A Direct Proof of Global Existence for the
Dirac-Klein-Gordon Equations in

One Space Dimension

YUNG-FU FaNG!

Abstract. We establish local and global existence results for Dirac-Klein-Gordon
equations in one space dimension, employing a null form estimate and a fixed point
argument.

0. Introduction and Main Results.

In the present work, we want to consider the Cauchy problem for the Dirac-

Klein-Gordon equations

Dy = ¢ (t,z) € R x R,
O¢ = Pi); (1)
77/}(0) = ¢0> ¢(0) - ¢07 8‘t¢(0) - ¢17
where 1 is a 2-spinor field takes value in C*, ¢ is a scalar field takes value in R, D
is the Dirac operator, D = —i7*0,, u = 0,1, and " are the Dirac matrices, which

can be written as follows. First let us define the 2 x 2 matrix oy,

o1 = (2 3). (2)

The matrices v* are defined by

I 0 0 o
0 _ 2 1_ 1
Y _<0 _12)7 7 _(_0_1 0)7 (3)
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where I5 is the 2 x 2 identity matrix, the wave operator 0 = —0y + 0., and
o =1"~%, where T is the complex conjugate transpose.

The purpose of this work is to demonstrate a new proof of null form estimate, see
[1], by employing a solution representation of DKG equations, which apparently is
more simple. In a way, we give an interpretation of the null form structure depicted
within the nonlinear term ¥, and it is different from that in [1]. This term has
been observed for possessing the null form structure, see[1] and [5, 6].

The energy for the DKG problem is not positive definite, therefore it is not

applicable. However we have the law of conservation of charge,

/|1/1(t)|2da: = constant (4)

which can be applied to derive the global existence result, once we establish the
local existence result. In this paper, the ”charge class” solutions mean solutions
with ¥(t,-) € L3(R).

In '73, Chadam showed that the Cauchy problem for the DKG equations has a
global unique solution if ¢y € H', ¢pg € H', ¢1 € L?, see [2]. In 93, Zheng proved
that there exists a global weak solution to the Cauchy problem of the modified DKG
equations, based on the technique of compensated compactness, with vy € L?,
o € H', ¢ € L?, see [8]. In ’00, Bournaveas derived a new proof of a global
existence for the DKG equations, based on a null form estimate, if vg € L?, ¢o € H*,
$1 € L?, see [1].

The approach we adopt in this work is as follows: First, we will derive the
solution representation for the Dirac equation, while the solution representation for
the wave equation is well known. Next, we will use it to estimate the quadratic

term 7). In addition to this, the derivations of some necessary estimates become
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straight forward. Finally we can prove the local and global existence results of DKG

equations, which are parallel to those in [1] and [8].

The main result in this work is as follows.

Theorem 1. (Global Ezistence) If the initial data of (1), ¥9 € L?, ¢o € H',

¢1 € L?, then there is a unique global solution for (1).
1. Solution Representation.

Recall that, for the wave equation,
{ O¢p=F, (t,z)e R xRY
¢(0) = ¢07 ¢t(0) = ¢17

the solution representations is as follows:
x+t—s

20(t, ) = [¢0($+t)+¢0$—t / o1(y dy—l—//x F(s,y)dyds.

t+s

Consider the Dirac equation,
Dy = G (t,r) € Rt x RY,
{ ¥(0) = vo.
First we take D on the Dirac equation, then (7) becomes
Oy = DG; (t,z) € R! x RY,
{ $(0) = o,  0(0) = —%" Lo
Applying the formula (6) and simplifying the expression, we finally have

20(t,x) = (7 + )7 %o (z + 1) + (7° = )7 %o (@ — )+

t t
z/ ('yo+’yl)G(s,x+t—s)d$+z’/ (" =G (s, —t + ) ds.
0 0

(9)

The formula (9) can also be derived in the approach via Fourier transform. First

we take the Fourier transform on the Dirac equation (9) over the space variable.

Then we solve the resulting ODE to get a formula for @(t,g). Finally we take

the inverse Fourier transform to obtain a solution formula for ¢ (¢, ). We will not

present the derivation of (9) via Fourier transform approach, due to the fact that it

is straight forward.
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2. Estimate.

Lemma 1. For the solution of the Dirac equation (7), we have

(ol < C(oles + | 1G] 1ads). (13)

This can be shown directly.

Consider two Dirac equations,

Dy: =G, ) =1,2
{ 77Z}_7 7 .7 »“H (14)
¥;(0) = v
Lemma 2. (Null Form Estimate)
o T T
[B10allagorran < (ol + [ 1G ) zads) (Isualez+ [ 1Gas)lods)
(15)

Proof. For simplicity, we demonstrate a special case when 1)1 = 15, and the general

case will follow. Consider the Dirac equation (7) and write its solution as

2h(t,x) = Uy + U_ +iVy +iV_, (16)

where
Us(t,z) = (v° £9")7"o(z £ 1), (17)
Vi(t,x) = /0 (Y* £ N G(s,z £ (t — s))ds. (18)

Throughout calculations, we get

U+U+ - U_U_ — V+V+ — V_V_ — O, (19)

UV, =U_V_=V, U, =V_U_=0, (20)
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and

1U U2 jo,1),22) < ClltbollZz, (21a)
T
VU leaoimyan < Cloallzs | 1G(s)zads, (21D)
OT
T V-llzago ooy < Clbollze | 1G(5)zeds, (21¢)
T i 2
IV V_llL2(o.1).L2) < C (/0 HG(S)HdeS) : (21d)

The rest cases are analogous. Among these cases, we only demonstrate the case of

V. V_. Since
- t ot
Vi Ve = 2/ / Gl(s,x+t—35) (7" —y)G(r,x —t + r)drds, (22)
o Jo

hence we have

IV V-l L2o,),12)

<C </OT/ (/Ot /Ot IGT (s, 2+t —s)(7" —’yl)G(r,x—t+7‘)\drds>2dxdt>
e [ ([ fleten i

T ,pT
<c [ [ 166G adrds
0 0
T

<C (/0 IIG(S)IIL2d8) : (23)

This completes the proof of the lemma. U

=

2 2 2
)G(r, x—t+r) dxdt)| drds

Lemma 3. For the wave equation (10), we have the energy estimate
T
o)l + l@e @)z < C(T) (II%IIH1 + |l +/ ||F(S)||L2d5> - (29)
0

This can be derived directly.
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3. Existence.

Let (¢, ¢) and (¢, ¢') be two charge class solutions of DKG equations. We define

the following quantities:

J(0) = l[Yoll> + li¢ollar + llPnllze; (26a)
J'(0) = lldbollz + dollar + 671l 22 (26b)
J(T) = sup (Y@l + el + @) 22) 5 (26¢)
J(T) = sup ([ Ol + Nl Ol + 19" @)]22) ; (26d)
A0) = [[to = Yollzz + lldo — Gl + N1 — S1 1|22 (26¢)

A(T) = sup ([[¢(t) = &' @) L2 + [6(t) = &' (D)l + 1| @e(t) — ¢(D)]]22) -
(0,71 (26f)

Lemma 4. For the solution of the DKG equations (1), we have

le(®) | 2o ) < C(T, J(0)). (27)

This can be obtained by using the solution representation for ¢ and the law of

conservation of charge, see [1].

Lemma 5. Let T > 0 and let (¢, ¢) be a charge class solution of (1). Then there

exists a constant C' > 0, depending only on T and J(0), such that

J(T) < C(T, J(0)). (28)

Proof. Since [[t(t)||2 = |[¢o||12, this takes care the first term of J(T'). For the
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terms involving ¢, we first compute

T T
| 1POlds = [ (50 ads
0 0
< T2 [l 20,77, 22)

T (Joolls + [ 1Pz

IN

IN

T30+ [ 166 I9)z2ds)
C(T, J(0)T*%. (29)

IN

Now we apply the energy estimate to get

o[ + o8] 2 < C(T) (J(O) +/0 |!F(8)|!L2d8>

< (T, J(0)). (30)
This completes the proof of the lemma. [l

Lemma 6. LetT > 0 and (¢, ¢), (¢, ¢") be two charge class solutions of (1). Then

there exists e > 0, C > 0, depending only on J(0) and J'(0) such that if T' < €, then

A(T) < CA(0). (31)

Proof. Consider the difference of the two solutions, we have the following equa-
tions:

{ D —¢') = (o= ")+ ¢'(p =4, (32)

D¢ —¢') = (¥ =) + 4 (¢ = ¢).
For the first term of A(T), first we compute
(

D@ — ") ()|l 2
<llé(s) = ¢ ()l ()l 2 + 16" ()l o= I (s) — ¥ (5)]l >
<llé(s) = &' ()11 7 (0) + C(T, J'(0) I (s) — ' (s) || >

<C(T,J(0),J'(0))A(T). (33)
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Invoke (13), we have

() = @)l <C (o = Vhlls+ [ 1D = 0')(5)zeds)

gC(A(O) +C(T, J(0), J’(O))TA(T)). (34)
For the other two terms, first we calculate
T
/0 106 — ') ()| 2dls
T _— R
< [ I s + 70— )5 s
<T% (1[0 = 9 le + [T (@ — ¥z ), (35)

then we calculate, invoke (15),

W=l
T T
<0(lin = vallis+ [ 1P = 0)(6)lzds) (Iolle + [ 1D0] 1)

gC(T, 7(0), J’(0)> <A(0) + TA(T)). (36)
The calculation for ||1)’ (¢ —¢')||L> is the same. Therefore, applying (25), we get
o) = &' )l + 6e(t) — ¢, (E)]l 2
<C(T) <H¢o = ollm + |1 — ¢illr2 + /OT 18(¢ — ¢')(8)\|L2d8>
<C(T) <A(O) +TEO(T, J(0), J’(O))) (A(O) + TA(T))
gc(T, J(0), J’(O)) (A(O) + TA(T)). (37)
Now we assume T < 1, thus

C(T, 7(0), J’(O)) < C(J(O), J’(O)) - 0(1, 7(0), J'(O)) (38)

and

A(T) < C(J(O), J'(O)) <A(O) + TA(T)). (39)
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This concludes the proof. 0

Combining (28), (31) and an iteration scheme, we have the following local exis-

tence result.

Theorem 2. (Local Ezistence) Let 1y € L*(R), ¢9 € H'(R), and ¢; € L*(R).
Then there exists a T > 0, depending only on J(0), and a unique charge class

solution of (1) defined on [0,T) x R.

From Lemma 5, we have the inequality,
J(T') < C(T, J(0)), (40)

which ensures that we can always extend the solution beyond T'. Thus we have a
unique global solution for the Cauchy problem. The idea of this type of argument

is originated by Segal, see [7].
4. Remark.

Using the solution representation in Fourier transform, we can take full advantage

of the null form structure and derive the null form estimate,

) , (41)

where W = ‘|T’ — & |‘ + 1. Equipping with this estimate, together with other

_ &
[Fellze < C (H%HH =

estimates, the result of global existence can be improved, i.e. if 1y € L? (R), ¢o €
H? (R), and ¢1 € H 3 (R), then we have a unique global solution. The proof will

appear elsewhere.
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