LOCAL EXISTENCE
FOR SEMILINEAR WAVE EQUATIONS
AND APPLICATIONS TO YANG-MILLS EQUATIONS

YUNG-FU FANG

Abstract. In this work we are concerned with a local existence of cer-
tain semilinear wave equations for which the initial data has minimal
regularity. Assuming the initial data are in H11€ and H€ for any € > 0,
we prove a local result for the problem using a fixed point argument. The
main ingredient is an a priori estimate for the quadratic nonlinear term
uDu. They can be applied to the Yang-Mills equations in the Lorentz
gauge.

0. Introduction.

In this paper, we are interested in deriving a new estimate which en-
ables us to establish a local existence result for Yang-Mills equations with
minimal assumptions on the regularity of the initial data. For this pur-

pose, we want to study the following type of system of semilinear wave

equations:
Out = a;'.klulc?juk, (z,t) € R3 x R, 0.1)
u'(0,2) = fi(z), u4(0,2) =g'(z), xR’ '

where (J denotes the D’Alembertian —07 + A in R**!, @}, are constants,
1, J, k, L =0, 1, 2, 3, and summation over repeating indices is implied.
For equations (0.1), the energy is E = [ |9yu’|* + |Vu'|?dx, so that the
ideal minimal regularity for initial data is f* € H'(R3), ¢* € L?*(R3).
Unfortunately, this is not the case, see [13] and [14].

In 1979, Segal [17] established a local existence result of classical solu-
tion for the Cauchy problem of Yang-Mills equations in temporal gauge,

with initial data in C3. In 1981, Glassey and Strauss [7] found a class of
1
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global weak solutions of Yang-Mills equations in the temporal gauge with
initial data which are radial symmetric. In 1982, Eardley and Moncrief
[3] obtained the global existence of a classical solution for the Cauchy
problem of Yang-Mills equations in temporal gauge, with initial data in
H?Tk(R3) and H**(R?) for k > 3. In 1990, Schirmer [16] proved global
existence of spherically symmetric solutions. In 1993, Ponce and Sideris
[15] proved a local existence result for a similar equation with the ini-
tial data in H?T¢(R3) x HT¢(R3) for € > 0. In 1995, Klainerman and
Machedon [12] proved global existence for the Yang-Mills equations in the
temporal gauge with finite energy initial data in R3.

We will prove a local existence result for the system (0.1) assuming
that the regularity of initial data is just a little better than energy norm,
namely f' € H'T¢(R3) and ¢* € H¢(R?®), where ¢ > 0. This result is
optimal ( see [14] Lindblad). The main ingredients in the proof are the
standard energy estimate and an a priori estimate given by the following

theorem.

Theorem A. (A Priori Estimate) Let u® be a solution of the equations
Ou® = b, (x,t) € R3 x R,
{ u'(0,z) = fi(x), uft(O,x) = g'(x), x € R3.
Then, for every % > e > 0, the following estimate holds

(0.2)

1

T
(] 10D )
T
< CO(I s +l1'le + [ 1DV 120t

T
(17 e + 119" Nz + / |Db |2t ), (0.3)

where i, I, k = 0, 1, 2, 3, ¢ = —2%—, the constant C(¢) = O(1/\/€), and

1—2¢’
De is a fractional derivative defined via Fourier transform.

Next, we want to apply the above ideas to the Yang-Mills equations

which can schematically be written as a system of the following form:

OA+ ADA + A3 =0, (0.4)



SEMILINEAR WAVE EQUATIONS 3

where Az are the gauge potentials, a = 1, 2, 3, and ¢ = 0, 1, 2, 3, and
D A represents any kind of first order derivatives of A. For the Yang-Mills
equations in the Lorentz gauge, we can prove a local existence assuming

that initial data is in H'T¢(R?), for each 1 > ¢ > 0.

1. Semilinear Wave Equation.

Consider the system equations of the following form.

Ou® = a’, ulo;u”, z,t) € R? x R,
{ Jkl J ( ) (11)

u*(0,z) = fi(x), u'y(0,) = g'(x), x€R3.
Let us introduce some notations. The space H*(R"™) is defined to be
H*(R™) = {f|(1 - A)%f € L*(R")}, (1.2)

where 1 — A is the multiplier operator associated with 1+ [£|?. The space
is equipped with the norm || - || g+ ®n») defined by

1f s my = L+ 1€1%)% fl 22 an)-
The space H*(R™) is defined to be
H*(R") = {f|(-A)% f € L*(R™)}, (1.3)

with norm

11l s ey = 1€]° fll 22 @y

The fractional derivative D€, via Fourier transform, is defined by

Def(€) = [l £ (). (1.4)

We use the notation D to represent the all possible partial derivatives 0y

and 8j. The case we are interested in is n = 3.
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Theorem 1.1. There exists a T > 0 and C depending only on || f*|| g+
and ||g*|| g, where € > 0, such that the system of equations (1.1) has
solutions u’ : R3 x [0,T] — R3 with

sup [ (8)l] 14+ ey < C, (L5)
[0,T7]

where 1 = 0, 1, 2, 3, and

T
1D D it < (1.6)

2
1—2¢
To prove theorem 1.1, we need the following main estimate whose proof

where l, k = 0, 1, 2, 3 and q =

will be given at the end.

Theorem 1.2. Let u' be the solutions of the system

Oué = b, 1) €R® xR
{ 3 (%) (1.7)

u'(0,2) = fi(x), u4(0,2)=g'(z), z€R’
If fi € H'T¢(R3), g' € HY(R?), and 0 < € < 1, then we have

T 1
| D(u' Du”)||% ’
(/ ol

T
<C@O(I e + e+ [ 1Dt
0
T
(T e P R R PO R

where 1, I, k=0, 1, 2, 8, ¢ = ﬁ and C(e) = O(1/\/e).
We also need the standard energy estimate which states below.

Lemma 1.3. Let u® be the solutions of the system (1.7) and € > 0. If the
initial data f'€ H'T¢(R?) and g' € H¢(R?), then the following estimate
holds

T
s [0y < O (U ool et [ 1D oyt (19)
0, 0
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Proof. We omit indices of the u’ for simplicity. It suffices to prove the

followings:

|Dult, ) 2wy < € (I1D(0, )22 + / Ib(r, )lz2dr ), (1.10)
Jutt, 2oy < C (0,122 + / |Du(r, z2dr). (111)

For the estimate (1.10), multiplying (1.7) by u; and integrating by parts
on [0,7] x R3, then we have

/t:Te(U)dx—/tZOe(u)dx:/oT/Rs b(T, z)udxdt, (1.12)

where e(u) = 3 (u? + [Vul?).

Let E(t) = [,_, e(u)dz, then we have

dfl_if) _ / buda < Clblt )2 (1), (1.13)

Dividing both sides by E2 and integrating them on [0,¢] give (1.10). In

order to prove the estimate (1.11), we use the formula

u(t) — u(0) = /0 ' Dyudr. (1.14)

Taking L2-norm on both sides and applying Minkowski inequality, we get
the desired result. ]

Now we come to the stage to prove the Theorem 1.1.

Proof of theorem 1.1. The existence proof is based on a simple itera-

tion procedure. Let u’ ; = 0. Define
DU; = a%l“é—ﬁj“ﬁ-p (1.18)
with initial data given by

u%(O,x) = fz(m), 8tu§l(0,x) = gi(x), (1.19)
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for all n > 0. Our goal is to prove that u = lim u,, exists and satisfies the

equation and the desired estimates. It suffices to prove that there exists

T <1,A > 1, such that, for all n,

) , VAN
sup ||uy, (1) =y ()| e ms) < Py
0.7] 1 (R3) on+1
sup [[uy, () || gr1+e sy < C,
0,7
for some constant C' that depends on A but not on n. Also

g € AQ‘I
[k = Iy < S
g € A2q
Dk = 0y et <

T
[ NP 0yt < 257

For n = 0, it is easy to check that (1.20)-(1.24) are satisfied.

(1.20)

(1.21)

(1.22)
(1.23)

(1.24)

Next, we assume they are true for some n > 0 and prove (1.20)-(1.24)

are true for n + 1 with a 7' < 1, T is independent of n and the same A.

C = C(f e, lg"ll o).
Using (1.24) and (1.8) give

T 1/q
(/0 HDe(“inrlajuﬁJrl)H;(RS)dt)
T
<C(I e+ g+ [ 1DV, 1aat)
0

T
(U5l + Do+ [ NDB o)
0

2

A 1/p g €(,T s\ |4 e
<|5+er /0 | D¢ (ur, Dus) ||t

g(% +OTYPA A)2 < A2,

1 1
where — + — = 1, hence it is enough to have CT/PA < 1/2.

p q
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Since

k k _ r s r s r s r s
bn - bn—l — (unDun - un—lDun) + (un—lDun - un—lDun—l)7

thus we can use (1.22) and (1.8) to get

Q=

T
(/0 HDe[ugz—l—laj (uﬁ—i—l - Uﬁ)]Hqu(R3)dt>
T T
<C (15 sse + g Nae + [ 1DV o) ([0 = 5 ) o)
0 0
A T
<o+ 7o) ([ DT Dl — )] e+
0
T
RN ey
A2 A2 AQ
)

1
SA[CT PG+ 50| < grrr

The computation for (1.23) is analogous.

Using (1.20) and (1.9) give

sup [Jug, 41 (¢) =, (6) [ e o)
[0,T]

T _ ) AQ
<o [ 10w =t llear) < 2070 < 55

Using (1.21) and (1.9) give

T
sup s 1Ol v < O (I e+ gl + | 1%, et
b O

< % + OTYPAZ < A,

Therefore the sequence of functions {u;} forms a Cauchy sequence under

the norm H1T¢(R3). O

We will also prove the following technical proposition.



8 Y.F. FANG

Proposition 1.4. If f has compact support in the ball Br, then for any

e > 0 there is a constant C such that
HfHL2(R3) < C(R, E)HDEfHLQ(RS). (1.25)

Proof. Using Plancherel theorem, we get

1D fl 2 = Iligl“ Il -

and since the Fourier transform of ] e is HE 5‘ so that the function f can

be written as follows.

F=31 ( ef) H%*Def. (1.26)

€]

Hence, from [18], we have

(nal < C( D fll L2 ms)- (1.27)

[ 3—2€ 25 R3

Since ﬁ > 2 and f has compact support in Br, we have

[ fllz2rsy < C(R, €)[| D fllL2®s)-

]

Remark. Thus || f|| gers) is equivalent to || D€ f||z2(rsy if f has compact
support. Therefore, the proof in this paper also works for the H* (R3)

norm .

2. An Application to Yang-Mills Equations.

In this part, we apply the estimates (1.8) and (1.9) to prove a local
existence result for the Yang-Mills equations in the Lorentz gauge.

Let A, be the gauge potentials, where © = 0,1,2,3. The Minkowski
metric is 7, = diag(—1,1,1,1) and the gauge fields are

F=0,A,—0,A,+ A, A,
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where [A,, A,] denotes the commutator. The Lagrangian for the gauge
field F},, is

£(A) = / F F™ dzdt.

Here A, are regarded as vector valued functions from R* — R3 ie.
A, = (A}L, Ai, AZ), where Af are functions from R?* to R, and [4,,4,] =
A, N Ay, AN means the usual cross product. For computation need, let us
introduce the notations, A = (A1, As, Az), A = (Ao, /Y)

The Yang-Mills equations are the Euler-Lagrange equations of the for-

mal Lagrangian

1
L=, / BI? — | B2dudt,

subject to the constraints B = —V A A E = 8,A+ VA,. They can be
written as
OAo + 8o(8" Ay — 8o Ag) + [AO NOF AL + " Ay A Ay + AF A aoAk}
+ AF A (Ag A Ay) =0,
DA; + 0;(9" Ak — 99 Ao) + [Do Ao A Aj + 240 N O A; — Ao N D; Ao
Ay A0 Ay + (207 A5 A A+ A" 7 0;A)| + [Ao A (Ao A 4j)
+ AR A (A5 A Ak)} =0.
(2.1)
In the Lorentz gauge : —0pAg + V - A =0, the Yang-Mills equations
can be rewritten as
DA + Ag A OpAg + 20" Ag A A + AR N 9g A + A% A (Ag A Ag) = 0,
CA; + [240 A 00 A; + 0540 A Ag +20° A5 N Ay + A" £ 044+
Ao A (Ao A Ag) + AR A (A5 7 AR)| =0,

(2.2)
with initial conditions A, (0,z) = f.(z), 0:A4,(0,z) = g.(x).

Theorem 2.1. Assume that the initial data f, € H*¢(R®) and g, €
H¢(R3). Then, for any 0 < € < %, there is a T > 0, C > 0 depends on
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the initial data such that the system (2.2) has solutions A, : R3 x [0,T]
— R3 with

sup [Au(ts ) rr+erey < C, (2.4)
T
/0 | D (A A DA% gyt < C. (2.5)
and
sup HDE[AH N (AL N Ay)(E, -)HLQ(RB) < C. (2.6)

[0,T]

In order to prove the above theorem, we need the following lemma.

1 1 1
Lemma 2.2. (Ponce & Sideris) If f, g € S(R™) and — + — = 3 i =1,
pi 4
2, with 2 < p; < 400, then ,for s > 0, ' '

£gllzre < C(1 1w (1= A)3g] oy + lglzms (1 = 23 ]|, )- (27)

The proof of the theorem 2.1 is similar to that of theorem 1.1. Besides
those estimates (1.8), and (1.9), we also need an estimate for the cubic

terms in the equations (2.2).

Theorem 2.3. If f, g, and h are all in H'¢(R3), then for any ¢ > 0

there is a constant C depends on € such that

D (fgh)llL2rs) < Cllf | rrre®s) gl mreems) | Pl mrive msy - (2.8)

Proof. Here we employ (2.7), Holder inequality, Sobolev inequality and
(1.25) to estimate D¢(fgh) in L?-norm.

ID(fgh)llL> < I|fghl s
<[ lzs (L= A)2(gh) || s + llghllzo]|(L — A)2f || o
< ree [ (L= A)2(gh) || 3 + llgllze s [ (1 = A)2F]

<l llghll,gee + gl

hHHl«i»e f“Hl«‘re.
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In the same vein, we estimate the product gh in H %“Le—norm,

lghll ,ave < lgllze||(1 = A)3T2R][ o + [[Bl|o]|(1 = A)3F3g]|

[1s

1, e
< gl mve |1 = A)TF=2R]| g + [Pl reellgll e
S 2||g”H1+e h”Hl-‘,—e.
Hence, we have
1D (fgh)llL> < Cllfllar+ellgll e Al mose.

O]

Proof of theorem 2.1. The proof is also based on an iteration scheme
like that of theorem 1.1. Define A} by setting A;l =0 and for n > 0,

HA} = FH(A”_I,aA”_l), (2.9)
with initial conditions
Al(o,z) = fu(z), 0AL(0,7) = gu(z). (2.10)
It suffices to prove that there exists 7' < 1, A > 1 such that, for all n,
mn n— A
[sou% (A} — A 1)(t»')|\H1+e < ST (2.11)
sup [| AL (¢, )l rive < O, (2.12)
[0,T]
T 2q
€ n n n—1 4 A
/ | P4z A DAz - Az o = Jar
0 (2.13)
T q AQq
€ n n—1 n—1
/ D [(AM_A,LL )/\DAa HLQ(RS) Squv
0 (2.14)
1 N
sup |[D|AT A (AL N (AL — AL t,- < —,
sup LA A (AR A )] () e = T 10
1 1 N
sup || D[z A (A7 = Ay Aaz )| <o
[0,7] L2(R3) (216)
A3
sup || D [(A: = A=) A (A7H A ALY (E) < 5
[0,T]

L2 (®?) (2.17)
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T
</ HDG(A;} A DA™
0

sup HDf [AT A (A7 A AD)) (2, .)]
0.7)

1/q
q
dt) < N2, (2.18)
L2(R3)

< AP, (2.19)
L2(R?)

For n = 0, the above inequalities follow from the energy estimate (1.9)
and theorem 1.2. Next, we assume that inequalities (2.11)-(2.19) are true
for some n > 0 and prove they are true for n + 1. The calculation here
is similar to those in the proof of theorem 1.1. Inequalities (2.13), (2.14)
and (2.18) follow from the proof of theorem 1.2. Using theorem 2.3 gives
inequalities (2.15)-(2.17), and (2.19) for all n > 0. Using (1.9), (1.8), and
(2.8) gives inequalities (2.11), (2.12) for all n > 0. This completes the
proof. [

3. Proof of the Estimates.

In this part, we prove theorems 1.2.

Proof of Theorem 1.2. By Duhamel’s principle, it suffices to prove the

following case: Ou’ = 0, u*(0,z) = 0, u’,(0,2) = f*(x). For the case, D
% < 1, it is enough to prove the estimate for D = 0;. Let
n

A(§) = 2mi(tlE] +x - &), B(§) = 2mi(—t[E[ + - §).

= 0j, since

For simplicity, we skip the superscripts. Then the solution and its time

derivative can be written as
u(t, z) = / %'(61“(@ PO F(6)de = us(t,x) — u_(t, ), (3.30)
dyu(t, z) = / (e 4 B f(n)dn = dyuy (t,x) + dyu—(t,x).(3.3b)
Then for uydiuy, we have

L a@ram pe £
s Dris / / e F(&)f(n)dedn. (3.4)
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Consider its inner product with an arbitrary function g,

(D 0s).g) = / £ E‘”’e G f () fdedn,  (35)

where g = g(—|&| — |n|, =& — n). Taking absolute value on both sides, we

can get the inequality

(Do) < ([ g agan) Wi 0)

Let £ = pw where w is a unit vector, { + 7 = z, and |£| + |n| = 7. Then

we have the formula for changes of variables

172 — |z
S 3.7
27—z w’ (3:7a)
17' — 272w+ |22
- 3.7b
ip_ 17 riw sl 70

dr 2 (1—z-w)?
Since

dédn = dédz = p*dpdwdz = p2?dwd7dz,
T

we can change the variables in the integral (3.6) to get

‘<D6(U+3tu+) 9>‘
|2 dp 2 202
<(J] | s = dettatm—aiPara) i

We denote | |2 d
z|°¢ 0

E = —d 3.8

(T’Z) /p2+26|z_pw|26 dT w. ( )

Employ (3.7) we can estimate it as follows.

*d 1 d
B = [l g [ Ly,
p%¢|z — pwl?€ dr p3%€|z — pwl?€ dt
T2€ / (72 + 2> — 272 - w)l_zed
= w
(72 — |2[2)2¢ (T — 2 - w)2 e

< Cc 1 /7T (1+ X2 —2\cosf)l—2¢

= 72 (1= \)2 (1 — Acosf)2—4e
1 14 \1-2¢

<O Moy, o0 cl
1

— T2¢ g2—4e — 7—25(1 _ )\)26 — (7- _ |Z|>26’

sin 6d0
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1 — Acosf
where the used substitution A\ = M, z-w=|z|cosf and s = 1—0/(\)8.
T pu—

1
Here € > 0 and C(e) = O(=). Therefore, we have
€

(Dtwou).g)| < co ([[ = mlatn —z>|2d7dz)% 1715z,

(3.9)

where C(e) = O( ) Now we want to estimate the integral

—2)Pdrdz.
= 7= |z||26 2)fFdrdz
1 . C.

Since we know that if 0 < 2¢ < 1, the Fourier transform of is ,
|7-|2€ ‘t|172€

where C, is some constant depends on € (see [18] Stein). Using Hardy-

-

Littlewood inequality, we have the following

1
2 PN
drds = (—>—4,4)
//h e 9T R drdz = (e -

ezt|z|

(7! (W> *fx<g>,a<g>> = Oc{ yrmae * 7 (9). F2(0))

—C. / / / |tz_(t8|sl)|22€ (9)(5, —2)Fa(g)(t, —2)dsdtdz

<c, / / mumg)(s,->Hmm<g><t,->HL2dsdt

<c. ([ lote. dt) ,

where p = 1+—Q F; ! is the inverse Fourier transform over time ¢ and
F. the Fourier transform over space variable x. Therefore, we have

(D (usdhus ) g <c(/ lg(t,)IIE. dt);llfllire- (3.10)

Hence, we get

e, (3.11)

1/q l
< e
lt) < I

(/ |t put||'
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1 2
where C(e) = O(—=) and ¢ = T 5 The calculation for the term
€

Ve =

u_Opu_ is analogous to that of the above.

For the term, uydiu_, we have
<D6(u+8tu_) g>

//// |€E’77| eAOFBO) F(6) f(n)dedng(t, x)dtde

-/ < +|£’|7'2€ W F(€) F(m)dedn (3.12)

We can split the above integral into two parts, one is || > |n| and another

is |€] < |n|. Let

B [€4+ml. 2007
(Drwamrg), =[] Egad© i, (1)
and

(D*(us00u) //Wn} e fmdean. .

For (4.13), using the change of variables, we can rewrite it as

D¢ (usOiu_),g
n

= B 800 2 = p)p2 2 dusg(—r, —2)drd
L O o

where ¥ = {w . |w| = 17|Z| Wz 2>2T> O}a gh = g(_|£| + |77|a—§—77)7
E=pw, z=&+mn, and 7 = [£| — |n|. Tt is sufficient to consider 7 > 0.

Thus, we have the formula for changes of variables that

1|22 — 72
= - 3.16
22 w—1T’ (3-16a)
12> = 272w+ 72
— = = 3.16b
d 1|z|? — 272 - 2
dp 1|z TZ W+ T (3.16¢)

dr 2 (z-w—1)2
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and the Fourier transform of 0¢(usdru_) is
|21 5

F (O (uy Opu)) (=T, —2) = —p

5 d
() f(z = pw)p® L. (3.17)
T
Let ¥ = 21 U 22, which
Yi={{z: ]z|>w-z>7+0(1 = N)|z|},

and
={z:7+51 = N)|z| >w-2z>7 >0},

where ¢ is any small positive number. We will estimate the integral on

Y1 and X5 separately. Thus we can split the integral into two parts so

that
<D(u+0tu ///Z ///22--:11+12. (3.18)

For the term I, we have

2 dp
1 /// z—pwp—dwg -7, —2)dTdz.
L ¥ |P| ) dr ( )
Then

Bl 2 dp ’ 2
‘Il| < 5 2+26|Z pLU|2€p dr dw'.g(_T _Z)| drdz HfHH6
1 (3.19)

=

We denote the notation
Bl 2 dp
H ,2) = —d
.09 [ et e

Thus, we can use (3.16) and some substitution to get

Bl 2dp 2 / 1 dp
H = La ‘ d
21 2) /z s — e ™ T | e pe e ™

B |2|2¢ / (72 + [2)* — 272 - w)i72%¢
- (2|2 = 72)2¢ 2_4de
_ C /cos_l(A-l—é(l—)\)) (1 + )\2 — 92\ cos 0)1—26
= 226 (1 = N)2% ), (cos@ — \)2—4e

1 . 1—2e¢
C / (L+X—2Xs) ds < C(9) < C(9)

— |Z|26 g2—4e |Z|2€ (|Z| _,7-)267

dw

(z-w—1)

sin 0d0
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60—\
where we used the substitution A = ﬁ, z'w = |z|cosf, and s = cols—)\.
Z J—
C
Here C'(9) = ERr=n and C' is some constant. Therefore, we get

L] < ( i %W—n —z>|2drdz)é 112 (3.20)

Now we want to estimate I5. In order to do this we need two things.

First, we note that on Y5 there exists constants C7, Cs, such that

C) < @ < Cs. (3.21)

l

This is because

g _ 22 =7 1N
Il |z—pw  |224+72—272z-w 1+A2—2\cosf’

and
A<cos < A+5(1—N)

€]

1
on Y. Hence, if we choose § = ok then we get 1 < = < 2. We also have

i

1€+ 1| < &+ |n| < CJ (or CIn|). Second, let’s consider the following

system of equations

O =0,
{ ¢ , (3.22)
¢(0) =0,  9e(0) = f,
where f' satisfies f/ = |f|, then we have the result
2
Dh+e 2’ < CHD€ / 3.23
[CEaI Y 1o . (3.23)

for any € > 0. The proof of (3.23) can be done directly in the same manner
as above and will be given outline later.

For the term I, employing (3.21) and (3.23), we have
R AT dp
I SC’// / f,owaz—pw’p—dw
- T A Al =

1 1
<] o | o
|21 Js, p|2 7|2 — pw|z €

(-, —z)‘dez

f(ﬂw)‘ ‘]E(z — pw)’pQ%dedez
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The integral over ¥, is basically the Fourier transform of Dz T¢¢, D2+¢¢_

which can be seen as follows.
<D%+6¢+D%+c¢_’g>
1 A N
- // WQHQ +[nl, =& —n) £ (§) f' (n)dsdn

/// p|2~ €|Z—pw\ e Flp)f (e =pr? %g( _Z)de(Z?;.M)

Therefore we can estimate Iy as follows.

. <C// CRF(DFe DI ) |gldrdz
A 1
SC(// WX{0<T<|z|}I§|2dez) HD§+6¢+D§+E¢_‘

1 3
2] = 7[>

Combining the estimates for the terms I; and I, we have

(Dtuour.a)] < e (ff ﬁwdm)% 171y (325

Thus, with the same reason as in the estimate of the previous term,

L2(R4)

L2

D<(uy0yuy ), we have

(Dtuou).g)] <€ ( [lote 1t dt) 11

Hence, we get

(/ HDG ot

where ¢ =

Fillae, (3.26)

1/q l
dt < C €
) = CEIF

1—2e
Finally, we will discuss the estimate of (D¢(uydyu_), g)_ briefly.

E+nl° . 20
(D (u 0y //{lw} g inf© fdean. (327
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Let’s switch the variables £ with 7, thus we get
<D (ut-Opu—), 9>

/// |z— pw)f (z = pw)p ;l dwg(—T7, —z)drdz.

For this case, we compute Hzl as follows.
‘Z‘2€p2—2€ dp
Hs (1,2) = ——— —dw
2 (7:2) /21 |z — pw|?T2¢ dr

SR L —

_|Z’26 s (1+>\_2)\8)1+2682—45 s

C (1 1 11 ) C(e, 8)
=1

ST \2e (1= N2 | T—deglie 2= 1)

Thus, it works for the term, I;. For another term, I, the proof is sim-

ilar. The proof for the term D¢(u_0;uy) is similar to those of the term
D<(uy0wu_). Hence, the proof is complete. |

Proof of (3.23). We only outline the proof. Since
1 2 1 n n
(DFon) = [[ e OO o fayican,
[€]> 7+ |nf>~¢

thus we have

‘<(D§+e¢+)2, >’2

/// dw]g( T, —2)] dezHD6
plz— W|

The inner-most integral called E(7, z) can be computed as follows.

E(T,Z)Z/;p dpdw

T N2 14+A 153 1
:/ s sinfdf = —— —ds
o (1 —Acosf)? AN s?

which is bounded by some constant. Hence we have
2

L2(R3)

D%—I—e 2 <C De / )
(D07 <1 o

Similar calculation gives

D%—Q—e _ 2 <C De / )
(DEE0) sy = Il ey
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