Existence and Polynomial Growth of
periodic solutions to KdV-type Equations

YUNG-FU FANG

Abstract. We establish local and global existence of periodic solutions for
KdV type equations, employing Fourier series and a fixed point argument.
We also investigate the polynomial growth of the solutions.

1. Introduction

In this paper, we study the existence and the polynomial bound of periodic

solutions for the nonlinear dispersive equation of the Korteweg-de Vries type:

) { ug + 0%u +uF0,u =0, (t,r) € RT x T;
U(O,JJ) = ¢<x)7

where ¢ is a real function, « a real number, k a positive integer and 95 the

fractional derivative defined by, via Fourier transform,

(2) B2 = il¢|“sgn.

The function u considered here is a real-valued and space-periodic function.
The method used here is the fixed point argument applied to the correspond-

ing integral equation

3) u(t) = W(t)g - / Wt — ryw(r)dr,
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where W (t) = e~ %% and w = u*0,u, see [B2] and [FG].
The original KdV equation,

(4a) Opu 4 03u + udyu = 0,

was derived in 1895 by Korteweg and de Vries as an approximate model of
shallow water waves, see [KdV]. It also has been derived in plasma physics
and in the studies of anharmonic lattices, see [MGKr|. Some generalizations
of KdV equation has been used to describe certain physical problems, e.g.
KdV-type equations in certain crystalline lattices, see [ABFS]. In 1975, P.
Lax [L] constructed a large class of special solutions of the KdV equation
which are periodic in space and almost periodic in time. In 1993, Bourgain

[B2] proved existence of periodic solutions for generalized KdV equations,
(4b) Opu + 03u + uPd,u = 0.

In 1995, Bourgain [B3] extended the result of local solutions to more general

KdV equation,

(4c) Opu + 02 u + F(u, lower order terms) = 0.

On the other hand, some fifth order (even 7th order) KdV-type equations,
(4d) Opu + uPOpu + 03u + 02u = 0,

also has been considered, see [K]. In 1996, Bourgain [B4] obtained a polyno-
mial bound of higher Sobolev norm of solutions for generalized KdV equa-
tions. In 1997, Staffilani [S] improved the existence result and the polynomial
bound of solution for equation (4b). In 2004, Colliander eta [CKSTT] gave
multilinear estimates for for periodic case and their applications.

It is well known that the KdV equation and some KdV-type equations
possess solitary waves and infinitely many conservation laws, see [L] and
[MGKr]. For the equation (1), there are three quantities are conserved,

namely,

Jp u(t)de,
(5) Jpu?(t)dz, and



KDV-TYPE EQUATIONS 3

In the nonperiodic case there have been some good results on questions of
existence and regularity, see [KPV] and [BKPSV].

The outline of this paper is that we first show the local existence result
for the initial value problem (1) with k& = 1. The essence of the proof is an a
priori estimate inspired by work of J. Bourgain, see [B2] and [B3]. It can be
understood as a multiplier estimate on the set of R x Z. However the proof of
the estimate presented here is different from those of [B2]. It essentially relies
on an idea of Zygmund [Zy]. Once the local existence is proved, we invoke a
conservation law to get global existence. Next we discuss the existence results
for the initial value problem (1), (hereafter we write IVP), with higher order
nonlinearity k£ > 2. In section 4, we will give a straightforward proof of the
a priori estimate. Finally we will discuss the polynomial bound for solution

of IVP (1). The main results of this paper are the following theorems.

Theorem A. Let a > 3. If the initial data of (1) is in L? for k=1 and in
H T (and small) for k > 2, then the initial value problem of (1) is globally

well-posed.

—1
Theorem B. Let o > 3 and ; < a 5

and small, then the global solution u satisfies

< s. If the initial data is in H®

(6) lu(®)llm- < CJt**.

2. Existence Results

Throughout this paper we call

(7) A(E) = [¢§]%sgng  and S = |7 — A(§)[ + 1;

_ 1 [ N .
denote by g(t, &) = Py / e " g(t,x) dz and by g(1,¢) = / e "Tg(t, &) dt
0 R

the Fourier coefficients and the Fourier transforms with respect to the space
variable and to both the space-time variables, respectively. First we state

the local existence result for IVP (1) with k = 1:
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Theorem 1. If a > 3 and the initial data ¢ € L? (H®, s > 0), then the
IVP of (1) is locally well-posed.

To prove the above theorem, we use a fixed point argument and the fol-

lowing a priori estimate whose proof will be given later.

Theorem 2. If a > 2, then we have the following estimates

1t+a =
(8a) 1l La@xry < C||S75 fllr2@xz)
and its dual
(8b) 1F/S 73 || 2 mxzy < CIFN 4

L3 (RXT)’
Before proving Theorem 1, we consider the corresponding linear problem:

(9) {“t+8§‘u+w=0, (t,x) € RT x S%;

u(0,z) = ¢(x).

The periodic solution of (9) can be expressed in integral form as follows.

(10)  w(t, ) Zsb Z(mf+tf4>+2zz e / w(r,&)dr

Call U(t,x) and V (t,x) the linear and nonlinear parts of u respectively,

thzzk7>ﬂMHM-
V( )_27/2 ezng zt‘r 1tAA
We want to study the nonlinear part first. Choose cut-off functions @ and b

such that @+ b = 1, suppa C [—2R,2R] and supp b C {z : || > R}. Make

a decomposition of V (¢, z) in the following way.

11
(1) w(T,&)dr

(12) V(t,z) = H(t,z) + V1(t,x) + Va(t, ),
where
((H(r,6) = X=Ng(r¢),
~ b
(13) Ti(r.€) = 8(r = 4) [ 5= 00, )
Wo(7,8) =D 5(’”(7 — A)Gr(8),
L Gi(€) = TR 1 (A=) 1500 — A)d(\, €)dA
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where 6(7) is the delta function and §(*) is its k-th derivative.

Since the solution does not decay in time, it is necessary to localize it in
time. We assume that 1 is a cutoff function supported in a neighborhood of
0 and denote ©5(t) = 1(t/)), where ¢ is a small number to be determined
later. Let

(15) us(t,z) = s(t) (V1 + Vo) (t,z) + F(t, z).
The norm used here is defined by

(16) N(u) = |52 2 @x2)-

We want to prove the following result first.

Theorem 3. Let us be defined as in (15), we have the estimate

D=

(A1) V@) <O e + O D | [ P
£
82— A
Proof. For the term H, since ————— < 1, we get
(r — A)2
153522 < Ol gyl

For the term Wy, since /S|1Zg(7' — A)|?dr < C(¢), we have

5% (s * B1)2 < € Z}/%W .
1

For the last term, using the facts that

(2R)* | @

, — —~ w
152 thaps|| > < C(w)(%)k and  [|Gi|lLz) < CT”EHLQ’

we obtain

~

8% (s« ©2) 22 < CW) ™| 5l O

We divide the proof for Theorem 1 into several steps. First we state and

prove two lemmas. Notice that now w = u0,u.
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Lemma 4.

/\

(18) ” HL2(]R><Z) Co'ss N (u)?.

Lemma 5.

(19) {Z | / %W} < 065 N(u)?.
3
Proof of Lemma 4. Observe that |w(7,&)| is bounded by
(20) €3 [ Oumliat -2
n

To cancel out the factor |£], notice that
(21) (7 = A©)) = [(A = A(m)) + (T = X = A(€ = n))]|
= [ AQ©) +A(n) + A€ —n)| = Clgl*

provided & # 0, n # 0 and £ # n. Also observe that w(7,0) = 0. Assume the
average of u is zero, i.e. u(7,0) = 0, temporarily so that we have (21).
( This assumption will be removed later.) For the sake of convenience, we

denote

. { COum) = (1A= A+ DHan)| = S,
Fum) =[] and  GOwn) = COn) = SHa( n)

A~

Thus we can bound % by
2

EICOnC(T = A€ —n)
(24) _d)\
/E:IT— O+ DA =AM+ Dz (I = A — A€ —n)| +1)2

From (21) one of the following cases happens.

)
(25) A= A(n)]
[T = A=A —n)| = Slgo
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For the first case of (25), we have

CAn)C(T—XNE—n) d}\<ﬁ7— |
/ZKl (IA— A(n)|+1)%(|T_)‘_A(€_77)’+1‘% < F(7,¢)

Taking L? norm on F? and applying Theorem 2, we get

e atl a=1
(26) [1F2[|2 < N(u) = [|lul| 5

1 1
Assume that u is supported by [—d,d] x T, since a4+ < 50 we have
a

(27) lullzz < 87 [l 11
which implies
(28) |F|| s < C65% N(u).

For the second case of (25), we have

/Z Cn)Clr = A& = n) gy < FETY)
= I
7= A+ 1)) (Ir = A = A€ =) + 1|2 Sz
Taking L2 norm on FG /S 2, we have
FG o
1ECTE)) L < 5% N
The proof of the last case of (25) is similar to the second one. O

Remark. To remove the condition that the solution is of zero average,
u(r,0) = 0, we may modify the problem (1) by replacing ¢ by ¢1 + ¢
and u by ui + ¢o, where ¢g = /qb(m)dx = /u(t,m)dm. All arguments go
through if A(&) is replaced by A(£) — ¢oé.

||

% is bounded by

EIC A, n)C(T—Af n)
(29) —dA\
/Z (I = A@©)|+ DA = A +1)2 (|7 = A = A(E —n)| + 1|2

Proof of Lemma 5. Observe that
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We use the notations denoted in the previous Lemma and distinguish again
the cases in (25).
For the first case of (25), we have

2| EF2(r,6) o
SR~ e

Let a(§) be a nonnegative sequence with unit /2-norm, i.e. ZCLQ(Q = 1.

§
Using the first one in (25) and
€2
30 / dr < C,
) (= AL+ 7
we can estimate
|€|F2 (1,6) a-1 2

31 / dr < Cd % N(u)“.
oy 2| Foalrige )
Use a duality argument, we get (18).

For the second case of (25), we have

[T — A& + )Ifl (|T—>\ A-ml+12 — S
Taking {2 norm on the integral / FG /Sdr, we get
FG ’
(32) Z(/#dﬂz < 8% N(u)?.
3
The proof of the last case of (25) is again similar to the second one. [

Here we come to the stage that we can prove Theorem 1.
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Proof of Theorem 1. First we combine the results of Theorem 3 and

Lemmas 1 and 2 to get , for the nonlinear part V (¢, ) of the solution,
(33) |55 |2 < O35 N ().

Define the map by

(34) Tu(t, ) = s(t)U(t, ) + s(t)V (¢, z).

Thus the N norm of T'u is bounded by

(35) C (g2 + 6% N(w)?) .

By choosing sufficiently large M, we have, for suitable § and R,

(36) Nu) <M = N(Tu)< M,

provided that C/(¢) + 6 %= M2 < M.

Next we estimate the difference of T'u and Tv and get
(37) N(Tu —Tv) < C5% (N(u) + N(v))N(u - v).
Therefore, again for suitable 6 and R, we obtain

(38) N(Tu—Tv) < =N(u—v),

| —

o — 1
provided that C§ 5 (N(u)+ N(v)) < 5 which can be satisfied by choosing

0 small for given M. By Picard’s theorem, the map T is a contraction with

respect to the norm N (u), hence it has a unique fixed point. O

—1
Remarks. The nonlinear term can be replaced by 9Ju?, but 1 < < a

To get global existence we need a conservation law, i.e.||u(t)||z2 is constant

for all time t. Then we are able to extend the result to global existence.
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Theorem 6. Let o > 3. If the initial data of (1) is in L?* (H®, s > 0),
then there is a unique periodic solution for the IVP of (1) which exists for

all time.

Remarks. The method used here can be applied to the following extension

of equation (1)
(40) wy + 0%u + 0%u + udyu = 0,

where 1 < f < o and 3 < a. (See [K] for a particular case called the fifth
order KdV-type equation.)

3. Further Results

In this section, we want to discuss the IVP of (1) for £ > 2. First we
consider the case k = 2, then k > 3.

(41) { up + 0%u +u?d,u =0, (t,z) € RT x T,

u(0,7) = ¢(x),
where o > 3.

Theorem 7. For k =2, the IVP of (1) is locally well-posed for data in H*

(H*, s > 1), and for speciﬁed/ H*de.
T
To prove the theorem 7, we need the followings.

Lemma 8. (Bourgain [B2])

(72 = [ aw)o.s -

LS FmfORE - n- 0t - 3 e’ g
i :

£—(#0
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To estimate w we introduce the following norm and notation.
2
Il = Y-+ 16 [ sfatPar + S+ 167 [ 1t olar)
S=1+7 =B =1+ —A() + c£].

Proposition 9. For us, we can estimate it as follows.

sl < 3200+ ) [ Lar + 30+ 167 ([

This proposition can be proved in a similar manner as that in [B2].

Proof. Due to the conservation law, / U
T

(42) c=/qr¢2(x)d:z:

and consider the IVP

2(t,r)dx = / ¢?(x)dzx, we denote
T

(43) { uy + 0Su + cOyu = 0,

u(0,2) = (z)

for which the solution can be written as

(44) u(t, ) Zw Z(§x+(A—C£)t)_
Consider the integral equation
t
(45) u(t) = Sip + / S(t — m)w(r)dr,
0
where w = | / u?dx — u?]0,u, which is equivalent to the IVP
T

(46) { up + 0% + cOpu = (fT u?de — u2>8xu,
u(0,x) = Sp¢p = ¢.
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We construct a sequence of functions {uy} by

it eiBt

i(€x+ Bt) i€ ~ e
(47)  upy1 = Z¢> +Z€ /wk(f,T)—T_B dr

where wy, = [/ urdx — ui]Opug, and B = A — c. Observe that
T

(48)
(r = B©) ~ [(A = Bm) + (0 BQ) + (1= A= 0= BE—n- Q)]

~ (€™ = Inl™ = [¢* -

To find a lower bound of (48), assume that n+¢ # 0, £—n # 0, and {—( # 0.
Case I, if one or two of [£], |n|, |¢| are larger than the others, then

a—1
(48) > (Inl + ¢l +1g =n—<l) -
(48) > (ol +1¢l+ e —n— <))

Apply Bourgain’s lemma and use the notation Q(¢) = {(n,¢) € Z* :
n+¢#0,&—n#0,&—(#0}, we can rewrite

w(r,§) = 5/ u(n, A YU —n— ¢, — A —0)d\do
3 e

¢ / A, Na(E, 0)(—€. 7 — A — 0)dAdS.
Call

ame =L S [ e olE -1 -¢r-A- o
WCEQ(@

Bo(r,€) = [¢] / 316, NaI(EO) [l (~€.7 — A — 6)dAdo
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So it is sufficient to estimate, for j =1, 2,

Z(1+|§|2)/|@j(;’€)’2d7' and Z(1+|§|2)</ |’@j(g,§)\d7>27

For the case I, we distinguish four cases,

[m— B(&)| > [§]*7,
A= B(n)| > €],
0= B(O)] = [g]*,
[T=A=0-B(E—-n-Q] =g

(53)

For the case II, we employ the inequality (1 + [£])|¢] < Cn]|¢]-

We can control the solution u by the norm ||| - ||| and get
a—1
(54) 1| Tull] < Co7 ] |ul]]*.

Fixed point argument ensures the existence and uniqueness of the solu-
tion. U

To get global existence we need conservation laws. We first discuss briefly
how to derive those conserved quantities given in (5). For the first one, it
is straightforward to get that [, u(t)dz = [;$dz. The second one can be
proved as follows. Multiplying the equation (1) by w and integrating by

parts, we get
1
/iat(uz)dx + /u@?udw = 0.

Using the identity |u(t, —&)| = |u(t, £)|, we can prove that the second integral
above is 0 which implies that ||u(t)|| 2 is conserved. For the last one, we first
take the integral operator 0, ! on the equation, multiply by u; and then
integrate by parts.

Next we apply those conservation laws to obtain the boundedness of H T
norm of solution. We first use interpolation inequalities to bound H!'-norm
of u, cf [L]. Let us assume that u is a smooth periodic function temporarily
and denote by

JpuPde = Fy, max|u(z)| = M,
(55)

azd 2 20k +2 2
f']T (&c u> - mdﬂf = Fl, and f']I‘ de.fI? =S.
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Since u is smooth, there exists a point zg such that

(56) u?(zo) = /Tu2(x)d:1: = Fy,

we apply the identity u(z) = u(zg) + / uzdx to get

zo
u?(x) < 2u?(x0) + Q/uidx < 2Fp +285.

This implies that M? < 2F, + 2S. On the other hand, we can bound S as

follows.
a—1 2
S:/uidmﬁC(/ (8952 u) dm+/u2dx>
T T T

2MF
(k+1)(k+2)

<C(m+F+ Fodz).

Hence we have

2CFy .
(k+1)(k +2)

(57) M? < 2Fy + 20 (Fy + Fy) +

Thus we can deduce that M is bounded by some constant C' = C(Fy, F}),

provided that Fj, and F} are small. Also we have

a1 \2 2C (Fy, Fy)F
(58) /T(am u) dzx < Fy + (k+1)0(k+2)F0.

Another approach to bound the H “z _norm of solution u is that we inter-
polate between the L2 and H “z" -norms, see [B1]. Using Hélder and Sobolev

inequalities, we have

057 ) dr = F 2t
/T< “) v = 1+/T(l<:+1)(k:+2)m

< i+ Cllula el 55y < Fi+ Cllollallull 5L

This implies that if H(bHH a1 is small, then we have

(60) ||U(t)||Ho¢;1 <C for all ¢ .

Thus we have proved
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Theorem 10. For k = 2, the IVP of (1) is globally well-posed for small

o — - ]_
data in HT (H®, s > QT), and for speciﬁed/ P dx.
T

For the case k > 3, besides ideas in [B2], we use those in [S] as well.

Definition. i) The space Y**, 5, b > 0, is the closure of the Schwartz func-
tions 8(T x R), with respect to the norm

(61) | fllyeo = max v*"(f),

where
fl(r.&)dr)

fl(T,
(1, ) (L + |7 — AE)])*dr
PR + |7 — A+ dr.

AV = Dot + 16D ( fi I
(62) N V()2 = S+ D> fy 1P
vV ()2 = (1) [y

Denote the space Y*°[—4,6] of functions defined on T x [, 4] with the

restriction norm

(63) /]

yes[—s,) = inf [[F|

Ys:b,

where the infimum is taken over all the extensions F' of f on T x R.

ii) The space ?S’b, s,b > 0, is the closure of the Schwartz functions 8(T x

R), with respect to the norm

_ (5,b)
yor =, max i (f),

(64) /15

12 = S+ 102 _agerore 11 €1d7)’

)2 = T (LHIED* [l ageyse 1121+ 17— A@©))Pdr
N? =+ E)% 72 [ IFP O + |7 — A©))**dr
)

(
(65) ps
(
( =105 fll Lo
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As in i), we have the space 75’b[—6, J].
iii) Let f and g be functions on T x [—4, §] and F' and G be the extensions
on T x R. Denote

_ k )dx
(66) Brt) = J FR 2 _
F(F)(1,8) = [pe e o Ar(@dop(y &)dt
BEG? =0+ leh (fs 19(F) ~ 5(O)|(r.&)dr)
(67) \ &3(F.G)? =S (L4 [€)> [ |F(F) — F(G)2(L +|r — A])dr
d3(F,.G)2 =Y (L+[E)* [ |F(F) — F(G) (L + |r — A])*dr.

Then denote the metric space by X ]‘z’b[—é, 0] with respect to the metric

(68) d:(F,G) = inf { Z d:(F, G)}.

The space X,‘j’b[—(s, d] is a complete metric space, s > %, b >0, see [S].

Theorem 11. Consider the IVP (1) for k > 3. If $ € H®, s > 21 then
there exists 6 = 5(||¢||HQT—1) and a unique solution u in the space X,j’b[—é, J]

such that

(70) d;(u,0) < O]z
To prove Theorem 11, we consider the associated problem of IVP (1),

(71) { v+ 0%v + (vF — [oFde)d,v =0, (t,2) € RT x T;

v(0,z) = ¢(z),
Consider

. Rt
U(t, &) = €’ o Aoyt ¢,

The importance of the IVP (71) is that if v is a solution for the problem,
then u given by above is a solution for IVP (1).
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Proposition 12. Let ¢ € H® and s > QT. Then there exists § =

(5(H¢||HaT—1) such that the problem (71) is well posed in YS’%[—é7 0] and the

solution satisfies the bound

(72) o]

< Clol

Yo 3[40 e

The proof relies on Bourgain’s ideas and following lemma.

Lemma 13. (Bourgain, [B2]) Ifw € Y2, s > 1 and denote

(73) P(r,€) = [Ys(w" — Bu)dsw]™ (7,€),

(ST

(Ze ot +ID>2IP(r0)Pdr)" < Cofull g ol

(Ce S aereisp 1+ 1ED>IPRAr) " < Cofhullu y ol 4.

1
’2

(74)

N[

Y3
for some € > 0.

Proof of Proposition 12. Define the map T on YS’%[—(S, d] such that

(75) T(v)(t,€) = Y(t)e O (&) +

ws(t) /Ot e—i(t—S)A(é)j:((Uk — By)0xv)(s,€)ds.

We want to show that the map T is a contraction.
As in Theorem 1, we first split 7'(v) into linear and nonlinear parts and

denoted by U and V respectively.

(76) { U(t,E) =1(t)e ™ Og(¢)
V(t,€) =s(t) [y e CDAOF((F — B,)0,0) (s, €)ds.

To estimate U, we follow arguments in [KPV1] and [S] obtain, for j =
]‘7 27 37

(77) v;(U) < Cl]a-
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To estimate V', we follow Bourgain’s argument, and use Lemma (13) and
s 2 S| 2
loxwlter < 30 ( [+ kDl ggar)
3

We have, for j =1, 2,3,
(78) V) <Ol ol -
Hence we obtain

(80) T (vl < Cligllas + 8|0

o3 [=s,5] = vL3 (=6, vl

k 1
Y2 [=6,6]

Thus if § = 6(||¢||g1) is small, then, for R = C(||¢||g=), T is a contraction
from a ball Br into itself.

Next we observe that

(81) F(Tu—To)(t,&) = 1s(t) /t e (t=8)AQ).

0

F([(u = 0) Pei(u,v) = (Bu = 80))0:0) F((u* = 8.)0 (u — v)) ds

which suggest that we can consider the integral equation

52) (. = valt) | " pil- A,

F(lwPg—1(u,v) — 9(8)]8Iv)]:(uk — Bu)0zw) ds,

where Py_1(u, v) is a polynomial of degree k—1 and 6(t) = [, wPy_1(u,v)dx.
Let ® be the operator defined on Y32 [—d1,01], 01 < d, by the above integral

equation. We can show that there exists d; = d1 (||u| such that

YS’% ) Hv| YS»%)
® is a contraction from a ball B, into itself, for arbitrary p. By uniqueness,
we have u = v almost everywhere on [—d1, d1]. Repeating the argument finite

times, we conclude the proof. 0

The proof of Theorem 11 is basically the same as that given in [S].
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Theorem 14. For k > 2, the IVP of (1) is globally well-posed for data in

a— -1 o
H (H*, s > aT), with sufficiently small H"T -norm.

4. Proof of A priori Estimate

In this part, we want to prove Theorem 2.

Theorem 2. If o > 2, then we have the following estimates
lta
Hf”L‘l(RXT) < CHS do ﬂ’L%RxZ)’
= | = < ClIfl,4
g2 L2 (RxZ) — L3 (RxT)

Proof. First we split the function f into positive and negative parts with

respect to the dual of space variable and denote

(84) F=FT+ =D " f(t,)+ > " f(t,9).

£>0 £<0

It suffices to prove that f* and f~ both satisfy the estimate. We will only
prove the case of fT since the proof for f~ is similar. Hence we replace f

by f and decompose the function in the following way. Choose a smooth
function @ with support in [271,2]. Let @;(7) = @(27/7) and g = 1 — Zaj.

Consider

(86) flt,z) = Z fi(t,z), where fi(1,€) = a;(r — [€]*)f(7, €).

Thus we have

(88) 1FI7e < D N5 fell e
7,k

Observe that (f;fx)(t, ) can be written as

(90) //Z ei(t(Tﬁm)H(gﬁ&))E(7'1,51)ﬁc(7'2752)d71d7'2-
§1&2
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We choose a change of variables

(1) {T=T1+Tz, § =& + &,
p=p1+p2, q=Dp2,
where
(92) { pr=m7 |G| € Ay = [271, 2%,
P2 = T — |£2|a € Ak = [Qk_1,2k+1].

(Without loss of generality, we assume that p; and py are both positive. The
case of negative p; and ps can be treated in the same manner.) Thus, f;fx

can be rewritten as follows.

(93) (h)(t) = [ 32t 0G, (r ¢)ar
3

where

(94) { Gin(r€) = Ja, Tpen, (F1/0)(7.6,4.p)dg  and

A& ={pelj+q: &,&eZr}.
Applying Plancherel’s Theorem, we have
(95) 13kl = Gkl L2

Without loss of generality we may assume that j > k. Observe that

(96) 1Gull2s = / Z / S (G (& 0. p)dd| dr

k peA;
Claim:

(97) sup [A;| < C2%.
7,§,9

Assuming the claim, we get

1 1+a 14+a

(98) 1G22 < m“sifaHLszifk“m'
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The case of j < k can be treated in a similar fashion. Thus we have

1 1+ 2
(100) 1f 17 < Zm”sl‘j‘” ﬂ‘La-

Therefore we obtain

(101) TP EE i pp—

m 9%t i —k|

which implies that f satisfies the estimate. ([l

Proof of the Claim:. Since

(102) Aj(r,6,9) ={pelj+q: &,5%€eZ'},
we can deduce that

(103) T—q—-22T <X S <7 —q—-271,

Denote

A=7—g—2% M=3.2"1
d(a,b) = |a —b| : the distance between point a and point b.

(104) {

Thus we can rewrite the above inequality as
(105) A<+ <A+ M,

and distinguish the cases, A > M, A~ M and A < M.
Let C; and C3 be the graphs of level curves of [£1|*+|&2|* at A and A+ M

respectively.

(106) { C1 = {(£1,6) : |61] + |E2]* = A);

Co = {(&1,82) : [61]¥ + &2 = A+ M.

Notice that we can only consider the first quadrant. It can be shown easily
that, along each level curve, the farthest point to the origin is on the line

&1 = & and the nearest points to the origin are on the axes. Hence |A;(7,&, ¢)|
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can be interpreted as the number of lattice points which lie on the straight
line & + & = € and fall into the region between curves C'; and Cs.

For the case A > M, let C53 be a circumscribed circle to the curve Cs,

of (A4 M)?

(107) O3 ={(&1.&): &§ +& =2 YEEL

then the largest possible line segment in the region is on the line [,

(108) I ={(&1,62) 2§1+§2=2§/§},

which is tangent to the curve C'1, see Fig. 1. Let a and b be the intersections

of the line [ and the circle C3, then we get

(110) d2~§/¥—<2‘§/§—ww>gcm.

For the case A ~ M, the previous argument goes through.
For the case A < M, since C is small, we can take the line segment [

between two intercepts of Csy,
(111) l={(&,&) &+ &= VA+ M},

see Fig. 2, and estimate

(112) d~ A+ M < 025,
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O

Remark. It is known that the L6-norm estimate is not true. In fact, Bour-

gain proved the estimate

(113) H Z anei(nx+n3t)

In|<N

€ 2%
SN (D lanl?)

in his paper [B2]. The optimal estimate should be a L estimate for 4 < p <
6, see [B] and [FG].

5. The Polynomial Bound

In the final part, we discuss a polynomial bound for H?®-norm of the global

solution. First we recall two technical lemmas.

Lemma 15. (Kenig-Ponce-Vega, [KPV3]) Assume that 0 < p < 5 and

1
2

e > 0 is small. Assume also that Véfpﬂ’%)(u)

and [pu(t,x)dr = [v(t,x)dx = 0. Then

and Véfpﬂ’%)(v) are bounded

—1
(114) Véfp*e’TH) (0 (uv)) < C’Véfpﬂ’%) (u)z/éfpﬂ’%) (v).

Lemma 16. (Staffilani, [S]) Assume that p > 0, € > 0 is small and k > 3.
Then

1

( +67%76) —
(115) vy (Xpp.yu®) < Cllull iy lull?7 -

Instead of proving Theorem B, we state and prove a more general result.

Theorem 17. Consider IVP (1) and assume that there exists an a-priori

bound for the H -norm of u. Then if ¢ € H® and s > O‘T_l, the global

solution satisfies the bounds

(116) lw(®)||gs < C|t|? provided p+1< 95 < S,
lu(®)| g < C|t|2ﬂ+?§—3> provided 251 <p+1<S8.
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Proof. It is sufficient to show that, for all ¢ € [0, %],
(117) |05u®)]|z < 11036l22 + CllO30ll12°,

where 5! is the exponents in Theorem 9. Since

t
d
Josu(®)lz; = o261 + [ o l0su(o) |z do

= HaiﬁbH?Lg —//x[o,t]ukax(é?jufd:z:da+l0we7‘07“de7°terms.
RJT

Call
(118) J= / / X(0.qu" 0 (03u)*dxdo
RJT
and set
R,
(120) W(t,€) = et o Pul@dogi(t ¢).

Taking Fourier transform with respect to space variable, multiplying by

R
€ o Pudo  then taking Fourier transform with respect to time variable, we

have

Jzz / o0t (7, £)0, (O3w)2(, ) dr

<Z/|9C0t (A + €D (1 + |7 — A())2

0a(B30)2](7,€)(1 + €))7 (L + |7 — A(€))~F+dr
Sl/ép+6,§—€) (x[o,l]uk)yé_lo—t‘.,%-f—é) (833(85102)

x

Employing Lemmas, Theorem 7, and interpolation between the H “+* and

the H® norms, we obtain
( +Evl s
J < Cllwllyrppy ol T2 (O5w)?
< CdytP(u,0)dl (u, 0)F~1ds T (u, 0)?

< Clloll oIl 1911 e
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For p+1< O‘T_l < S, interpolation gives

(121)

2(1— 2(p—e€) )

J<C(loll ezt )l =777

a—1

If we choose € = p<—, we have

(122)

2

lu(®) |- < Clf»

For O‘Tfl < p+ 1< S, interpolation gives

(123)

Choose € =

(124)

ot 5=

2 #)
Wellge 77

J< O8], o

a—3

s , we have

()| e < CJt| 77D
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