 for general p > 1, it is also
necessary to raise the regularity of initial data.

Before proving a global result, we prove the following theorem.

Theorem 1.4. Assume that the initial data in (1.16) satisfy ug € H®, uqy €
H=2%s with 0 < s < 1. If | f(u)| < ClulP and p is an integer, then equation
(1.16) has a local unique solution for

D Sp(s):i’jgz, if 0§s<%;

p < 400 if 3<s.

(1.32)

Remark. Notice that s = 1 gives p(s) = 5, see [FLS], where f(u) = 4u3 —
6u°; on the other hand, there is no restriction on p if s > 1/2. This is to
be expected since H 3 can be embedded into LP for any p < +o0o. Notice
that ug € H 3 and u, € H -3 will give a local weak solution such that the

momentum

(1.33) I:/uvd:c
T

is well defined and conserved for all time.

To prove the theorem we need a lemma for the chain rule and Leibniz’s rule
for fractional derivatives. In particular, we need the following proposition
from [CW].

Proposition 1.5. (Christ & Weinstein) Suppose that F € C*(C), s € (0,1),
1 <pgqgr <oo, and r™t = p~t+q¢t. Ifu € L*(R), D%u € L4, and
F'(u) € LP, then D*(F(u)) € L" and

(1.34) ID*F )l < CILF (u)lp [ D*ullq-
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Let s € (0,1), 1 <7,p1,p2,q1,q2 < 00, and suppose r~* = pi_l + qi_I; for

1 = 1, 2. Suppose that f € LP*, D5f € P2, g € L%, D%g € L%. Then
D*(fg) € L" and

(1.35) 1D*(f9)llr < Clllp 1D°gllar + lgllgx [1D° flp, -

Proof of Theorem 1.4. We will only give an outline of the proof. Let
(1.36) o%u(t,z) = §H{l¢["a(r, )},

where §~! is the inverse Fourier transform in the ¢,  variables. We want to

estimate the nonlinear terms using the norms
(1.37) N(u) = [[$2d[z> and  Q(u) = sup 15~ (lal) () z-

Estimate (1.17) in Theorem 1.3 implies that ||u||ps < CN(u). On the other

hand, Sobolev’s inequalities give

(1.38) (/ (/|u|1—44sdx)1_4sdt)‘l‘ < CN(8°u),

(1.39) sup (/ ul = dr) < O(sup |9%u(t, )| )
t t
For the linear Boussinesq equation
(1.40) (0°u)st — (0°U) g + (O°U) paza = B,
we have estimates like (1.13) and (1.28) combined with (1.17b) for N(T'0%u)
and Q(T0°u), these imply
L5’

C h C h
1.41) N(T9%*u) + Q(TOu) < C + — || —= ||z < C+ —||F (=
(1.41) N(T0%u)+ Q(T0°u) < 7 stg Iz R | (w)ll

where R can be arbitrarily large.
In the point of view of (1.34), the nonlinear term of (1.16) after taking s

derivatives is essentially like

(1.42) h = Ope(uP~10%u)
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( see [KPV] or [CW]).
Using the fact that N(F~1(]a|)) = N(u) and Holder’s inequality, the L3

norm of u?~19%u can be estimated as follows.

/ F (a5 o]3 dedt

<o //|g (jaf)P7~ddt) //\v|4dxdt ).

The second term on the right hand side is bounded by [N (asu)} . For the

first term on the right hand side, we consider the integral over the x variable

ol

first, then write 2p — 2 = 4 + 2(p — 3) and use Holder’s inequality to get
(1.43)
([15 a3 aPo-do)

(1 4) (p 3) 4s
/|g (jaf)| = ) /|g a)”

r’:%fors<—

where the inequality exponents are r =

1—4s 48’
Using (1.39) to control the right-most term in (1.43), we need the condition
2-3) < ~ 2 which implies that
ds 3 —2s

(1.44) p<3+ = p(s),

1—2s 1-—2s

so that it can be bounded by Q(9%u)?P~3). Using (1.38), the middle term
in (1.43) can be bounded by N(9%u)*.

Hence, we have the following inequality
a1 ape Vet dsa < Q)N @ W)

Combine (1.41) and (1.45) we have

C Q@ u) AN (O )

1
8

(1.46) N(TOu) + Q(Td°u) < C +
and similar calculations give

(1.47) N(Tu) + Q(Tu) < C + %Q(@su)p_lN(u).
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At this stage it is natural to define the norm
(1.48) Ni(u) = N(u) + Q(u) + N(0%°u) + Q(0°u).

Combining (1.46) and (1.47) we get the inequality
C

1
8

(1.49) N\(Tw) < C(D) +

N1 (U)p
To estimate the difference Tu — T'v, i.e. to estimate
0% ([ul["~ ) = 0°(Jo[P~ ),
we use (1.35) which is a version of Leibniz’s rule ( see [CW]) to get
c —1 —1
(1.50) N(Tu—To) < <N1 (w)P~! + Ny (v)P >N1 (u—v).
8

Therefore we can choose suitable § and R so that T is a contraction. [l

Corollary 1.5. Assume that ug € H' and u; € H™'. Let |f(u)| < C(Ju|?+
|u|P), where p and q are two numbers greater than 1. Then equation (1.16)

has a unique weak solution for t € [—§,48], where § depends on the initial
data.

The global existence of a solution can be obtained from the conservation

of the energy. Since the energy

1
(1.51) E = 5 /[v2 +u? +u? — 2F (u)]dz.
T

is conserved we can continue the solution for all time using Corollary 1.5,

provided that f(u) = Mu|? tu — |u[P~u, ¢ < p, i.e.

A

1.52 Flu) = ——|u|?t — —— |u|PTL,

(1.52) (1) = 7l = —

so that F'(u) <0 for |u|P™9 > %. The energy gives the estimate
1

(1.53) —/v2+u2+u§dx§E+/ F(u)dz < E + C(\,p,q).
2 Jn fulp~a < 2D

The above discussion proves the following global existence theorem.
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Theorem 1.6. Assume that in equation (1.16) the initial data satisfy that
up € HY, uy € H=1. If f(u) = Mul"tu — [ulP~tu for 1 < g < p, X € R,
then the problem (1.16) has a global unique solution u such that u and O,u
are in the space L*(Rjo. x T).

2. A Priori Estimates.

This part of the paper is devoted to the proof of Theorem 1.3 which we
restate below. The method of proof is actually quite general and depends
only on the geometric properties of the level curves given by w(&1) +w(&2) =

constant, see (2.1b).

Theorem 2.1. Let f(t,z) be a function with (t,x) € R x T and denote by

A

f(r,€) its Fourier transform, with (1,€) € R x Z. The following estimate
holds

(2.1a) £l zacescry < CISE Il 2@z

where
(2.1Db) S=(llrl—w@l+1) and w(§) =&+
Remark. The dual of (2.1a) is

(2.1¢) Hé

e

and can be proved by a standard duality argument.
In the general case, considering the Boussinesq equation with different pe-
riod will require to rescale space and time and can be reduced to an equation

of the form

Ut — C2ux1: + NZUIxaL‘x +g= 0.

Obvious modifications in the proof of Theorem 2.1 yield the following corol-

lary.
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Corollary 2.2. Let f(t,x) be a function with (t,z) € R x T and denote by

f(r,€) its Fourier transform, with (1,€) € R x Z. Now call

wy =22 4+ p2t and S, =||T| —wu| + 1.
The following estimate holds

1. C 3 A
(2.2) HNHSCW%NB+7ﬁMﬁhm

Proof of Theorem 2.1. Without loss of generality we can assume that the

support of f (1,&) is inside the set

{(1,): 720, 7-w() >0},

because otherwise we can split the function f (1,€) into a finite sum of func-
tions, each supported in one set of the above type and the proof is similar for
each set. Next we want to make a dyadic decomposition of f (1,€) along the
variable p = 7 — w(&), in order to achieve this, consider a smooth function

a(p) with support in the interval [%, 2] such that

Yoat)=1 if p#o.

ao(p) =1-Y_ a;(p).
j=1
Denote
By = (271, 27H]

a dyadic interval, and write

A~

Fi(1.6) = a;(r —w(&)) f(7.€).

Now we can write

F=> 5

J=0
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and the estimate (2.1) will follow from the inequality

C 3z E
(2.3) Ififillzz@xmy < S 19 fill= 19 fill2,

by squaring f, taking the L? norm and using the triangle inequality and

Cauchy-Schwartz. In order to show (2.3) we compute the Fourier transform

of f;fx

(2.4a) (fifr)(t, ) = /dﬁdeZemfj(ﬁafl)fk(%&),
&1é2

where
(2.4b) Q=t(r1 +72) + (&1 + &)

Without loss of generality, we can assume that k£ < j. Make the change of

variables
T =T+ 79, =&+ &2
(2.50) 1+72, § §1 &2
pi =7 —w(&) i=1,2.
and call
(2.5b) p=p1+p2, ¢=Dp2.

Formula (2.4) can be written as

(2.6) (3 50) (1 2) = F{Cn(r, )},
where
(2.7a) Gin(r.€) = /A k dqp§j<fjfk><7,s,p, 2

and the set A;(7,&,¢q) is a discrete set defined by

(27b) Aj(7-7£7 q) = {p € Aj + q: 51,2(7—757])7 Q) S Z}
Remark. Notice that &; o are computed by solving the system of equations,

{ w(é1) +w(é2) =71 —p,
§1+& =¢,
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with respect to &, &. If we call X = & — &, the above system can be

rewritten as

2

(X +¢%)

(r—p)'+ X% (14 ) e T e o

Solving the above equation gives a root X (7 — p, &) and we require that
EE£X e2Z,

which forces p to take discrete values.

Plancherel’s theorem in equation (2.6) gives

(2.8) 1£i fillz2 = Gkl -

To estimate the right hand side of the above equation, observe first that
(29) Gl <20l [ da 0 IAPIAP
Bk peA;

The crucial observation here is that the size of A; is much better than what

one should normally expect.

Claim. There exists a constant C such that

(2.10) sup |A;(r,€,q)| < C25.
7,€,9

The proof of the claim will be given at the end.

Assuming the claim, we have
[ar S iGul < c2ot [ a5 PP
3 &p

and the right hand side of the above can be rewritten as

1 3: .3 ~ A
o2 P2 I 5 1Al

in view of (2.9) and (2.10), which is exactly the right hand side of (2.2). This

proves the theorem. [l
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Proof of Claim. In order to prove the claim, notice first that A; depends
only on £ and 7 — g hence
(2.11)

Ai(&A) ={,L) €2 G+&LH=¢ A<w@)tw(é) <A+3-2771},

where A = 7 — ¢ — 29! and consider the level curves of w(&1) + w(&;) in R?

given by

(2.12) K(A) = {(&1,&) eR? . w(&) +w(&) = A}

We assert that the radius of the inscribed and circumscribed circles to the

above curve IC(A) are given by

{ 72 e = (=1 +V1+4A2)/2
r2. =—1+4++1+ A2

To see this use a parametric representation of the curve
2 4 2 g 1 2 4
§{+& = Acos”0 5125(—1—#\/1—1—414 cost f);
2 : 2 2 ]‘ 2 2 4
§5+& = Asin“0 5225(—1—1—\/1—1—4.4 sin” 0).

Let () denote the distance between the point (£1,&2) and the origin, thus

(2.13)

1
(2.14) r2O) =&+ =1+ 3 (\/1 + 442 cos* 0 + V1 + 4A2 sin* 0)

and its derivative is

dr?(0) 5 .
(2.15) —n =4A sm«90089{

sin? 6 B cos? 6 } <0
V14 4A2sin*9  V1+4A%cost6) T
with equality only if # = 0 or § = 7. Because of the symmetries of the curve
K(A) it is enough to consider § € [0, 7]. Notice that § = 0 implies {&; = 0
while 6 = 7 implies {; = §3. See figure 2.

Call L(&) the line perpendicular to the line £, = &5 at the point £ = & +&a,
see figure 2, then A;(§) is the number of lattice points on L(&) between the

curves K(A) and (A + d) with d = 229. Observe that for fixed A

(2.16) A;(€) C A (6),
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&,
K( A+d)

()

K(A)

F1c 2. The level curves of K(A).

where A; is the lattice points belonging to the intersection of L(¢) with the

annulus

(2.17) {(51752) €Z?:—1+V14+A2<2 1< —1+ \/@}

Call P(&, A) the length of the intersection of L(&) with the annulus in (2.17).
The maximum length of P(£, A) as & varies, is achieved when £2/2 = —1 +
V1+ A2, see figure 2. Now P (&, A) can be estimated

(2.18) P&, A) <2(1 4+ /1 +4(A+d)? — 2¢/1 + A2),

from which it follows that
(2.19) sup P(€, A) ~ sup |A; (€, A)| ~ €25
3 13

The claim is proved. [l
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Remark. Notice that if A4 is large, namely A > d, where A =7 —¢q— 2771,

then the thickness of the annular region defined in (2.17) can be estimated
by

2.2 AR~ —
(2:20) R~

which means that for 7 large the annular region is very narrow. On the other
hand, P(£, A) can be estimated for different £ as follows:

If
\/—1+\/1+A2§ €] S\/—1+\/1+A2+AR,
then
(2.21) P&, A)| ~ 22
If

€] < \/—1+\/1+A2,

then after some straightforward calculation we obtain
23

(2.22) P&, A <C—
Az

which implies [A;(€)| < 1, provided that A > 234, This indicates that the
estimate in Theorem 2.1 could be extended for L? with 4 < p < 6 and S¢
with % <a< % This is a similar conjecture to the one which made by
Bourgain in [B1].

Interpolating between (2.1a) and Plancherel’s formula, one can prove the

following.

Corollary 2.3. With the same assumptions and notations as in Theorem
2.1 the following estimate holds

(2.23) Ifllze < CIS* fllze,

wher62§p§4anda:%—%.

Remark. The above inequality must hold for 2 < p < 6.
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