A Critical Case on the Dirac-Klein-Gordon

Equations in one Space Dimension
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Abstract. We establish local and global existence results for a critical
case of Dirac-Klein-Gordon equations in one space dimension, employing
a null form estimate, a bilinear estimate and a fixed point argument.

0. Introduction and Main Results.

In the present work, we like to study the Cauchy problem for the
Dirac-Klein-Gordon equations. The unknown quantities are a spinor field
¥ : R x R! — C* and a scalar field ¢ : R x R! — R. The evolution

equations for the fields are given below,

D = i (t,z) € R x R (0.1a)
Oé = P (0.1d)
¢(0,$) = %(fﬁ), ¢(O,$) = ¢O($)7 ¢t(07x) = ¢1($), (0'10)

where D is the Dirac operator, D := —iy*9d,, p = 0,1, and v are the
Dirac matrices, the wave operator 0 = —9y; + 9y, and ¥ = 114°, and T
is the complex conjugate transpose.

Besides demonstrating the usefulness of a null form estimate, the pur-
pose of this work is to show an existence result for a critical case of the
system, i.e. ¥y € L?, ¢g € H%, and ¢, € H—2. We will take advantage of
the null form structure depicted in the nonlinear term 1) and a bilinear

estimate, see [BG].
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For the DKG system, there are many conserved quantities which are

not positive definite, such as the energy,
Im(y %479, T — (82 |VeP)d
m ('Y 9;) + ¢y 2(¢t+| ¢[°)dx.

Therefore they are not applicable to derive a priori estimates. However

the known positive conserved quantity is the law of conservation of charge,

/|¢(t)|2d3: = constant (0.2)

which leads to the global existence result, once the local existence result
is established, see [Bo] and [F2-4].

In ’73, Chadam showed that the Cauchy problem for the DKG equa-
tions has a global unique solution for vy € H', ¢g € H', ¢ € L?, see
[C]. In ’93, Zheng proved that there exists a global weak solution to the
Cauchy problem of a modified DKG equations, based on the technique of
compensated compactness, with 1y € L?, ¢ € H', ¢1 € L?, see [Z]. In
'00, Bournaveas derived a new proof of a global existence for the DKG
equations, based on a null form estimate, if ¥o € L%, ¢9 € H', ¢1 € L?,
see [B]. In ’04, Fang gave a direct proof for (0.1), based on a variant null
form estimate, and obtain local solution for ¢y € H_%JFE, oo € H%“,
1 € H_%Jre, and global solution for vy € L2, ¢g € H%“Le, P1 € H_%“Le,
see [F3]. In '06, Bournaveas and Gibbeson obtained the result of global ex-
istence that lower the regularity of scalar field ¢g € H”, ¢ € H" ™!, where
}l <r< %, while the spinor field 1y € L?. However the method they used
does not apply to the critical case. On the other hand, from the scaling
invariant, we expect that the regularity of the initial data is v € H 1,

t
®o € H_%, 1 € H~%. The scaling group is ¢y (z,t) = )\_1¢(£ —) and
Tz t

AT
Uz, t) = )\_%d}(x, X) The current new result for the local existence is
o € H 3% and (¢o, 1) € H2te x H™27¢ while for the global existence

1
is ¢ € L* and (¢o, 1) € H" x H™™! with r > T
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The norm used in current paper and [F3,4] defines a version Bourgain

space X*?, whose norm is given by

1 f Ul = 10N+ 1) (l7] = 1€]] + 1" fll 2.

The case € = 0 is critical in the following sense. Assuming that the ini-
tial data (¢, ¢1) are in H? x H™2 does not imply that ¢(t, -) is bounded.
In fact, it is a BMO function. One of the motivations due to the observa-
tion made by M. Grillakis for proving the existence of global solution with
low regularity, which is that the initial data of (0.1): ¢y € L?, ¢g € H%,
¢, e H _%, is a natural space for the problem from the point of view of
Hamiltonian and it is the right space for the existence of an invariant
measure , see [B] and [Ku]. Also from the point of view of the energy, we

can have the following bound:

| [ 6ourds] < o], 31500,y < 16000153 10

The outline of this paper is as follows. First we write down some
solutions representations via Fourier transform. Next we state some a
priori estimates of solutions for Dirac equation and for wave equation.
Then we show a local result for (0.1), employing the null form estimate,
a bilinear estimate, and together with other estimates derived previously,
and a fixed point argument. Finally we show the global existence by
invoking the conservation law of charge.

The main result in this work is as follows.

Theorem 0.1. (Global Existence) If the initial data of (0.1) v € L?,
®o € H%, 1 € H_%, then there is a unique global solution for (0.1) with

e CO([0,00), L2(R)); ¢ € C°([0,00), HZ(R)) N C([0,00), H % (R)).

1. Solution Representation.

In what follows, we denote by (¢,z) the time-space variables and by

(7,&) the dual variables with respect to the Fourier transform of a given
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function. We will also often skip the constant in the inequalities. For

convenience, we denote the multipliers by

E(re)=Irl+1el+1, Sre=|ir-lel[+1  (11a)
Wro=r=F  Dro=1"r+s'¢  (L1b)
M(€) = |¢] +1 (1.1c)

Notice that W and D are the symbols of the wave and Dirac operators
respectively.
Consider the Dirac equation,
DY =G, (t,r) e R xR,
{ ¥(0) = vo.

1
Let a(7) be a cut-off function and equal 1 if |7| < 5 and equal 0 if |[7| > 1,

(1.2)

and denote by h(7) the Heaviside function. For simplicity, let us write

G1(1,€) = h(£r)a(r F |&))G(, ), (1.3a)
Gi(r,€) == G(1,€) — (G (1,€) + G_(1,9)), (1.3b)
Dy = D(f¢], ££). (1.3¢)

Notice that G are supported in the regions {(7,&) : £7 > 0, |7 F|{|| < 1}
respectively and the decomposition of the forcing term is
G=GCG;+Gi+G_.
Thus we can give a formula for J, namely

009 = (0 OAn© + 8V (1 OA () + K(r.9).  (14)

k=0
where d4(7,&) are the delta functions supported on {T = %[¢|} respec-

tively, §%) mean derivatives of the delta function, and

D(r,€) ~  (1-as(r)DsG_  (1-G6)D_Gy

= o e ey 2y
Asp(§) = %[VO@O—/ijL(lA:—LCILgI(A))G;d/\], (1.5b)
-~ D —1)* ~ ~

At = P2l [OF 1) 6 +aG:]an (150
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where dg(7) = a(g)

Consider the wave equation,
{ O¢p=F, (t,x)€cR! xR
¢(0) = ¢o, ¢:(0) = ¢1.

We can give an analogous formula for &5, namely

6.8 =Y (8 (1B r(® + 0V (OB 1(©) + L(r.€),  (17)

k=0

where 64 (7,€) and 6%) are same as above, and

Fy (—ag(n)F- (1 —ag(n)Fy

MO =% g ™ 2@ -n  2@le+n -
Ei,o(f) = % {(Ei + / rt (]1£|_3s6)\(/\))F$ d)\}, (1.8b)
-~ — k -~ ~
By x(§) := j;(mz)! /(Mﬂ N [Fy +as(A\) Fx]d). (1.8¢)

2. Estimates.

To localize the solution in time, let b(t) be a cut-off function such that
b(t) equals 1 if |t| < 1, and equals 0 if [t| > 1, and by (t) = b(t/T). For an

arbitrary function f(¢,x), we have

lbr * fllz2 = [[br fllL2 < oz |lzoe || fll2- (2.1)

Lemma 2.1. Let a = % —eand e > 0. Ifipg € H™*, then we have

~

~ —~ a3~ G
by * M55 ‘ < C(Ioll - Hﬁ ) (2
H 7 ) L2(R1xR1) — 1Yol - + MaSz L2 (22)
For the proof please see [F3].
Consider two Dirac equations,
Dy, =Gi, j=1,2,
{ Y; grJ (2.3)
13 (0) = vo;-

For the solutions of (2.3), we have the following key estimate whose proof
can be found in [F3].
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1
Lemma 2.2. (Null Form Estimate) Let o = 1 6¢ >0, and 1y, Yo be
the solutions for (2.3). If 1o; € H™%, we have

/\

H (b@z) |
Bogo

< 0@ (It o + | oy

L? Me S4

) 

¢ °‘+HA’\1
(ol + | ==

). (2.4)

For the wave equation (1.6), we have the following estimate.

Lemma 2.3. Let ¢ be the solution of (1.6). If ¢o € H'™>* and ¢, €
H™2% then

HZT * [ﬂ—a(ﬁ§)1—a$] .

F
< —2a —2a = =
> C<||¢OHH1 20+ ||¢1||H 2o ¥ HMaEaSa L

2). (2.5)

For the proof, please see [F3].

Lemma 2.4. (Bournaveas & Gibbeson) Fix initial data 1y € H_%(R),
¢o € Hi(R), ¢, € H 3(R), G € L([0,T]; H™7(R)), and
F e LY(]0,T7; H™%(R)). Let the 2-spinor field ¢ solve

where the scalar field ¢ and the 2-spinor field v solve
le = G7 w(oa ) = ,lvb()a (27&)
Dd) = F7 ¢(07 ) = ¢07 qst(O? ) = ¢1' (27b)

Then, for each t € [0,T], we have
t
60 ey < CO 19l gy + [ NGy 5]

t
(16003 gy + 19113 gy + [ NPy 0] 28)

For the proof please see [BG]. We will also need some technical lem-

mata.
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Lemma 2.5. Let f(t,z) and g(t,z) be any functions such that f €

~ 8
LY(L*(R)) and S°§ € L*(L*(R)). Assume that 6 > 0, ¢ = 515
1 1
_25_67 and 2 < r < o0o. Then we have
”
/b\T *f
TN < Ol fll ez, 2.9
|Z5 . < e flzaas (2.9)
9l 2y < ClIS%Gl L2(r2)- (2.10)

For the proof please see [F3].
3. Existence.
Now we are ready to prove the local existence for the (DKG) equations.

Theorem 3.1. (Local Existence) If the initial data of (0.1) vy € L?,
oo € H%, P1 € H_%, then there is a unique local solution for (0.1).

Proof. Consider the DKG problem

D = b, (t,z) € R x R (3.1a)
O¢ = bpy; (3.1b)
77[}(073:) = 1/10(93)7 ¢(0,1‘) = ¢0($), ¢t(0,{1;’) = d)l(w)a (3'10)

Iteration scheme induces a map 7 defined by
T(Yh,¢") = (M, o), (3.2a)

We want to show that 7 is a contraction under the norm

N0 = s 60 o+ [BES5 0 @2

0<

For convenience, we call

J(0) = llgoll 3 + 11l -3 + Iloll7= + 1. (33)
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First we apply (2.5) to compute

brp
MiteEi—eGi—-<llL

fpisies

-=c(o+]

) (3.4)

Then we use (2.4) to get

o
H bty < C( ) + H ATd)fbl ) (3.5)
MiteEFai—¢Sa—cllL MeS1i
By (2.8) and Sobolev inequality, we obtain
br s br oy
‘ AT@I CH i ‘ .. (36)
M>Si Mo 11L3 (0,11, L2) T),L3=4¢)
Thus we can bound
< C||6]? vy (72)s 3.7
[or0v g oy o, SCIO ot [lEraany, (37)
1 1 )
where — + — = —. Finally, we have
T () 8
|Bi83<g| < c(10)+17) B3 §+6¢HL2 sup [[u (0 I7.), 38)

where o > 0.

Next we want to bound the term involved with 12 First we compute

T T
18000 gyt < [ 100N 3 IO
<6l g1, 502 0D 2

4
<17||E Figte Ol sup [,
and

T_ T
A|wwngﬁsAuwm@ﬁSTwwwmm. (3.10)
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The estimate given in (2.8) implies that

T
Oz < (Woll -4 gy + [ 190054 gy 05)

T
(190014 oy + 111 -3y + /0 (5, ) - gy )

< () + 17| E25E+g) . S [®ll,2) (J(0) + Tsup [(®)]13: )
< C(T)(J0) + TN, 6)) - (1(0) + TN?(,9)). (3.11)
Hence, using (3.8) and (3.11), we have
N(T(,4)) < C(J(0) + T*N* (4, 9)). (3.12)
Choosing sufficiently large L, for suitable T, we have
N(,¢) < L= N(T(¢,¢)) <L, (3.13)

provided that
C(J(0)+T°L*) < L. (3.14)

Now we consider the difference 7 (¢, ¢) — 7 (¢', ¢'). Base on the obser-

vations
=Ty = PN+ V) + @F NG, (3150)
b= 9V = 30— )W+ ¥ + 56+ —y),  (3.15b)
Analogously, we get
N(T@W 9, ¢—¢)) <CT7L’NW —4', ¢~ ¢'). (3.16)
Therefore for suitable T, we obtain

N(T W=y, ¢—¢)) < N -9, ¢—¢), (3.18)

DN | =
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provided that
1
CT”L3§;§. (3.18)

We can conclude that the map 7 is indeed a contraction with respect to

the norm A/, thus it has a unique fixed point. O
We now prove the global existence.

Proof of Theorem 0.1. From the law of conservation of charge, we

have
sup [[1(t) |22 = [|vo] 2 (3.19)
(0,77
To bound ¢, we apply Sobolev inequality and the energy estimate to
compute
T
le@N, 1. < e, 155e < J(0) + / [ (@) =apae dt.

Then we can get

T o T .
| 0, s de < [ GOl dt < Thole

Now we can estimate ¢ as follows. First we employ (2.10) and (2.5) to

derive
166053 < 19ty < N1ERSH3)
Ty o
<O+ ||, <0 +HA _ 3.22
( ) M%JreEi—esi—e Si ( )
Invoke (2.9) and Sobolev inequality, we obtain
P by
il = I e s = ool
Mi—<gi Mi—ellL3@e) L8 (LT )
2
. (3.23
Hd)‘ Lr(LToae) ‘w‘L’?(LZ) (3.23)

Finally we get
5 2 2
l6@)l,3 < JO) + (JO) + Tlwol3) (T7Iwollz2) s (3:24)

where p is some positive number. The calculation for [[¢:(¢)|| -1 is anal-
ogous. Thus the above bounds ensure us to proceed the construction of

solution beyond T [J
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4. Null Form Estimate.

In this section, we sketch the proof of the key estimate. For more

details, please see [F3].

Lemma 2.2. ( Null Form Estimate) Let « = 7 —¢€, € > 0, and ¥, 1y be
the solutions for the Dirac equations (2.3). If the initial data vo; € H™,
7 =1,2, then we have

/\

H bTw ¢2
EoSa

, < O (oo +|| ey

) .

<H¢02HH o+ H]/\/[\ Sl

MS4

). (4.1)

The proof for the estimate is based on the duality argument and it will
be given in a number of steps. Without loss of generality, we assume that

11 = 19, and prove: if 9 is a solution of the Dirac equation (1.2), then

|Eo

=l )2. (4.2)

< C(D)(voll- a+H

MeSt

The formula for 7:/)\, as in (1.4), for the Dirac equation (1.2) is given by

=3 (0004 n(©) + 0P (1,04 4(©) + K(r,€), (43)

k=0

where §4(7,&) are the delta functions supported on {7 = %[¢|} respec-

tively, 6*) mean derivatives of the delta function, and

D(r,€) ~  (1-as(r)DsG_  (1-G6)D_Gy

= 0% e ey 2y o
Ay (€)= %[’Yoﬁo - / Gt (%\:FTQ()\))G; d)\], (4.4b)
~ Do (—1)F . R

A= P2l [OF 1) 6 +aG:]an (140



12 Y.F. FANG & H.C. HUANG

Moreover we write

Ax k(§) = 2|€| + k(£), (4.5)

and split K= I?l + I?g, where

1> ( 5) 7> b1D+G +b2D G_|_
KQI

= Cr; ES

W(r,¢)

and by, by are | bounded functions. The Fourier transform of the quadratic

(4.6)

expression, IMD w * w, can be written as the sum of the following terms.

STEWAL L)« (00 Au), (4.7a)
k,l
ST e+ (00 Azy), (4.7b)

k,l

Z ((5§Fk)ji,k)* (I?l + IA(z) K1 + K2 *Z 5(k)A:t k), (4.7¢)
k k

Fl*kl +F1*I?2+?2*K1+K2*K2. (47d)

Notice that

Al (&) = AL (—9); a6 = 7L (-9), (4.82)
Ao n(6) = f;k<—£>%v(’; K(r,6) = Ri(—m,—€)1°,  (4.8b)

and

08 =3 (W (oA k0 + 6P (nOA_k(©) +K(r,6), (49)

k=0

1
Lemma 4.1. Let a < 1 The following estimate holds

HZT (0 Au )+ (00 A ) |
EaSe

L2
< C(k+ 1+ DT fe il r-o | frall-o- (4.10)
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1
Lemma 4.2. Let o < 1 The following estimate holds

H/b\T * (5(¢k)ji7k> * (5:(3121\17[) ‘

<Ok 41+ D)TF2 fo - (4.11)
Lemma 4.3. Let 6 > 0. The following estimates hold
<ol < C (ol + | ¢ ) @z
+,0llH=e Ol H = aé\%—é 2/’ )
1 éi
< C — ~7 < 2. 4.12b
<Ogll==5l (1.12b)

The proof for the Lemma 4.3 is straight forward so that we skip it.
Notice that, in the (4.12b), S ~ 1 on the support of Gy.

Lemma 4.4. With the notation above, the following estimate holds
HBT « K1 * K, ‘
EaSe

2

(4.13)

e,
MeSa

The estimates for the remaining cases are given in the following Lemma.

Lemma 4.5. For j = 1,2 and k = 0,1,2,---. The following estimates
hold
— <CO(k+ 1T+ 2 ol =——
| == [ < OO 2 bl | ="
(4.14a)
brK; o« (6 A G
H R+ (0 i”")) < Clk+1)T" AGAI  (4.14D)
EaS« L2 M«Si
H%‘ < CH GAI (4.14¢)
E’aSa L2 Sz
B Ko K :
H% CHA _ (4.14d)
EaSa MaS1

The proof of Lemma 4.5 is a repetition of the arguments in Lemmas
4.1, 4.2, and 4.4.
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5. Pseudoscalar ¢y°1.

Consider the Dirac-Klein-Gordon equations with the pseudoscalar non-

linear term:
D = P (t,z) € R x R? (5.1a)
O¢ = Py°1); (5.1b)
(0, %) :=vo(z), ¢(0,2) =do(z), ¢:(0,2) =1(x), (5.1c)
where the matrix v° = v°y142~3. From the point of view of the null form

estimate, Lemma 2.2, it is essentially same as the scalar term 1) for the

space dimension n = 1,2, 3. Since

Yoyt = —Hy° 1= 0,1,2,3, (5.2a)
D_(£)4°4° D (n) =+°D_(€)7° Dy (), (5.2b)
D( + 0, +n)°y°D(r,n) = 4°D(1 + 0, + n)7°D(7, ).

(5.2¢)

1
Lemma 5.1. (Null Form Estimate) Let o = 1 6°¢€ >0, and 1, Yo be
the solutions for (2.9). If 1o; € H™%, we have

L ——

H (br¢17°¢s) ‘
EaSa

< C(@) (o - a+H

);

(Woallr—« + | =,

L2 Me S4

). (5.3)

Use the above method can prove the same result for the pseudoscalar

case.

Theorem 5.1. If the initial data 1y € H_%JFE, ®o € H%Jre, 1 € H_%JFE,
then we have a unique local solution for (5.1). If the initial data vy € L?,
b0 € H", ¢1 € H™ L, where % <r, then we have a unique global solution

for (5.1).

Acknowledgement: The first author wants to express his gratitude to-

ward Grillakis for his inspiring conversation and help, and the hospitality



CRITICAL DIRAC-KLEIN-GORDON EQUATIONS 1+1 D 15

of the department of Mathematics, University of Maryland. The first
author was supported by NSC of Taiwan 94-2115-M-006-012 and was in
debt to his wife, Yu-chin, for her endless support.

REFERENCES

J. Bourgain, Invariant Measures for NLS in Infinite Volume, Commun. Math.
Phys 210 (2000), 605-620.

A. Bachelot, Global existence of large amplitude solutions for Dirac-Klein-
Gordon systems in Minkowski space, Lecture Notes in Math. 1402 (1989),
99-113 (Springer, Berlin).

N. Bournaveas, A new proof of global existence for the Dirac-Klein-Gordon
equations in one space dimension, J. Funct. Anal. 173 (2000), 203-213.

N. Bournaveas & D. Gibbeson, Low Regularity Global Solutions of the Dirac-
Klein-Gordon FEquations in One Space Dimension, Differential and Integral
Equations 19 (2006), 211-222.

J. Chadam, Global Solutions of the Cauchy Problem for the (Classical) Coupled
Mazwell-Dirac Equations in one Space Dimension, J. Funct. Anal. 13 (1973),
173-184.

J. Chadam & R. Glassey, On Certain Global Solutions of the Cauchy Problem
for the (Classical) Coupled Klein-Gordon-Dirac equations in one and three
Space Dimensions, Arch. Rational Mech. Anal. 54 (1974), 223-237.

Yung-fu Fang, Local Existence for Semilinear Wave Equations and Applications
to Yang-Mills Equations, Ph.D dissertation (1996) (University of Maryland).
Yung-fu Fang, A Direct Proof of Global Existence for the Dirac-Klein-Gordon
Equations in One Space Dimension, Taiwanese J. Math. 8 (2004), 33-41.
Yung-fu Fang, On the Dirac-Klein-Gordon Eqautions in One Space Dimension,
Differential and Integral Equations 17 (2004), 1321-1346.

Yung-fu Fang, Low Regularity Solutions for the Dirac-Klein Equations in One
Space Dimension, Electronic J. Diff. Equations 2004 (2004), 1-19.

Yung-fu Fang & Manoussos Grillakis, Fxistence and Uniqueness for Boussinesq
type Equations on a Circle, Comm. PDE 21 (1996), 1253-1277.

V. Georgiev, Small amplitude solutions of the Mazxwell-Dirac equations, Indiana
Univ. Math. J. 40 (1991), 845-883.

R. Glassey & W. Strauss, Conservation laws for the classical Mazwell-Dirac
and Klein-Gordon-Dirac equations, J. Math. Phys. 20 (1979), 454-458.

S. Klainerman and M. Machedon, Space-time estimates for null forms and the
local existence theorem, Comm. Pure Appl. Math. XLVT (1993), 1221-1268.
Sergej Kuksin, Infinite-Dimensional Symplectic Capacities and a Squeezing
Theorem for Hamiltonian PDE’s, Commun. Math. Phys 167 (1995), 531-552.
E.M. Stein, Singular Integrals and Differentiability Properties of Functions
(1970), Princeton University Press.

Y. Zheng, Regularity of weak solutions to a two-dimensional modified Dirac-
Klein-Gordon system of equations, Commun. Math. Phys. 151 (1993), 67-87.

Department of Math, Cheng Kung University, Tainan 701 Taiwan
Department of Math, Cheng Kung University, Tainan 701 Taiwan



16

Y.F. FANG & H.C. HUANG

E-mail address: fang@math.ncku.edu.tw  hchuang@math.ncku.edu.tw



