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1 Introduction

In the present work, we want to consider the Cauchy problem for the type
of Dirac-Klein-Gordon equations

DY = o1 (t.2) € R' xR,
{ O = ¢y°; (1.1)
1/1(0) = wov ¢(0) = ¢07 at¢(0) = ¢17

where the vector function v takes values in C*, the scalar function ¢ takes

values in R, the Dirac operator D := —iy"d,, p = 0,1,2,3, v° = in"y1y?+3,

and ~* are the Dirac matrices
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the wave operator [0 = —0y; + O,q, and ¢ = T9°, where 1 is the complex
conjugate transpose .

Chadam showed that the Cauchy problem for DKG equations has a global
unique solution if vy € H', ¢g € H', and ¢; € L? in 1973, see [4]. In
1993 ,Zheng proved that there exists a global weak solution with 1, € L?,
¢o € H', and ¢; € L? see [9]. In 2000, Bournaveas gave a new proof of
a global existence for the DKG equations, by using a null form estimate, if
o € L? |, ¢o € H', and ¢, € L?, see [3]. In 2003, Fang obtained a simple
direct proof for the problem and the result is parallel to that of Bournaveas,
see [5].

Our purpose of this work is to demonstrate a proof of a variant null form
estimate, see [5]. The motivation of studying this type of nonlinearity, 1y,
comes from the fact that it is a bilinear covariant of Lorentz transformation,
see [2]. Notice that the quadratic term can be rewritten in the following
form:

VY = 23(11ds + Paidy), (1.2)

i.e. the imaginary part of 2(1113 +191),), where the 1;, 7 = 1,2, 3,4, are the
components of the vector ). We give an interpretation of the null form struc-
ture different from that in [3]. The nonlinear term has the null form structure,
see [6, 7]. Notice that the Dirac-Klein-Gordon equations in one space dimen-
sion can be decoupled into two similar subsystems, in other words, 1 can be
taken as 2-spinors, instead of 4-spinors, see [4, 9].

We adopt the approach and ideas in [3, 5] and make necessary modifica-
tion. First, we derive the conservation law of charge,

/ 14 (t)[*dx = constant, (1.3)

which can be applied to derive the global solution existence for the DKG-type
equations. Next, we write down the direct solution representation and use it
to estimate the nonlinear form 171, and the derivations of some necessary
estimates become straight forward. Finally we can prove the local and global
existence results of DKG-type equations with data vy € L?, ¢y € H', and
¢1 € L?, which are called charge class solutions.

Theorem 1 (Global Existence)
If the initial data of (1.1), 1o € L? ¢y € H, ¢, € L?, then there is a unique
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global solution (v, @) for (1.1) and (¢, ¢) € C([0,00) x L?) x (C’l([O,oo) X
H')x ([0, 00) x L2)>.

2 Solution Representation

Consider the Dirac equation,

{ Dy =G; (t,z) € R x R,

(0) = to. (24)

Using the equation
Iy = DDy = DG,
the solution is
T+t

20(t,x) = [wo(as + 1) + o(x — t)] + /_t V0,00 (y) dy
r+t—s

t t
—l—z”yo/ G(s,x+t—25) —I—G(s,x—t—i—s)ds—i—i”yl/ / 0,G (s, y)dyds
0 0 r—t+s
= (7" + )7 o(z + 1) + (7° =y )7 ol — 1)
t t
+ Z/ (7" + "G s,z +t — s)ds + z/ (7 —=ANG(s,z — t+ s)ds.  (2.5)
0 0

Recall that , for the wave equation

O¢p=F, (tz)eR xR
{ 50) =0, 3(0) =6, (26)
the solution of the equation is
T+t t patt—s
20(t, x) = —t t d F(s,y)dyds.
o) =ana—t)+onfe+ 0+ [ o+ [ [ Py -
2.7

3 Estimates

Lemma 1 We have the law of conservation of charge, i.e.

/ [ (t)|*dt = constant.



Proof. The equation Dy = ¢ implies

Y+ Y, = iy (3.8)

Multiplying (1.3) by 9" and it’s complex conjugate transpose by v, and then
summing up ,we get

O (|[v?) + 0, (17 ') = 0.

This completes the proof.

Lemma 2 For the solution of the Dirac equation ,we have

0@z < C(aloll+ [ G lds). (39)

This can be shown straightforward, using the solution representation (2.3),
so that we skip the proof.
Consider the Dirac equations

{ Dy; =G, j=1,2
¥;3(0) = o5

Lemma 3 (Null Form Estimate)
1917 ¥all22(07).22)

T T
<0(||¢01HL2+ / HG1<s>Hdes>(||w02|rm+ / HG2<s>\|des> (3.10)

Proof: For simplicity, we prove a special case when 11 = 1), and then the
general case will follow. Consider the linear Dirac equation and write its
solution as

2(t, x) = Uy + U_ + iV, +iV._, (3.11)

where
Us(t,x) = (7° £ 47 "o(x + 1), (3.12)
Vot z) = /Ot('yozlzfyl)G(s,:vi (t — 5))ds. (3.13)



Throughout some elementary calculations, we get

Uin’Us =Viy'Ve = Usy’Ve = Viry’Us = 0,
thus

U7 Usl|2o.0).22) < Clloll7e,

T
V47" Us | 2qory.o) < Clidollze / 1G(s)]] s,
0
T
TVl xqorn.zo) < Clidollze / 1G(s)]] s,
0

T 2
||V:|:’Y5VZF||L2([O,T),L2) S C(/ ||G(S)||L2d3) .

(3.14)

(3.15)

(3.16)
(3.17)

(3.18)

The calculations for these cases are analogous. Among these cases, we only
demonstrate the case of U, ~v°U_, V,~°U_, and V_~°V_. For convenience,

0

we denote v = (7° —v1)%9°(4° —41). Since

T ;
TV |r2om),22) = ( / / [ (x + 1)7°97 %o (= —t)\dedt)
0

T 3
SO( / / |w$<x+t>|2|¢o<x—t>|2dxdt) — Ol

If we use Minkovski inequality, we get

VvV 2o,

_ (/OT/’/OtGT(S’xJFt_S)’V’YOwo(:c—t)ds 2dwdt>;
) C/T (/T/ (GT(s,z+t = s)P|o(x — t)|2dxdt) %ds
0 0

T
<Cllunllis [ 166 12ds
0




Finally, for the nonhomogeneous term, we have

VvVl 2 (o.),22)

_ (/oT/</ot/ot’GT(S’““S>’YG<73:E—t+r)\drds>2dxdt>5

SC/T/T /T/yGT(s,x+t—s)|Z|G(r,x_Hrwdmt)édrds
C/ / G (8)|]22]|G (1) 2drds

: (/ G| zzds)

This complete the proof of the lemma.

Lemma 4 For the wave equation, we have the energy estimate

19Ol + 116101z < D) il + lonlla + [ 1IF(laads).

(3.19)
Proof. For the solution of wave equation (1.9), we have
20(t, ) =
T+t—s
ooz +1t) + po(z — 1) + / o1 (y dy—l—// F(s,y)dyds.
r—t+s

Differentiating ¢ (¢, ) with respect to ¢ and x, respectively, give
20,4(t, %) = ooz — 1) + Dao(z + 1) + (dn(z +1) — bz — 1))
—i—/tF(s,x—l—t—s)—|—F(8,x—t+s)d8
2010(t, x) = atd)(())(x — 1)+ Opo(x +1t) + dr1(x+ 1)+ d1(x — 1)

t
—l—/ F(s,x+t—s)+ F(s,x —t+ s)ds).
0

The above equations imply (3.19).



4 Existence.

Let (¢, ) and (¢, ¢') be two charge class solutions of the DKG-type equa-
tions. We define the following quantities:

J(0) = [[vollz + l|gollr + [|1]] 22 (4.20)
J'(0) = [[9oll L2 + ool ar + |41 (4.21)
J(T) = [SOU%(H@W)HB +[o@)[|ar + [|6(E)|]22) (4.22)
J(T) = E)U%(H%//(tmw + 1" (O] + ¢ ()] 22) (4.23)
A(0) = [[vho = Ypll 2 + [P0 — Dol + [|o1 — D122 (4.24)
A(T) = [S()Ujg(||¢(t) — ' (O)lz2 + D) — ¢ ()| + ||de(t) — d(0)]]22)

| (4.25)

Lemma 5 For the equations (1.1), we have
16| o= (ry < C(T', J(0)). (4.26)
Proof. Write ¢ = ¢, + ¢ where ¢, is the solution of
Oor =0, ¢(0,2) = ¢o, 0191(0,2) = o1,
and ¢y is a solution of
Doy = 97"y, on(0,2) =0, 0pn(0,2) = 0.

Apply the standard energy estimate and the Sobolev inequality to get

oL (O[L=r) < ClloL(t)|[m )
< C(T)([|dol |z ry + [|D1]]L2R)) < C(T)J(0).

We use the law of conservation of charge here to get

r+t— s

|¢NtZL’|<C

(s, )7 0(s, y)dyds
rx—t+s

<C’// V(s y)|*dyds

<c / [6(5)] Zaquyds < CT 0| Bagay



Since ¢y + ¢, = ¢, we have
¢(@)||2=r) < C(T', J(0)).
O

Lemma 6 Let T > 0 and let (v, ¢) be a charge class solution of the DKG
equations. Then there exists a constant C' > 0, depending only on T and
J(0), such that J(T)) < C(T, J(0)).

Proof. Since ||[¢(t, z)||2 = ||¢(0, z)||12 and

1601 + [16:(0)]|22 < C(T) (||¢o||H1 e+ [ ||F(8)|!L2d8)»

we compute
T T L
/ ||F<s)||des:/ 1979 (s)|lr2ds < T2 |[y° || L2o,m )
0 0

< CT;(H%HB v ||¢<s>w<s>||pds)

T} (J<o>+ / rr¢<s>\|Loorw<s>r|L2ds)
< C(T, J(0))T. (4.27)

Now we can get

16(®) s + [l (®)llz2 < OT ( / I1F(s ||L2ds>
< C(T,J(0)) (4.28)

This completes the proof of the lemma. O

Lemma 7 Let T > 0 and (1, ¢) and (', ¢") be two charge class solutions
of the DKG equations. Then there exists a constant € > 0,C > 0, depending
only on T and J(0) and J'(0), such that if T < e, then

A(T) < CA(0). (4.29)



Proof Consider the difference of the two solutions, we have

D(p =) = (o= )+ ¢' (v — )
O(¢ — &) =0 =" + 9y (¥ — ). (4.30)
Recall that the quantity

A(T) = sup(|[v(8) = ' (D] z2 + [6(t) = &' )| r + [ de(t) — Dyl 2)

0,7)

We compute the first term of A(T). Since

ID(W — ') (5)]12 (4.31)
<llp(s) = &' ()l lltp ()22 + [1¢ (s)lLoe[¥o(5) — &' (s)lL (4.32)
<|lg(s) — &' ()l [[Yollz2 + @' (s)l| oo [[0(s) — ¥ ()] 2 (4.33)
<C(T,J(0),J'(0)A(T), (4.34)
thus we can get
166) = ¢/l < C (o= dgll+ | 1D = /)(3)l12d)
< C(A(0) + C(T, J(0), J'(0))TA(T). (4.35)

For the other two terms, by invoking Lemma 3, we first calculate
o T
=%l < (o — il + [ 1D = 9)(5)l1nds):
0
T
(lalles+ [ ID@aeds). (436)
and the calculation for |[1)"7°(¢) — 1')||2 is the same. Then we compute
T
| 186 = #)6)l1nds
0

< / @ =706z + [T — &')(8)]| 2

< T3 ([(0 = 9l 2oz + 10 (@ =) 2qoayes)- (437)
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Therefore, applying (3.19), and we get
16() — & (®)llan + 1n(6) — 61(0) 12
T
<C(T)(l160 — dhllan + lén — i112x + / 106 — &(5)) | 2d3)

<C(T)(A(0) + T=C(T, J(0), J'(0))(A(0) + TA(T))
<C(T, J(0), J'(0))(A(0) + TA(T)). (4.38)

Now we assume 71" < 1, thus we can get

C(T,J(0),J'(0)) < C(J(0),J'(0)) = C(1,J(0), J(0)) (4.39)
and
A(T) < C(J(0), J(0)(A(0) + TA(T)). (4.40)
This concludes the proof. O

Theorem 2 Local Existence

Let 1y € L*(R), ¢o € H'(R), ¢1 € L*(R) then there exists a T > 0,depending
only on J(0) and a unique charge class solution of DKG-type equations de-
fined on [0,T) x R

proof: Let (¢°, ¢°) be the solution of

D) = 0; (t,z) e R x R
Oe¢ = 0; (4.41)
¥(0) = tho, ¢(0) = ¢o, 8¢(0) = ¢n,

(¢!, #') be the solution of

Do = ¢%0%  (t,7) €R x R!
{ O¢ = 40940 (4.42)
1/}<0) = wo: QS(O) = ¢07 3t¢(0) = ¢17
and (Y*T1 ¢*F1) be the solution of
Dy = gk (t2) €R xR
{ O¢ = ¢FyPyk; (4.43)
¢(O) = ¢0a ¢(0) = ¢0a atgb(o) = gbla
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where k =1,2,3,---. Thus we have

15(t) = ¥ (0|2 < THIC(T, J(0)) + T*2C(T, J(0), k€N,
16%() = "7 (D)l < T*IC(T, J(0)) + TH2C(T, J(0)), k€N,
10:0F () — Dh0* (1) 12 < T*'C(T, J(0)) + T*2C(T, J(0)), k€ N.

So we can get, for m > n
™ (8) = " (O)l]2 + [[9™ (8) = " (O)|[ 12 + [|01¢™ (£) — D" ()] 2

11— T )
S B e (AR ()

Since T' < 1, we get ||y —4"|| 2 — 0 as m,n — oco. We obtain that {¢)*} is a
Cauchy sequence in L2, thus its limiting function 4 is the solution. Similarly
we can get {¢F} be a Cauchy sequence in H! and its limiting function ¢ is
the solution. Thus if 0 < 7" < 1, then there exists a solution (¢, ¢) for (1.1).
Finally Lemma 7 gives us the uniqueness of the solution. O

The existence of the global solution is ensured by the law of the conser-
vation of the charge.
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