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On a Bilinear Estimate of Schrodinger Waves

Yuug-fu Fang

Abstract

In this paper we want to consider a bilinear space-time estimate for homogeneous Schradinger equa-
tions. We give an elementary proof for the estimates in Bourgain space, which is in a form of scaling
invariance.

1 Introduction

Consider the homogeneous Schrodinger equations

{ uy — Au =0, (z,t) € " X R, { iy —Av =0, (z,t) € " x R, (1.1)

u(0) = f; v(0) = g.
Via Fourier transform, the solution v and v can be written as
u(t) =e™2f and  o(t) = e 2. (1.2)

Thus to study the estimates of the product of Schrodinger waves, uv, is to study the estimates
of the product ' .
e UA femihg (1.3)

There are many literature investigating on the topic of bilinear estimates for Schodinger
waves. Iu 98, Ozawa and Tsutsumi [OT] proved an L? estimate for v with $ derivative for
n=1,

. ) 1
A L jzlA (e WA ‘ — _— ||f 2. 1.4
[t ne g, = el (1.4)
In 98, Bourgain [Bo] showed a refinements of Strichartz’ inequality for n = 2. If f is
supported on |£] ~ N, g is supported on |[£| ~ M, and M << N, then
[(e* 2 ) (e 29)]| 5 < u %Ilfl\ml\glm (1.5)
ta N

In "01, Kenig ete. [CDKS] obtained a bilinear estimate in Bourgain space for nonlinear
Schrodinger equation in two dimension. Let b= 2+, If =% — (1 —b) < s and o < min (s +

1,254+ 2(1 — b)), then

Xsb ”U”Xs-b - (1.6)

. . . . . n+3
In '03, Tao [T1] obtained a sharp bilinear restriction estimate for paraboloids. Let ¢ > —

[uvll oy S Jlul

n>2, N >0, and f and g have Fourier transform supported in the region |{] < N. Suppose
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that dist(supp f suppg) > ¢N. Then we have
LA g i e nt2
e Fe %l g (gueny S N2 M 22 lgllaz (17)

In ’05, Burq, Jérard, and Tzvetkov [BGT] derived bilinear eigenfunction cstimates on sphere
and on Zoll surfaces. In '09, Keraani and Vargas [KV] showed a bilinear estimate of wv in

L* norm, where n > 2. If b € (0, +,) then

(1.8)

lleﬂ[,A fe—ltA n+z

9l ey S

In 09, Kishimoto [K] derived an improved bilincar estimate for quadratic Schrodinger equa-
tion in one and two dimensions. The estimate is in a variant of Bourgain space with weighted
norm. In '10, Chae, Cho, and Lee [CCL] proved an 1nteract1ve estimate of uv in a mixed
norm. Let n > 2. Ifg-—n(l Hol<r<2, g>1 s < , then

e fe gl g < CUF i lgll i (19)

Hs

Let D, S., and S_ be the opcrators with the symbols

def

D, 5, ¥ i+ (¢P|, and S_=|ir| - [eP, (1.10)

respectively.
Theorem 1. Let n > 2. If for j = 1,2,

. ) n—2
Bo+ 204+ +28-+ Ty = + g,

B >0, ﬁ_—a,-+”—;—1 > 0, (1.11)
(30 # 0,50, and gy > ="
then
|prszes=(em2pe )|, o < Pl ol oy (112)

Notice that Strichartz Estimate for Homogeneous Schrédinger equation for n = 2 reads

lullzs < N llas

which coincides with the bilinear estimate
fullZs = lluultiz S U N2l Fllz2,

when

Jozﬂ+:ﬁ_:a1:a2:0.

The estimate is given in the form of scaling invariance. The conditions stated in the theorem
come from the scaling invariance and interactions between frequencies.
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The proof of Theorem 1 is based on the idecas of the work of Foschi and Klainerman [FK],
and the work of Klainerman and Machedon [KM], however some modifications for adapting
the case of Schridinger are required. The purpose of this work is to derive a new cstimate
with an elementary proof.

The paper is organized as follows: In Section 2, we prove Theorem 1. In Section 3, we
state and prove somc properties which are the technical parts left in the proof of Theorem 1.

2 Bilinear Estimates for Schrodinger waves

We denote the Fourier transform of the function u(¢,z) by (t, £) with respect to the space
variable and by u(7, §) with respect to the space-time variables. For simplicity, we call

S fog a28. 20
A = D% 57 57,
We now prove Theorem 1.

Proof. First we compute the Fourier transform of the product e #2 fe~"*2g with respect to
space variables,

B R(e) = [ e gty = [ I e gy
Thus its Fourier transform with respect to space-time variables is
[ ot =l = = i) e — mpatmyan.

where §(7 — |£ — n|* — |n|*)dn is viewed as a measure supported on surfaces {n : 7 =

& = nl* + [nl*}.
We split the integral into three parts in the following way. First we define a function
2y -1
) & Y 1)

which will appear in the proof later, sce figure 1. Since the equation 2(y) = 1/3 has two roots
9 + 6v/2, we denotc the two roots by v; = 9 — 6v/2 and Yo = 94 64/2. Then we decompose
the n-space into S, U S, U S, see figure 2, where

, def 1 .

‘Sa = {77 : 5 5'2 S |£ - 77|2 + |77|2 S 71|§|2}5
def

So = {n el <€ =l +|n* < 12l€*}, and
def P

Se = {n:mlEl? <€ =nl* + n*}.

Thus we have
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Figure 1:

Sc

//\ n-space
Sb

P

Figure 2:

Hpﬂogﬁ+ g% (e—imfe—img)

= // ‘/57’“5 02 = %) F(€ = m)d(n)dn deE (2.3)
- // -/'a +/b,, / 3(r — l& — nl* = ) F(& = mamdny erdg.

Hence it is sufficient to bound each of the above integrals. For simplicity, we denote ®(n) =
7—|€=n>—|n|2. Using Holder inequality, we can bound the first integral in (2.3) as follows.

// A / 7~ [& = nf* = [l J(€ = m)g(n)dn

Jf4 1 e = n|2al|n|2uz an [ 5(@(m) i€ =l Fi& = winl**5to) * dndrd
// {/ 5@("))(#}I'f'”lmvf(ﬁ—n)Inl”ﬁ(n)l dnde < O£l gor 1] e

2

drd¢

IA

IZA

provided that

~ [ o(®mn) ,
A/ — 1 dp < C, forall 7,¢& 2.4
s, 1€ = mlP[nl?e2 ¢ 24)
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For the second integral we can get the desired bound in the same vain,

2
JJA|[ stwanfic - maenn| drde < Clslan ol (2.5)
J S
provided that
A O(®(n) dn < C, forall 7, & (2.6)

s = e e
Notice that we have | — 5| ~ || and [£ — ¢| ~ || on the set S,. Using the fact that

|z|* = zz, the Fubini theorem, and change of variables, we can bound the third integral in
(2.3) as follows.

/]
J[ A [ s@tinfic - watian [ aetonFic - piatortparas
///A'J(‘P(U)HI’(S—W) F& —mam) F(9)3(€ — )didnde

(/// = (I() 2 7)| a1+ag ‘lwl‘”f lnl“”g(n)‘ dpdndg)l/z.
(/// (1§ - @HE n|)u1+az

Hence we have the fol]owing bound

J] [, e Teotaraon) dein < €151

provided that

2

drd§

(P () J(& ~ n)§(n)dn
Se

N

1/2
1€ — ™ (& — )€ — nl*2G(e — n)’ d¢dnd€> :

‘(J”Haz

/ /T(S( (n) = (&~ ¢)) d¢ < C, for all v and 7, (2.7)
T (lln|)ortes

where T, & ¢ 1 |6~ o2+ |, [E—nl>+ |2 > 1|2} and 7 = [€— o2+ [pf? = |€— 2+ |n]?.

Therefore the proof of the Theorem is complete once the claims, (2.4), {2.6), and (2.7) are
proved. O

Remark 1. What left to be done are the following estimates. Claims: There is a constant
C which is independent of 7, £, ¢, and 1 such that the following inequalities hold.

~ Y _ _ 2 _ 2
D G5+ §20- / O(T| : _'57”2;71"”'20}2” )dn <C, foralr € (2.8)

PO Sl — _ml2 2
Dzﬁosiﬂjtsiﬂf‘/s (T|€ _Ifnlk,z{m'zaljﬂ )d’I] <C, for all 7, €. (29)
b
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~ oo c26s g2 01 = @l + lel* — 1€ — nl* — Inf*)
D% 525+ 520 z de < C, for all g andn,  (2.10)
/Tc N (lpllmlyortoz

where T = € — @2+ |@|* = |€ —n|> + n|>. The proofs of the above claims will be given in the
next section.

3 Proofs of Claims

Now we are ready to prove the claims. First we prove the claims which come from the proof
of bilinear estimates for uv.

1
Lemma 1 (Claim (2.8)). Let S, = {n: §\§|2 < P4 1€—=nl* < mlEPY. If Bo+20++28- +
n—2
2

=, + oy andn > 2, then

. . e (2 |2
Dgﬁogimgy_/ <5(TIf € |2771| - Gl )dné c (3.1)
Sa — |20 |n|2ee

for all T and €.

Proof. We set ¢ o R(n - g) where R is the rotation such that RE = |€|er, then we have

the indentities . 1
6~ nl = |c = 5leles] and = [c + Slelea) (3.2
Then we use spherical coordinates

def

C= (X1, Xn) " pleos @, singw') & pw, (3.3)

where w € S™ and w' € §*7!, so that we can rewrite the integral in (3.1) as

S =€ P =) / 1 oyt
dn = dw, (3.4
/ € — e e € — nes [l [ — dpo] )

1 .
where pj = 1(27' — |€]?). Using the identity dw = (sin¢)" 2d¢pdw’, the identities for |§ — 7|

and |n| in (3.2), and the change of variables p = cos ¢, we can simplify the integral further.

1 B O P{)L_Z /1 (1 _p2)(n—3)/2
__—__Vn ¢ n d ~ [ .
// Tt el ~ S | T e 39

20€lp0 _ [ElV2T — &7

where A = = . Notice that 0 < A < 3 under the restriction 7 =

—

-
|€ = nf* + |n]* for n € S,.
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def V2y—1

We set 7 = v]¢|? which implies that A =
2, and py = $/27 — 1|¢| < |€]. Thus we can estimate the quantity

1
= h(v). Then we have 3 <y <m

which implies that 7 ~ [&
in (3.1) as follows.

€= gpafpes M

e (V=TGN (=g
)

525@23@2&/ S(r =€ =nl* =)
+ —
Sa

< 200+40++48- —2a12az _
<K i T e (=
n—2
The above quantity is bounded if we require that n > 2 and 3y + 28. + 26_ + & 5 =
o1 + Q. O
Lemma 2 (Claim (2.9)). Let Sp = {n - wl&)> < In> + € —n]* < wl&)*}. If
. . , n—2
/:j() + 2,d+ + 2,5_ + T = o + Qy,
n—1 n—1
n22 Azeg -l 20, and (Bag) #(0.0),
for 3 =1,2, then
) S e 2 ]2
D2ﬂo§iﬁ+§zdf/ O(T |£ 277| . |77| )dn < C, (36)
PR S/ U

for all T and €.

Proof. As in the proof of Lemma 1, we set ¢ o R(n - %) where the rotation RE = [€|eq,

and

¢ = (X1 Xa) © pleos o, singw’) & pw. (3.7)

Using the above, the identity dw = (sin ¢)" 2d¢dw’, and the identities for |¢ — 7| and |n|, we
can rewrite the integral in (3.6) as

_ _oml2 2 n—2 1 1 — 2\ (n—3)/2
/ S(r — ¢ 2{:/! 2alul ) iy ~ o / (L -p) i, (3.8)
s € — PP T [ (T ) (1= )

20€lpo _ [€lV/27 — [€]”
. :

1
where pj = Z(QT — |£]?), the change of variables p = cos ¢, and A =

o 1 .
Again we set 7 def 7|€]? and then we have y; < < v, and 3 < A < 1 under the restriction
7 =1& — >+ |n|* for n € S,. These imply that

1P~ (=), and po = 5/ T~ [gl (3.9)

T~ g
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Now we can combine the above observations to simplify the quantity in (3.1) as follows.

ﬁz,[a[,gimgzﬂf/ 6(r = 1€ —nf* — ) i

s, €= mnlin[?e

—~ |§|2ﬁu+4ﬂ} +48_4+n—2-201—2a2

f\’/_l

23. (1 _ ) n—3)/2
/ dp.
a1+ /\p)“‘ (1= Ap)e
To bound the above integral we split it into two parts, one is over [-1, 0] while the other is
over [0, 1]. Since the estimates for the two parts are the same, thus we only prove the second

part. First we have
1 _ 2\(n=3)/2 11 = p)(n=3)/2
1 1
/ e dP”/ C oy (3.10)
Jo (14 Ap)ar(l — Ap)e o (1—=2Ap)

Using the change of variables p = —(1 — A)q + A, the integral is changed into

n=3 49 g, 25 (1 + q)(n—3)/2
(1—=2A)z aTg T
1 (1 A+ Ag)e

dq.

Again we split the above integral into two parts. For the first part, we have
1 (n—3)/2
1+
[l
Jo (T + A+ Ag)e
provided that n > 2. For the second part, we have
(1—X)""3" 2 for

A P

X (1 + q)(n—3)/2 AN, _ n—1
Sl VAR Sy [log(1 —A)| for g = "5,
/1 L+ A+ Age 1 T2

C for oz>"1

Thus we get

(n 3)/2 p
/ (1+)\p 17/\p) &
(1= N e (1= A"+ for ap < 252,

~ O(1 = NPT o 4 (1— A=t 22| log(1 — A)| for ap = 25,

(1=XPF-H"2 =20 for ag > 5L,
Hence the above integral is bounded if (3_, c) is in the set Sy N (S3 U S3 U Sy), where

y 71 ¢ _1
b S0 ) B2 0y < T

Sy (B, ag) s Ao > g —

de P n—1
Sy (- 2): 5> ap— =

c -1 -1
,(12— } andS4Cl—f{(d Lan): B >o¢27n—2* a2>nr
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Therefore the quantity in (3.6) is bounded if we require that

n—2
/30-{-2‘[3_},—}—2/374——2—:(11 + ao,

n—1 n—1

) 7. >0, and (J-,a9) # (0, 5 ).

The conditions for o is the same as that of ap. This completes the proof. O

n>2 p[f.za-

Remark 2. Notice thal for lhe integral over S, we have 0 < X < 1, 7y <, 7 =7[€[?, and
po =2y = 1|§|/2 ~ /¥l¢|. If we follow the same path to estimales it, then we obtain

: e — ]2 — |2
D250§i‘3+§36"/ 6(T |§ 277‘ ; |77| )d7]
s, &= npPlnfee .

1 PAR
~ l§|250+4ﬂ++4ﬁ*+n42-2ul—2u¢2,y25y +23 +n22_al_(¥2 (1 —u ) ? D < C
S (T Ap)e (1= Ap)ez 5 7

(3.11)

T —
— O — Qg S 0.

—2
provided that 3o +20, +20_+ o ar+oag, n> 2, and 20, +20_+
The last condition tmplies that 3y > 0 which we shall see that this is not good enough.

. def B
Lemma 3 (Claim (2.10)). Let To(n,9) = {&: [ —n* + [n*, € — ¢* + |¢l* = %[} If
Go+23, +203_ + n% =y + a2 and Gy > —2—5—, then
. 12 A2 1 ]2 |2
DZBUS;B+§_2‘BA 5(‘6 5‘9| + |‘Pl ‘E Ti| |T}| )dé <C, (312)
J1, (Il lm|)yer+ez

where 7 = | — |2 + [o|> = |€ = n]* + n)?.

Proof. Let ®(€) % |€ — @[> + |* — ¢ = nf* — In|* and P(p,n) = {€ : @(&) = 0}. Since

|€ — o2 + |¢)? > 72|€]? and 2 > 16, thus we have || + |€ — ¢| > 4]€| and analogously we

have [n| + |¢ — | = 4[¢].
Using triangle inequality, we get

3 5 3 5
Sl < 1€ =n| < 2N d Zlol < 18-l < =)
5\nl.lf nl_gnl and 2ol < €=l < o,

and then 5
€l < 5 min{lnl, & =l el €~ ¢l}.
On the plane P we have |¢ — @[ + |p|? = |€ — n|* + |n|* which implies that
€ =l ~ lol ~ 1€ =nl ~ [nl.
Set (£ —n)-(—n) o |€ — nl|n| cos 6, through some calculations we can show that

Vh V2
- > —/— = C0S

cost) > cosy = 3 5 g
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fen] =573

n|

€l = 5l al

Figure 3:

Hence the angle between —n and & — 7 is restricted on 0 < 6 < 6y < —

Without loss of generality, we assume |p| > |n|. Follow the idea used in [FK], we decom-
N
pose §"2 =

U 2;, where ), are disjoint and the angle between any two unit vectors lie in
j=1

the same §2; is less than 6, and N is a finite integer. Denote

r dd {f e R*/{0} : |£| } . Xy & Characteristic function of Ty, f; o x; f, and g; def X 9
N N
Thus we have f = Z fjand g = Zgj. Then we can split the integral into finitely many
=1 j=1
pieces,

H [ Do otr — I = uf = Inf) e i) dn

3o 5»5'+ Sﬁ,

L2(r=16(¢]%)

) f5(6 = mai(n) dn

— &= -

L2(r216[¢]%, fo<m/4)
There exists a cone I' with an aperture 26, such that n € 'y CT and é —ne ', C =T

2

H Dﬂosﬁ-#sff(s(T — € - ,,,|2 — |7]|2)]/t;(€ —n)ge(n) dn

L2(r>16]¢]?)

/ / / D052 53 5((€)) (€ — mGi (m) [y () (€ = ) dp diy dE

where p e Iy, C T, éE—nel; c I gel; C-I, and {—¢ €Iy C I Through
elementary argument, we have the following identity, see [H]

du

o 2030 S‘Zﬂ+ 512‘@,
DQgU Slﬁir Szﬂ— 5(¢(£)) _ / D + — ; 3]3
[ s (el Ve @) (3.13)

([spl ) Fe
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I’ with

26y <

]

Figure 4:

11

where dp is the surface measure on the surface {£ : ®(€) = 0}. The facts £ — ¢ € I' and

& —n € —I imply that [V®(£)| ~ |¢| since

V)| = [=2(¢ — )| = 2V/|p2 + 0> = 2 - 1 ~ |¢].
Let & be the projection of £ onto the plane P, see figure 5,

Figure 5:

gl ¢ $70 9=n
lo = nlle =1

N e+
and P'f_;_q the projection of £rn onto the plane P,

«

et _ptn p-n v
Pesn = - -

2 2 2 Je=nlle—nl
Denote the rotation taking ¢ — 7 to [ — 5j|e; by R and the change of coordinates

V®fﬁ<5_¢;n> déf(Xl*. X2:"'7Xn)'




12 YUNG-FU FANG

Thus we get |&'] < [€] and

R(E = Pep) = (5’w>‘ (fm) R(KZOR(@:Z»)

= v—v-ee; = (X, Xo, -, X,) — (X1,0,---,0) = (0, Xo, -0, X)),

L du dg’
and then d€’ = dX, - -+ dX,, = du. Hence we obtain 6(®(§))d§ = ~
: O = o] ~ Tl
Therefore we can now bound the integral (3.13) as follows.
. [ b 8(0(¢))
€120 [e — @ + o+ EP| |IE =l + el — 6P| Farrm &
/P(u.w%lfﬁ%ln | ‘ l (lsplmlyer ez

[ g
lel<lel |l

If 3, > 0, then we get the bound

[ epag s [ o
€<l [€1<lel

~ [p]*?

If 3y < 0, then we get the bound

[ g s [Pt ag e
i<l [€I<]el

provided that 23y + n — 1 > 0. Finally combining the above results we have

(3.13) < }(p|4ﬂ++4ﬂ,—20172a2+260+n—2 < C,
provided that 23, + 23_ + 3 + ”T_Q = a; + a9 and 285 +n — 1 > 0. This completes the
proof. O
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