On the Dirac-Klein-Gordon

Equations in Three Space Dimensions

YUNG-FU FANG & MANOUSSOS GRILLAKIS

Abstract. We establish a local existence result for Dirac-Klein-Gordon
equations in three space dimensions, employing a null form estimate and
a fixed point argument.

0. Introduction and Main Results.

In the present work, we like to study the Cauchy problem for the
Dirac-Klein-Gordon equations. The unknown quantities are a spinor field

¥ : R x R3 — C* and a scalar field ¢ : R x R? — R. The evolution

equations for the fields are given below,

D = P (t,z) e R x R? (0.1a)
O¢ = ¢ (0.1b)
¥(0,z) :==vYo(x), ¢(0,2) =¢o(x), ¢.(0,2)=¢1(z), (0.1¢)

where D is the Dirac operator, D := —iy*9,,, p = 0,1,2,3, and v* are the
Dirac matrices, the wave operator 0 = —9y; + A, and ¢ = 4%, and 1 is
the complex conjugate transpose. The matrices can be written as follows.

First let us define the 2 x 2 matrices o1, 02, and o3,

0 1 0 —i 1 0
o1 = ll O],O’Q.— [7, 0],03._ lo _1]. (0.2a)
The matrices v* are defined via
I 0 ; 0 oy
0 __ 2 J i
! _lo —12]’ ) _l—ffj 0]' (0:20)
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The purpose of this work is to demonstrate a variant null form estimate,
by employing the solution representations in Fourier transform of the
DKG equations. Such estimate can improve the existence result, see [Bo].
We will take advantage of the null form structure depicted in the nonlinear
term 1), see [KM] and [Bo].

For the DKG system, there are many conserved quantities which are
not positive definite, such as the energy, the momenta, and the angular
momenta. However there is a known positive conserved quantity which is
the law of conservation of charge, / 14(t)|? dz = constant, see [GS]

In "74, Chadam and Glassey showed that the Cauchy problem for the
DKG equations has a unique local solution for 1y € H?, ¢o € H?, ¢1 €
H', and global solution for a particular class of initial data, see [CG]. In
’81, Choquet-Bruhat proved the global existence result for the (massless)
DKG equations by assuming small data, see [CB]. In ’88, Bachelot gave
the global existence for DKG system with small data, see [Bal. In ’99,
Bournaveas derived a local existence for the DKG equations, based on a
null form estimate, if 1y € H%, ¢o € H, ¢, € L?, see [Bo.

The outline of this paper is as follows. First we derive some solutions
representations in Fourier transform. Next we prove some a priori esti-
mates of solutions for Dirac equation and for wave equation. Then we
show a local existence result for (0.1), employing the null form estimate
together with some other estimates, and a fixed point argument. Finally
we show the key estimate, namely the null form estimate.

The main result in this work is as follows.

Theorem 0.1. (Local Ezistence) Let ¢ > 0. If the initial data of (0.1)
Yo € Hi+€(]R3)} bo € H'(R?), ¢y € L*(R?), then there is a unique local
solution for (0.1).

Remarks.

1. The DKG equations follow from the Lagrangian

| {1voP ~ 104~ 5D - 650 dat. (03)

R3+1
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2. The Dirac-Klein-Gordon system must be

{ Dy = ¢y; (0.4)

O¢ +m?¢ = g,

and the proof works for this system too.

3. Let I be the 4 x4 identity matrix, D= ’yOT+’yj§j, and 0 = 2 —[€]?,
thus we have D? = (1.

4. P = P10 = [h]? + [of* — [0s]® — [va]?, where ¢; are the

component functions of the vector function ¢, which take values in C.
1. Solution Representation.

In what follows, we denote by (t,x) the time-space variables and by

(1,&) the dual variables with respect to the Fourier transform of a given

1
i + 6, and v = € — § throughout

the paper. We will also often skip the constant in the inequalities. For

function. We will use y = 1 +e€ a=

convenience, we denote the multipliers by

E(r,€) = |r| + ¢ + 1, (1.1a)
8(r,€) = |Im - Iél| + 1, (1.1b)
W(r,€) =12 - ¢, (1.1c)
D(,&) =°7++7¢, j=1,2,3, (1.1d)

M(€) = €] + 1. (1.1e)

Notice that W and D are the symbols of the wave and Dirac operators
respectively. Also there is a summation over the upper and lower indeices.

Consider the Dirac equation,

{ Dy =G, (t,z)€R xR3, 12)

zb(()) = vo.

First by taking the Fourier transform on (1.2) over the space variable

and solving the resulting ODE, we can formally write down the solution
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as follows.
T = S DIl 7 ToE) + ot D(le], -0 () +
AT ° 2/¢] YT
O B, €)ici(s, ) ds + = O B €], —)ii(s, ) ds
/o ey DUeh o 2 03

Rewriting the inhomogeneous terms in (1.3) gives

ezt| | —it

9(6.6) = [ 5 Dileb )+ = 2|£| D(l¢l, =€) |10 () +
eitT _ e it|€] th_e—’it|f|,\ .
| g 266+ Sy 2Ue ~9] G oir. (1)

Now we split the function G into several parts in the following manner.
~ : : 1 .
Consider a(7) a cut-off function equals 1 if |7]| < 3 and equals 0 if |7| > 1,

and denote by h(7) the Heaviside function. For simplicity, let us write

Go(1,€) = h(xr)a(r F [¢)G(1,€), (1.52)
Gy(r,€) = G(1,€) — (G4(1,€) + G_(1,€)), (1.5b)
Dy == D([¢], £¢). (1.5¢)

Notice that G are supported in the regions {(r,&) : £7 > 0, |7F || < 1}
respectively. Using the decomposition of the forcing term G=0G F+ @+ +

G_, the inhomogeneous term in (1.4) can be written as

eitt _ gitlé] eitt _ e—itlél _
[ e e DU€kO + G DUel ~€)] G (. )ar

20¢](r — [€]) 20€](r + [€])
I e (5) we Dv [ Gy
— G dr — d
/ R Y T g ) =gt
itje) D Gy
o ) T

eiT_ zt|§\ R
- G G
/ e — e o (G T )T

e Dy [etrlEh 1
=e

2|€| - |£| (G+ +a6(T)G_)dT+

ir (L= ao())DG_ gDy [ (1—a6(r)G- .
R e e e D
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where dg(7) = a(g) and @ is the cut-off function defined previously.

eitr . —1t|§| N
/— (G4 + G )dr

GICE)
D[ eittrHED) _q
_ ,—it]g]
=e U e T (CL6(T)G++G YdT+
wr(L=a(T)D_Ge gD [ (- ay(r)Cs
dr dr. )
/e« 20 + €D %) T+ (1.60)

Recall the power expansion

it(T G 1
SHTHED 1 =37 (i) (7 £ [€)" (1.7)
k=1

Combining (1.4)-(1.7), we can give a formula for {/)\, namely

=3 (M OA k() + 6V (nOA_4(©) + K(r0), (18)

k=0

where d4(7,&) are the delta functions supported on {7 = %[¢|} respec-

tively, 5(%) mean derivatives of the delta function, and

D(r,¢) ~  (1-as(r))D4G_  (1-ag)D_G

K= o0 e+ e e %
Apo(8) = QDT;[WO%—/GfH ‘§|(A))G*dA] (1.9b)
~ D —1)k ~ =
Ay k(§) = %/(Aﬁﬁl)k‘l[@ +ag(\)Gx]dN\.  (1.9¢)

Consider the wave equation,

_ 1 3
{ O¢=F, (tz)eR! xRS (110

9’5(0) = ¢o, ¢t(0) = ¢1.

Taking Fourier transform on (1.10) and solving the resulting ODE gives

~ o~ t- — ~
50,6 = costlélan(©) + Mg ar() - [ TV F G gas. L)
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N el g —itlél citlel _ o—itle]

P(t, &) = 5 Po(§) + 2] $1(§) —

eitT — e“|§| ~ ez’tr . e_¢t|§| R
e = (AT = [ Sy FmQdr. (1.
| T 0 - | S P o 02

For the homogeneous part, we rewrite it as

eit|5| _|_ e_it|5| o~ eitlﬂ — e_it|£| ~ eit‘a o~ e_it|5| —~
= — —o_, (1.13
where
b1 = |€]do F idr. (1.15)

Now we split F' the same manner as we did to G. Let us write

Fi(r,€) = h(£r)a(r F [¢))F(,€), (1.16a)
Fy(1,€) = F(r,6) — (Fy(1,€) + F_(1,¢)), (1.16b)

For the inhomogeneous part, we obtain

eitT _ pitl€] et _ o—it|€l 4
F d
/[maua—7>+2mma+7ﬂ s (nL)dr

_ Ia it|¢| I3 —itl¢] Ia

= /e“"—2 f 5 dT — 62 I _dr — 62 / dr,

|€’ - T ’£| |£|_T |€| |£|+T(1.17a)
eitT _ eiﬂg‘ ~ ~ eit|£| eit(T_|£|) — 1 o~ ~

—__ _ ~  (F. +F)dr= F, +asF dr+

| s B+ Foar = G [ e Bl

L (1 —ag)F eitlel (1 —ag)F_
pitr Lo F- dr, (1.17b)
/ 20&[(|¢] —7) 2/¢| &l =7

/ pitT _ p—itl€] (13 P \d e~ itl€| / ett(t+IE) — 1 G PR \d
20el(lel+7) - T 2¢| ef+r

wr (L=@e)Fy el (1 —a)Fy
/e e+ 0 2 / e

where dg(7) = a(g) and @ is the cut-off function defined previously.
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Combining (1.17a)-(1.17c), we can give a formula for ¢, namely

o0

6(r.8) = Y (01 0B n(©) + 00 (O B_n(9)) + L(r.6),  (1.18)

k=0

where d4(7,&) are the delta functions supported on {7 = %[|} respec-

tively, 6%) mean derivatives of the delta function, and

Fy (1 —ag(n)F- (1 —ag(n)Fy

M=% g~ Adie—n ~ 2eqe+n o
Bio(€) = %[& +/Ff+(’1£|_f§(A))F* d,A}, (1.19Db)
~ —_ k ~ ~

Bepl6) = j;(m}j! [os e e v Bl (119

Remark. We need to localize the solutions for Dirac equation and wave

equation due to the presence of the delta function.
2. Estimates.

To localize the solution in time, let b(t) be a cut-off function such that
b(t) equals 1 if |t| < 1, and equals 0 if [t| > 1, and by (t) = b(t/T). For an

arbitrary function f(¢,x), we have

Bz % fllzz = IbeSllze < [brllz | f]1zz. (2.1)

For the Dirac equation (1.2), we have the following estimate.

Lemma 2.1. Let 0 < ¢ < %, ap >0, and g € H**. Then we have

]\/4\0‘1@‘

by * ]\7‘”3\1_61{[1\‘ =
H T [ ] Se1

< O (ol s + |

L2(R!xR3) —

Lz). (2.2)

Proof. For simplicity, let e, = €. Without loss of generality, we prove

the special case.

< O(Iollze + ()gﬁ:(

L2(R'xR3) —

fr 53]

Lz). (2.3)
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To estimate br * [S')], we apply formulae (1.8) and (1.9)s. First we

compute

- PN . D ~
o7 * [§ < K]|| 2 < C|S' K| 12 < CHSHA

—G)D. G

21¢] (T — ¢])

2\£|<T+ &
= CHg—

CHSl { +c|s Ji

L2

(2.4)

For the term by x [§1_65(k)2+ k], we can mollify S(7, ) without loss of
generality such that 8k S(£[¢],€) = 01if £ > 1. Thus we can compute

oz * [S* <641 12 (ar)

N/(/ET(T—A)§(A,g)1—f(5<’f)(A— \f])dA)sz
/(axk (br(r = NS &)™) A|s|>2d7

~ 2
g/ (Tk+1b<k>(T(T - |§|))) dr < T4 [tFb] L2 < CT?HH.

(2.5)

Then we calculate

1A collee <l + ([ ([ Gy + L 16'(7))@- )

(2.6)

<llvollz= + Hgg‘ L2

and

sl < ([ ([ 161G + 2] @dedg)%

(] [ frome)’ < 5|

Therefore we have

G
5 L2)’

By + (864 A o122 <T* (1l

A L2 G
o+ [S* =68 Ay k]2 ST“?yHg (2.8)
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The calculation for the term by * [§ 1_65(_’@)11*%;] is analogous. Combine

the above results we complete the proof. [

Consider

{ OI¢ = D(D¢) = I, (2.9)

Dp(0) = —ir’¢1 — 77 9jbo.
For the above equation, we have the following estimate and its proof is

analogous to that of Lemma 2.1.

Corollary 2.1. Let § > 0. Then we have

—

1+25
545409, < Do) + |2 . (2.10)
Consider two Dirac equations,
Dy, =G;, j=1,2,
{ V; j» (2.11)
¥ (0) = ;-

We have the key estimate whose proof will be presented in the last section.

Lemma 2.2. (Null Form Estimate) Let § > 0, and 11, 12 be the solu-
tions for (2.11). If 1o; € H®, we have
)

H BT (i, 2) ‘
M)

MaG1’
S3
). (212)

< (@) (ol e + |

L2

(Infoallzz= + |
where T (Y1) is a localization of V).

The Fourier transform of the quadratic expression 7 (¢1)) is written as

the sum of the following terms.

(0 As0) % (0xAso) + 3 brx (0P A )+ (00 Ay), (2.13a)

k+1>0
(01 A0) * (5xAz0) + 3 brw (8945 ,) » (6D Az,), (2.13D)
k+1>0

Z/Z)\T* ((5:(;€)ji,k) * ([?1 + f?2> + (%1 + %2) * (5$)A\i,k)), (2.13C)
k
%1 *I?l +%1*i€2 +%Q*I/€1 +%2*k2. (213d)

For the wave equation (1.10), we have the following estimate.
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Lemma 2.3. Let €5 be any real number, es > 0 and ¢ be the solution of
(1.10). If ¢o € H'2 and ¢, € H?, then

[« [B+es52 28], < =

i)

(2.14)

O (ol ra + llonllme + || 2

Proof. For simplicity, we consider the case when €; = e; = €. To esti-
mate by * [E1+6§%+€$] in the L?-norm, we invoke the formulae (1.19).
First we compute

- R R . R R R El—l—egl
o # (B84 E] |52 < |B*54 <) < [T
W

H E<F
= Alfe .
Lz 11527179 15)

HE1+6§§+6(1_66)13_’

‘E1+6§§+6(1—66)ﬁ+ ‘
2(¢1(1l =)

2(¢[(l¢] +7)

L2

For the term by x [E1+€§%+65(k)§+ k], we can mollify ES’\( , &) without
loss of generality such that 8"7 S(£l£],€) = 0if £ > 1. Thus we compute
HE * [E1+652+65(k)} €)Hi2(d7-)
2
/bT 7= MBS (0,50 (0~ [€)dA| dr
2
‘ dr

A=[¢]

/
/ 5 (br(r - BTS00,
/

TR0 (1 )) [ (] + 1%+ dr

< T[] g2 (€] + 1)* 72 < OT*F(jg] + 1),
(2.16a)

which implies

[br = [B+e83 60 B ]| < 0T ( / (g1 + 1)+ By y(6) ")
(2.16b)

To estimate the above integral, we first focus on the region where |£| > 1.
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We have the following bounds:

TR
2

. ‘MEF}(A,{) EF
S//WCM/ R e gl

L% 2.17)
and in the same vein
M6 1—a, F A E<F_
/‘/ as(V) F-(1,¢) d)\’ d£<CH . (2.18)
1€] = Al L2
Hence we get
7 Hl4eQi+e )
[br + [E1+S20, By o] HL2(L2(|§\>1))
L E°F
< CTz <H¢0|’H1+e + H¢1HHE + Hﬁ‘ L2) (219)
and
H/b\T % [El—i—eg%-l-e(s(k)g_'_ k} HLQ(L2(|§|>1))
< CTHE s //E2 Py + P |*(r,€)ardg)”
E<F
< OoTH3 —H - . 2.20
- k'l g5—ellL2 ( )

The calculation for the term by * [Elﬁg%“&(_k)g_,k] is analogous.
For region |¢| < 1, we consider by * [E1+6§%+6(5g—k)§+,k + 5(_k)§_’k)}.
This is clear from the derivation of the solution representation which

indicates that the solution is actually not singular along the cones.

by« [EMe53 (6B, + 6B )}( €)

~ TR+ 1) T [RB(T(r — |€D)) B r(€) + tRb(T (7 + [€])) B- 1 (€)]
= T (¢ + 1) T [tho(T T—|£|)—tkb( (r+ 1€) ] Bs(€) +
TEL(1¢] + 1) (T (7 + [€))) [Byi(€) + B-w(€)]. (2.21)
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Under the restriction of [£] < 1, we have

(T (r — |€])) — ERb(T (7 + |€])) ~ TH+B(T(r — (1 —20)[]) €], (2.22)

- " ~ F
B ®) + Boo() ~ o+ [ gz ah (2.23)
and
~ ~ 1 b2~ =~
By k(&) + B_ k(&) ~ (CE / (A= (1—20)[¢])" " (Fy +asF-) dA.
(2.24)
Combine the above results we complete the proof. O

Since a Dirac equation implies a wave equation, thus we consider
{ Oy = D(Dy) = (D)Y + ¢,
P(0) =0, 9:(0) = iv°(iv? Dj1bo + Potho)-
We have the following estimate whose proof is analogous to that of Lemma
2.3.

(2.25a)

Corollary 2.3. Let 6 > 0. Then we have

~1 +2 Qp + ¢2
| B85 3| 1o < ) (Woll s+ goll s 1o 1 + H s=o I
(2. 25b)
We will also need some technical lemmas.

1 1
Lemma 2.4. (Hardy-Littlewood-Polya) Let r = 2—— — —. Then we have

b q

f(s
[ A e < sl (226)
Rixr! |8 — |

Lemma 2.5. Let f(t,x) be any function. Assume that e, > 0, 11 =
,0<e <1 5, and ro =

. Then we have

1+ 61 1-— 262
brf
H ol < Clorln s, (2.27a)

£ 1|2 fo.17:22) < Cl1S Fll 2. (2.27b)
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Proof. They are dual estimates if ¢ = 2¢5, hence we only show (2.27a).

For simplicity, let e = €. Through some analysis, we have

e pEitlE]
FHE 0O ~ ey (2.28)
which implies
be eTit=s)l¢]l
)00~ [ s trhis.ods. (229)

Invoke (2.29), duality argument, and Hardy-Littlewood-Polya inequality,

then we can compute

(irs.0)| =|(*L.59)

_‘///\il(t T 6 (5, )y (§) (1. €) dide

<[l brh )Nl 7 DOl

|t —s|'™
<Clbr fll ) 1 (5D 222y = Cllbr fll 221Gl -

(2.30)
This completes the proof of (2.27a). O
Lemma 2.6. Assume that 0 < v < 1, 0 < (8 < %, 0<260—7v<1,

p= %, and r = 1‘1‘7%25 Then we have
1£lzr o727y < CIE"S? fl 2, (2.31a)

and

IE=7SPGl 12 < Cllgll ([0,T];L7")> (2.31b)

where ' and p' are dual exponents of r and p respectively.

Proof. Since the two estimates are dual, hance we only show (2.31a) Let

g be an arbitrary function. First, we compute

(£, 9)] =|{ Evﬁﬁf, Eﬂﬁfﬁaﬂ

;
275 2ﬁ/\>

(2.32)
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To prove the estimate (2.31), we employ the dyadic (Paley-Littlewood)
decomposition for the function g(¢, ). Let us introduce an auxiliary func-

—~ 1
tion 3(§) which is supported in the region {5 < |€] < 2}. Denote

Bi(€) 1=B : )y i=1-> Br, @:=01+F+5, (233)
k=1

o = 7, Bole) = ﬁ@, (2.330)

G B0, Bul6) = Blo), k=123~ (2330)

Notice that gi(7,&) = @k (§)gk(T,&). Through some analysis, we have

+i
FUE2572)(1,6) ~ C__ el 0t) (2.34a)
’ ’ "0 (lg]+ 1)
where |[((t)] < C, and a classic estimate gives
PN C
‘fg—l(e:l:zﬂﬂ(p)(t’x)‘ < % (2.34D)
Let us write
K(t)g(z) = F~ 1( E-25-25 )(t z). (2.35)
Thus the estimates (2.34a) and (2.34b) imply, for £ =0,1,2,- - -,
22(1 ¥)k
I 0aela~ < [ Ty lon(s) s ds. (2.36)
927k
1K@l < [ = srsllon(s)lusds. (237

The proof of (2.37) is straight forward and we will show (2.36) at the
end of the paper. Assuming the validity of the above two estimates, the

interpolation between them gives

C
[ K () gr |l e S/mugk(s)\\m' ds, (2.38)
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2
where p = T

Now we invoke (2.38) and (2.26) to compute

(Gr, E=2S~ 26A>‘

= /gk(t, z)F 1 (E—Qﬁ—%m) (t, x)dtdm’

<| [ 9n(0l 1K ()51

S/ ||9k

Finally we obtain

[(f,9)] <

<

<

HLP gx(s )HLP 2
— s[tFv—28 dsdt < |gx|

EVSPF

E’vgﬂf

Ewgﬁf

This completes the proof.

I (2.39)
(X[ Bs )
2 %
LAEN%MWMQ
k=0
LzHQHLr’(Bg,’z)- (2.40)
]

Remark. Through an analogous argument, we can actually obtain a

better estimate

£l (to.1p:00) < CIIMYSPF] 2,

where r, p, v, and 3 satisfy the same conditions as those in Lemma 2.6.

3. Local Existence.

Now we are ready to prove the local existence for the (DKG) equations.

Proof of Theorem 0.1. Consider a Picard iteration scheme for the

Dirac equation

DYkt = broFy*; (3.1a)
wk“Ll(O,a:) = 1o (), (3.1d)
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and for the Klein-Gordon equation

Okt = T(" i), (3.1¢)
"0, 2) = ¢o(z), ¢511(0,2) = ¢1(2), (3.1d)

where T (Y1) is defined in (2.13a-d), which is a localization of 1.

Iteration scheme introduces a map 77 defined by

Ti(o*, ¢") = (¢, 0. (3.2a)

We want to show that 77 is a contraction under the norm

~1_, SlE28 ~ A~ ~1425 ~
N(g,9) = |E*"S72 ¢|| . + || E*S™= ¢ . (3.2b)
and the condition 0 < § < €. For convenience, we call
J(0) = llollars + llonllze + 1ol 7 + 1. (3.3)

First we employ (2.31a) to obtain the following estimates.

(6% oy a /\Ot/\ - —I/Aﬂ/\
10%¢ || Lra L1y S NIEVSPMOG| 12 < ||ETVS 72 9| L, (3.4a)
8 8
where r; = 3 4c and p; = Tric
o~~~ A~ ~N1425 A~
10| Lr2(zr2) < [|EVSP|| 2 < ||EFS T2 4|, (3.4b)
here r and 8
W = = )
2 1+ 4e b2 3 — 4e
AN~ N1, Gldk2s ~
18] s (Lrsy < [|EVSP| 12 < |EY"S72 9., (3.4c)
2
where r3 = and ps = —.
1-— v
o ~_ o~ /\a/\ ~ 1426 ~
10%4 || ra(ray < IETSP M| 2 < ||[E*S72 @] o, (3.4d)
2 2
where r4, = — and py = ——.
v 1—v
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we apply (2.14), (2.12), and (2.27) to compute

N(Ti¢) = |EV"8 2 Tig| .,

T
< C(J(0)+ = g“’
M%Tﬁf)d}

< C(J(o) + |a7eg0 |

)
)

L7 ([0,7); L?))'

< C(J(O) +

(3.5)

To bound the term above, we observe that

M(& +n) < M(€) + M(n), (3.6)
which implies that
Mg < (V1°5) « 9+ 3+ (W10). a7)
For convenience, we use the notation
9o f = FH (M f). (3.8)
Then we invoke (3.4a-d) to obtain

7269

LZH3 ([0,7):L2)
<@y,
<1t ozl

L7 (0,7);L2)

L73(LP3) Hagw} L74(LP4)

. (3.9)

pEam— G0l
L2 (LP2) + T4 H¢|

A1+25 ~ ~ A1+25

<TR||B 874 | S

. (LmIW\

Hence, using (3.5) and (3.9), we have

N(Ti(¢)) < C(J(0) + TN (1, 8)). (3.10)
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For the spinor field 1, we first invoke (2.27b), (2.10), and (2.12) to

derive

—

D@l o< ([0,7];2) < ||S 5 D<Z5||L2 < |IDp(0)]| L2 + H T

L2
M"‘W
<lidollars +ldalze +Iolle + | =5
<J(0) + TN (6, 9) (3.11)
Next we apply (3.4b) and (2.27) to compute
||(D¢)¢||Lr [0,T];LP") <||¢||LT2(L102)||D¢’||L1 7 (L2)
1—26
<T 2 NW)D| = (p0,17;12)
(3.12)
and
19* Il jory;zor ||¢||m(mz)||¢||2L1 _ < T°N3(¢, ),
(L% (3.13)
where 1’ = ————— and p' = 8
5+ 4e — 8 7 —4e
Finally we employ (2.25b) and (2.31b) to get
N(T) = |E*S= T
1/} + 6%
= <T>(||wo||Hu + U0l o 1 + H iz |,.)
= (0) + ||(D¢)d} + ¢2¢”L7’/([O;T];LP’)
<C(T)(J(0) + T°N(¢,v)) (3.14)

Thus we combine the above results to get

N(Ti(4, 6)) < C(T)(J(0) + TIN? (4, 9)).

Choosing sufficiently large L, for suitable T', we have

N, ¢) < L= N(Ti(¢,9)) < L, (3.15)



DIRAC-KLEIN-GORDON EQUATIONS 143 D 19

provided that
C(J(0)+T5L% < L. (3.16)

Now we consider the difference 77 (v, ¢) — 7T1(¢', ¢’). Base on the ob-

servations
200 =) = (0 =)W+ ) + (W + ) — ), (3.17a)
2009 — ') = (0= )W+ ) + (o + )W) —¢'),  (3.17b)
Employing (2.14), (2 12), and (3.17), we first calculate

1+2(5

<71¢ T¢) = |[E'"S 7 F(Tig — e,
< of||F T @ w' (¥ + 1)) FIT@+3) (W — ")
- (H Ev§=2 L2 H Evgi2 LZ)
ce (HMafbm &)W+ 1)) +‘Maf(bT(¢f¢'>(w—w’>> )
- L2 S5 L2

MOF(b !
.(J(O)_FH (T(ggva(?w)) L2>

< OTH(|E'™875" 6= @llux + | E*S™5" = ¢/]|12) L(T(0) + T5L?)

< CTELY(N(6 — &) + N (¥ — o) (3.18)

Analogously, we get

1+25

N(Tvp — TiY') —HE“S
< CT5L4(||E1 v G+,

(7—1'¢ o 71¢/)|‘L2
20— ||z + | E*S
Combining (3.18)and (3.19), we have

N(Ti(p =o' ¢ —¢') <CTSLAN(W — ¢/, ¢ — ¢'). (3.20)

Therefore for suitable T, we obtain

F=z). (3.19)

1
N(ﬂ(¢_¢/7¢_¢/)) S §N(w_w/7¢_¢/)v (321)
provided that
CTSL* < % (3.22)

We can conclude that the map 77 is indeed a contraction with respect to

the norm N, thus it has a unique fixed point. [
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4. Null Form Estimate.
In this section, we demonstrate the proof of the key estimate.

Lemma 2.2. ( Null Form Estimate) Let 6 > 0, and 11, 19 be the solu-
tions for (2.11). If the initial data 1o; € H*, j = 1,2, then we have

HE‘ST@Q)‘

— <
Sz -

L2

MaGl‘ MQGZ‘

) <H¢02HH0‘ + H

() (Worllare + | )@

The proof for the estimate is based on the duality argument and it will
be given in a number of steps. Without loss of generality, we assume that

11 = 19, and prove the following case:

H EOT (g (W) ‘
S 2
Recall that the notations:

MQG‘ L2>2. (4.2)

< @) (Iollae + |

L2

E(r,€) = |r| + ¢ + 1, §ﬁ£%=“ﬂ—KM+L (4.3)
W(r,€) =72 — [¢]?, D(r,€) :== "1 +7'¢, (4.3b)
Dy = D(¢], +¢), D_ = D(j¢], -¢). (4.3c)

The formula for {D\, as in (1.8), for the Dirac equation (1.2) is given by

50 =Y (94 k(O +6Y (L OA W) + K8, (44)
k=0

where d4(7,&) are the delta functions supported on {7 = %[|} respec-

tively, 6(%) mean derivatives of the delta function, and

D(r,€) ~  (1-as(r)DsG_  (1-G6)D_Gy

R = 0% e ey 2y o
Ay (€)= f@fl[ "o — /GleA:—LTg(A))G;dA}, (4.5b)
Aen© = D20 [ i) @ randadan @
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Moreover we write

Ax k(§) = 2|€| + k(£), (4.6)

and split K= I?l + I?Q, where

R= D08 g WDG-+6DG
W (r, €) ES

—

and by, by are bounded functions. 7 (¥1)) is the sum of the following

terms.

(0xAs0) * (0ehe) + 3 b (AL L) « (P AL),  (4.80)
k+1>0

(0xAu0) * (O Azo) + 3 brs (09 A ,) x ((WAz,),  (4.8D)
k+1>0

Z/b\T * (((ﬁzk)ji’k)*(f?l + I/(\vg)—|—<%1 —|—%2) *((5Etk)zzl\i7k>), (4.80)
k
%1*&1 +%1*i€2+%g*k1+%g*f€2. (48d)

Notice that

A ©= AL -0 IO = Lo, (4.99)
fﬁ(s):f;k(—é);—ﬁo; K(r,¢) = Ki(-r,~€)",  (4.9b)
and
(r,) kzo(cs““)v A4 k() + 01 (LA k() + K(r,€), (4.10)

Lemma 4.1. Let k+1>0 and § > 0. The following estimates hold

E20(5 j x (65 A
H ( T i’OA)l ( T :F,O)’ < C|l feollme |l f+.0llme, (4.11a)
Sz L
E%by (5(k)Ai k) * (09 Az))
H Sz ’LZ

< Ok + DT 2 | fa gl e fr il . (4.11b)
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Proof. We only demonstrate the case (4.11b) since the proof for (4.11a)

is analogous. Let us call

R . D
Ziw=0PA,L, = $)2|§|f (4.12)

Using duality, we demonstrate the case (—,+), while the case (+,—) is

being similar. We first compute the following term

D_()7° Dy (n) = 7°(I€lIn| — € - n) + 2 77 ¢;m T ¥ (Inl&; — [€n;).

(4.13)
Thus
(017 4Z41.9) |
£, =€)7°D(nl,n
| [ 71t PO DU T+, + )
3 €l =& 0 e\t
<|lf-x Ho e 1+2a T |tFFbrg(l€] + 0], € +n)|* dedn) .
AR en
To estimate the above integral, we change the variables by
’§‘+|77‘ =T, 5‘5‘77:2, fzpw, ‘w’ =1, (415)
thus we can rewrite it as
/ E(r, 2)|tFbrg(r, )| drdz, (4.16)
where €linl
_ linl —&-n odp
E(1,2) = ¢[1-r2a]|iT2a de (4.17)
Throughout some computations, we have
T— 2|
E(r,2) < C—g (4.18)

(17 + 125y || < C(k + DT =3 b g1 (4.19)



DIRAC-KLEIN-GORDON EQUATIONS 143 D 23

With the aid of the above inequalities and the observation

}|7‘|—|€H+1 ||T—0\—|£||—|—1 1-46

< 1) 4.20

(el + a1+ 0% = Tr T+ 1e + 1y (71 (420
we can estimate

53 ktip. ik ip 5
|2 Tl <[l + 15, 23]
A1
<Ch+ nrH-3]| 2 g‘ (4.21)
This completes the proof. O

Lemma 4.2. Let k+1>0 and § > 0. The following estimates hold

A~

H F20 (5$Ai’0j * (5izzl\i,o) ’
S

12 < Ol fxollgelf+ollze, (4.22a)

N

H E’%/Z;T * ((S:('f)ji’k) * (59;1;75) ‘
5

L2

< C(k+1)TF+=3 (4.22b)

Proof. We only demonstrate the case (4.22b) since the proof for (4.22a)
is analogous. Using duality, we demonstrate the case (4, +), while the

case (—, —) is being similar. We first compute the fractional term

~

D+ (€)7°D+(n) = 7°(I€]Inl + & - n) — 7 37 ¢5m #k—vj(|77|€j+|£|nj)~
(4.23)

Thus, in the same manner we have

‘ (brZ i 12y, l,9> ‘

OD —————
| [ P PELITPULD 75T e+ & +
([ ot o brg e + . € + )l den) (.24
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To estimate the above integral, we change the variables by

il —nl=71, E+n=2 E=pv, |w =1, (2.25)

thus we can rewrite it as

/ H(r, 2)|tFHbrg(—7, 2)|* drdz, (2.26)
where ellnl + -7 ,d
n+&-n P
H(r,z) = ’§|1+2°‘\77|1+2°‘ de (2.27)
Throughout some computations, we have
2| -7
H(T, Z) S Cw, (428)
(7] + 1) 2th+by ||, < Ok + T2 ||b] g1 (4.29)

With the aid of the above inequalities and the observation

el =l +1 _ |l —ol— el +1

1—445
1 : 4.30
(e + a1+ 1% = T ol 1e + 1y (71 (40
we can estimate
S _
|| tk+leg||L2<H SRR Y =
A1
<Ch+ N3] 2 g‘ (4.31)
This completes the proof. [

Remark. Invoke the dyadic decomposition, in fact, we can show that the
estimates (4.22) hold for § = 0.

Lemma 4.3. Let 61 > 0. The following estimates hold

MG
| (wo e e (4.322)
ya <2 (||MO‘G+||L2 4| MG ||L2) (4.32b)

The proof for the Lemma 4.3 is straight forward so that we skip it.
Notice that, in the (4.32b), S ~ 1 on the support of Gy
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Lemma 4.4. With the notation above, the following estimate holds

M"‘Gf

“E(S?l *[?1’ (4.33)
S

1
2

<

L2

Proof. For simplicity, we write G:=G s and K := K;. We use dyadic

decomposition to handle this case. Assume that

o0

G =Y Gii (4.34)

k=0

where /G\j:,j:’k(T, €) is supported in one of the following types of regions:

Shq={(r 7>0,42" 1 <7 — ¢ < 42"}, (4.35a)
= {(1,8) : 7> 0, 2" <7 —|¢| < 2871} (4.35b)
= {(1,6) : 7 < 0,428t <74 |¢] < 4251}, (4.35¢)
={(1,€) 1 7 <0, 2" <74 |¢| < 28711 (4.35d)

They are forward and backward cones with thickness about 2*, also half
of them are truncated. The decomposition of G induces a decomposition

for K , namely

Kiip=—=Gais (4.36)

%IU>

Let g be an arbitrary function. we compute
<%k * I?l, §>
:/%i,i,k « Ky 1 (-7, —€)g(—7, —€)drdé
= [ Raealr = 0.~ = )R s~ ~€) dodndrdg

= / I?;r:,j:,k:(T +0,6+ W)Wof?i,i,l(m n)g(—T, =€) dodndrde,
(4.37)
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we have 16 cases resulted from (4.35a-d) and (4.36b). Due to the support

of the integrand, the integral is integrated over one of the sets of (7, o, &, n):

{(14+0>0,0>0,7+0—|E+n|~x2% 0 —|n| ~ 2"}, (4.382)
{(T4+0<0,0<0,T+0+|6+n ~=x2% o+ |n| ~ 2"}, (4.38b)
{(14+0<0,0>0,7+0+|6+n| ~+25 0 —|n| ~ 2"}, (4.38¢)
(14+0>0,0<0,7+0—|E+n| ~=x2% o+ |n| ~+2'}. (4.38d)

We label them as
Spal(F, )5 (F )], (4.39)

and denote by ¥ ; without specifying which one precisely. We also use
K, for abbreviation of I?i’i’k and Gy, for @i,i,k .
We first compute

D(1 + a,—& —n)y"D(a,7)
= [V (m+0) =+ (& + )]V’ [V + 7 ny]
=1 [(T+0)o = (E+m) -] +9°7 7" (& + nj)nk‘#k

+ ’Yj [(T +o)n; —o(& + 77])} (4.40)

Thus, we have
‘ <Kk * kl; /g\> ‘

_| [ At V(7 +0) = (& +m5) 07 o+ A
| [ Bl s R T T e

(=, —§)dodnd7d§‘

§O||]/\Za@k”L2”]/\4\aalHL2(/Ikl 7‘5 ‘g —T, — ‘ d’]’df)§
(4.41)

where I}, ;(7,€) is given by

M=2(& + )M 2 (0)Q(7, 0,,7)
I - Lo dodn, 4.49
k,l(Tv 5) Dis WQ(T N 0_,5 N n)WQ(O" ?7) aan ( )
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and (@ is given by the expression

Q(T7 0-7 57 77) =
[(r+0)o = (E+m-n] +[E+m) xal” +|(+om—o&+n).
(4.43)
and Dy ;(7,€) is a slice of Xy ; for fixed (7,&), i.e
Dk,l(T, 5) = {(Ua 77) : (Ta 075777) € Zk,l}' (444)

They are the intersections of cones with thickness 2¥ and cones with
thickness 2!,

We distinguish the cases into two sets,
Ek,l[(ia )7 (:l:7 )] and Ek,l[(j:, )7 (:Fa )]7 (445)

due to the fact that for the first set it is the intersection of two forward
cones or two backward cones; for the second set it is the intersection of a
forward cone and a backward cone. Therefore presumably the computa-

tions for the 8 cases in each set are similar.

Cases H. We have the following estimate

H ESK ., wxKq. ‘ H MaGJr k ) MGy, ‘
S\% L2 22(k—|—l) L2 S\% 2’
HE(SF—,,k*IA(—,,l’ HMO‘G_ k’ M\O‘@_y.,l‘
S3 L2~ 2% (k+l) L2 S8 L2&4'46)

In these cases, we have (7 + o)o > 0. Take the case
Kipp*xKy o, (4.47)

as an example and in which Dy ; = {(o,n) : 74+ 0 > 0,0 > 0,7 +0 —
"S + 77| ~ 2k70 - ’77‘ ~ 2l7 (7_7 0-76777) S Ek,l[(+7+); (+7 +)]} In the no-
space, this is the region of the intersection of two forward cones, which is

unbounded.
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To manage the integral, we change the variables:

h=1§+nl—Inl, 2X = hcosh(, (4.484)
2Y =+/|€]2 — h2sinh  cos ¢, 27 =+/|€|2 — hZ sinh { sin . (4.48D)

This is due to the fact that for fixed £ and h, n stays on an hyperboloid.
The coordinates (X, Y, Z) identity the vector n as follows n = (X,Y, Z) —
(1€]/2,0,0) and £ +n = (X,Y, Z) + (|£|/2,0,0). Hence dn = dXdYdZ =
Jdhdady, where J is the Jacobian given by

8J = 8% = (|¢|?* cosh® ¢ — h?)|sinh ¢| = 4|¢ + n|n|| sinh {].
(4.49)

Throughout some algebraic manipulations, the ) can be rewritten as

2Q =(t+o0—E+0)*(o+n)?>+ (r+ o+ £+ ) (0 — In])>+
4t +o)o(|€]* — h?). (4.50)

Now the integral I; ; can be split into three parts according to (4.50). To

estimate each term separately, we consider a further dyadic decomposition

@km(T, €) issupported in {7 >0, 7 — [¢| ~ o €] ~ 2™},
@l,n(T, ¢) issupported in {7 >0, 7 — [{| ~ 2l €] ~ 2"}

Therefore the integral in (4.29b) is over the region D,’;" (7, ) which is the
set of (o,n):

{T+U > 077- > 07T+G_ ‘5+77| ~ Zkaa_ |77| ~ 2l7 |£+77| ~ 2m, |77| ~ 2n}
(4.51)
For simplicity, we will assume £ > [, m > n, and n > k while the other

case is similar.

Claim. The size of the set D" is bounded as follows

D" = /D _dodn < C2°"2 (4.52)

k,l
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Also E(T, £) > 2% for k> 1 and

/ ]2 = h? dodn < C22k+igm+2ng. (4.53)
D"

The proof of the claim will be given in the appendix. Assuming the

claim, we can estimate the first part:

Ili,l,m,n(ﬂ 5)
M2+ ) M2 (n)( + o — |€ +1])%(0 + |n])?

= — — dodn
D" W2(r + 0,6 +n)W2(o,n)

:/ M=2(§ +m)M~2*(n)
prn (T+o+ 1€ +nl)%(c — Inl)
c €+ + D)2 (nl +1)~>
22 by (2% + |€ +n])?
C 2—2an 9 bl
=901 o(rea)m /Dm,n dodn < 55 Seraaym 2 "2
k,l

__C 202mgum ¢ 1 S
—2—k+l 9(2+2a)m Ez(s — 9—k+l 9(2—2a)(m—n)94am—25m Eug(s

5 dodn

dodn

—2an

~

< C 1 S
— 926m+l 9(2—2a)(m—n)9m—k EQ(; )

(4.54a)

For the second part, we obtain

Ilz,l,m,n(’r? 5)
_ MZEE+m) M2 () (r + o +IE+nD o —D* )
D" W2(1 +0,§ +n)W2(0,n)

:/ M~22(& + )M~ (n)
pri

dod
T+o—|E+n)2(o+ )2

<C 2—2am / C 2—2am 2n2k—|—l
Dm,n

— zﬁ 2(2+2a)n dO'dT] < ﬁ 2(2+2a)n 2

C 1 S¥m _Cc 1§
= 9k—l92a(m+n) 25 — 2k—lolmt2an pas’

(4.54b)
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For the third part, we get

Ilg,l,m,n (7—7 g)

206+ )M~

Y.F. FANG & M. GRILLAKIS

*4(n) (1 + 0)a (|§]* — h?

) dodn

I
DM

/Wz(f + 0,6+ n)W2(o,n)
M—2e(& + )M

)+ o€ =)

C

(T +o+[€+n)?(o+ nl)?

€17 — b2

k,l
=3
szl’”
< |,
22k+20 |
C 1

S Skt
— 22k+2l 2(1+2a)(m+n)

< C 1
—22k+21 2(1—|—2a)(m+n)

C 1 S

<— .
— 9l 2%(m—n)+26n E26

Combine the above results ,

/\62 ~
H EOK 4 gk % Ky i
g3

e (1€ +nf + 1)IF2e(n] 4+ 1)1+2e

g

22k+l 2m—|—2nS

dodn

[€]* — h? dodn
k l
226m

E25

(4.54c)

we have

N

m,n

/\62 ~
E°K iy km* Ky 1in

L2

C
]

1
<
- 7;1 95lm—n| 93

A
22(k+l)

(4.55)

Cases E. We have the following estimate

BR__ Ry
| ===
a—

L2

L2

MaG_ k ’ ]/\4\@@4_,.’[ ‘

=6
Sz

2% (k+l) H L2 L2’

MaG+ k‘

|~ .
2t (Hl) vl §e ey 56

In these cases, we have (7 + 0)o < 0. We will only demonstrate the

case of

A~

K_7+7k * K+7+7l7

(4.57)
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and in which Dy = {(o,n) : T+ o+ |40 ~ 2% 0 —|n| ~ 2, (1,0,&,m) €
Yra[(—=,+); (+,+)]}- In this case 7+ 0 < 0 and ¢ > 0. In no-space,
this is the region of the intersection of a forward cone with a truncated
backward cone, which is bounded.

To manage the integral, we change the variables:

e=|¢+n[+n, 2X = ecosb, (4.58a)

=+/e2 —[{?sinfcosy, 27 =+/e? —|£|?sinfsinp. (4.58D)

This is due to the fact that for fixed £ and h, n stays on an ellipsoid.
The coordinates (X, Y, Z) identity the vector n as follows n = (X,Y, Z) —
(1€]/2,0,0) and £ +n = (X,Y, Z) + (|£]/2,0,0). Hence dn = dXdYdZ =
Jdedfdyp, where J is the Jacobian given by

A(X,Y,Z)

= e, 0,9)

= (e* — |¢]* cos® 0) | sin 0] = 4]¢ + n||n||sin6]. (4.59)
Throughout some algebraic manipulations, the ) can be rewritten as

2Q =(t+ o+ ¢+ (0 + )+ (T + 0 — [+ n])*(c — In)*+
41 + o)o(e® — |€]?). (4.60)

Now the integral I}, ; can be split into three parts according to (4.60). For

simplicity, we will assume k > [, while the other case is similar.

Claim.
/ do~2,, o>2 |¢+n>2% E(r,¢)>2 (461
(e — [€] cos§)1 2% sin O C
df < 4.62
L e G g o
—r2ktt ot
1
—r42k—1_9l+1 — ‘f’ ) o 920k F126
e+\§]c0s0)1 2 C
nfdd < —— 4.64
/0 (e — |&] cos )2 elo—1 (4.64)
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The proof of the claim will be given in the appendix.

Now for the first part, we can estimate

By [ M ) ot et a4,
’ Dy W2(T—|—O',§—{—77)W2(0', 77)
1 1 —2a 1 —2a
Y (SRS R UES S
22 Jp, | (r+o—1¢+n)
1 1
< dodn
22y TET a2 (] + 1)2
C € +nlln||sin 6|
L dpddd
=2 e+ 12
C [ (e —|&| cosB) =2 sin )
C dd
22 (et fefeospyiEa
C okt _gl—1 1 C
< — —de < — = -
T2 kg (2 = [€[2)2 T 1920k 26 (4.65a)

The argument for the possible cases of —7 + 28=1 — 2141 < |¢| is not
harder than that in (4.65a).

For the second part, we derive

M—22(€ + )M ~2*(n)(r + o — € + )% (0 — n])?

I (7.6) = = 7 Ao
! D W2(1 + 0,6 +1)W?2(0,n)
—2a —2a
SRV RSl (RS
22 Jpy, (o +nl)

o ! i

22kl fg (284 nD)2(1€ 4+ nl + 1)22(|n] + 1)2«
C‘/ € +nl|n||sin 0]

<— dedbde
22k | (204 (€ +nl + 1)22(|n| + 1)2«
C £+n|1—2a '

<— | 2—D——|sinf|dfde

R

C [ (e+|& cosf)l=22

_ﬁ (6_ ‘€|C050)20‘ |51n9\dc9de
rqoktl_ol-1
1 1
SQ% de < ¢ (4.65b)

k=1 _gl+1 eta—l - 2k E45'
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Again the argument for the possible cases of —7 + 28=1 — 2!+1 < |¢| is
not harder than that in (4.65b).

For the third part, we have

M2 (€ +n)M > (n)|r + olo(e? — [€?)
Dp.i W?2(r + o, €+77)W2(0,17)

=20 (¢ 4 ) MT=2(n) (e — |¢]2)
—ﬁﬂﬂ/) o letallo ) 0

< M2(e + ) M2 () (e? — |€]?)
_22’““ B 1€ +nl(2" + |n])

O [ kR,
=22 | {lg+ [+ 1)% (g + 1%

C [ (2= [{]*)]sind)
/ C dbde

— 22k+! _ |£|2 cos2 0)204

-
———de

S 22k-|—l

I,il(T, €)= dodn

dn

—rgok—1_9l+1 eter
_raoktl_gl-1 ~
C el 4 C 13
— 22kl —r42k—1_ol+1 elo—l 2L 220k pias

(4.65¢)
Now we return to the proof of (4.33). Combine (4.46), (4.56), we get

2(/1kl |-, —¢ \de§>

~

Kk | <], | o0

(0% Oé S
<y [T 7o gl
C M"‘G;<j Me G
Ve T s P o ”_9““ (4.66)
Finally, we have
E5 ~ E5 ~
— < H K+ K, ‘
B > gl .
/\oz « IV Tal 2
= (1—‘5C;l+5k HMA&Gk ‘ L2 G ‘ L2 = CHJ\{‘F) L2
k,l 2 2 2 2 SQ SQ S2 (4.67)
This completes the proof. ]

The estimates for the remaining cases are given in the following Lemma.
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Lemma 4.5. For j = 1,2 and k = 0,1,2,---. The following estimates
hold
Eé (k)ﬁ = ]/\Za@
| Spbr 0P Ae0) # (B)|, < O+ DT H il |||
(4.68)
B = ~ 1 MeG
Hg—leKj x (5£_J“>Ai,k)HL2 < Ok + )T 3| fi illire | s ‘ , (4.69)
B~ = MeG
HAl bT*Kl*KZH < CH ) 5 (470)
Sz L2
MeG
—— 4.71
|5 LR @)

The proof of Lemma 4.5 is a repetition of the arguments presented in

Lemmas 4.1, 4.2, and 4.4, so that we omit it.

Proof of Claim.

Notice that since h =€ +n|—|n|=—(t+oc—|E+n|)+(c—|n|) +7
thus we have

Proof of (4.61):

27 pnl <o <2 4 |y|  implies / do ~ 2. (4.72)
Proof of (4.52):

g < [ dean<2 [ dg <2 [l gl sinh| dedga
ol

k,l

C2
<ol gmn / / | sinh ¢| d¢dh

<ol gmn / cosh (5 — cosh (7 dh

T_Qk—1+21+1
T

_gk+1q i1 [3 €]
2n 2k: 1+21+1
<gtgmtn___ / dh < C2F+t92n, (4.73)
2m r_9k+19l—1
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The proof for (4.53) is analogous with the one given above.
Proof of (4.62): Let A = |[¢|/e. Change of variable t = 1 + A cos 6 gives

T . 1—2a 1+A 1—2a
/ (e |&]cost) —= i gap <= e=-H—"1,
o (e+[¢fcos@)tt2e N O )
C
SW. (4-74)

Proof of (4.63):

okl _gl-1 k
/ 1 de < 2
€=
Lok (€% — [€[2)2 (=7 +2k-1 —21+1)2 — |§|2)2a

C
< (4.75)
926k 26
The proof for (4.64) can be proved in the same manner. O

Before proving the (2.36), we first state an estimate for an oscillatory

integral and whose proof can be found in Stein’s and Sogge’s books, see

[S] and [So].

Lemma 4.6. Assume that the critical points set V¢ = 0 is such that the
Hessian V2¢ has rank n — 1. Then

NGO, C(¢,0)
K df‘ e (4.76)

Proof of (2.36):
Equip with (4.76) and (2.34a), for £k = 0,1,2,- - - we obtain

F! (E_2W§_2ﬁ$qu\k> (t, 33)‘

o| [ e [ 7 (BE ) ¢ - o)l €) dsu(e) de]
eTi(t=s)[¢| 0t
o [ [ e on s de T
io—y)exi(t—s)gl__Pr(E) et —s)|
/// y GEDE dg"g (o ias
22(1 ¥k
< [ [ sl (477
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This completes the proof of the estimate (2.36). O
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