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Chapter 1, Introduction :

In the present work we will be concerned with certain regularity proper-
ties of the linear Klein-Gordon equation. The motivation for this questions
comes from certain nonlinear systems of wave equations, see [2]. In order to

formulate the problem let us start by considering the Klein-Gordon Equation
Ll +m?¢p =0, (0.1a)
with initial data given at some fixed time, for example ¢t = 0, by

$(0,2) =0, ¢4(0,2) = f(x). (0.10)

The conservation of energy, to be explained below, dictates as a natural
hypothesis f € L?(R?). One can write the solution of the equation above in

integral form as follows

ot x) = / Rit.z — ) f(y)dy (0.20)
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where R(t,x) is the Riemann function, which in this case can be computed

explicitly.

cos |my/t? — |z|?
Rt z) = — [ }H(#—W) , (0.2b)

BN

where H (t) is the Heaviside function. Notice that \/m is the hyper-
bolic distance between the point (t,z) € R x R? and the origin with respect
to the Minkowski metric g,, := diag(—1,1,1) . In the present paper we
would like to consider the solution ¢(¢,z) with rough initial data, namely
f € L*(R?). From the expression in (0.2a) it is obvious that ¢(¢,x) just
fails to be in L°°. Standard estimates however imply that ¢ is in the class
of bounded mean oscillation functions, an idea introduced by F. John and
L. Nirenberg, [12], henceforth to be denoted by BMO. Functions in BMO
have the property that, on every cube, they can be approximated in the
L mean by their average, with an error independent of the cube, see [7].
Roughly speaking BM O functions can have logarithmic type of singularities
and there is no reason why the square of the function is still in BMO. Here
we will consider a square expression, namely ¢*(¢,x) and see that the L2
norm in space of the first deivatives is bounded by a BMO function. It is
worthwhile to observe here that if one assumes that f € Bg 1(R?), which is
the Besov space with indices (2, 1), then the solution is in L.

There are two standard estimates one can derive for the equation (0.1a),

one is the energy estimate which follows from the conservation laws

8,T" =0 . (0.3a)

v

T,,, is the energy momentum tensor defined by
T = 0400y ® + gy (0ad® ¢ +m?¢%) . (0.30)

The quantity To0 = 1/2(|V¢|? + qb,zt +m?2¢?) is positive and integrating over
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space-time we have the bound

/ [IVo|* + ¢7 +m>¢?| do = const. (0.4)
R2
The Sobolev inequality implies that for every fixed time ¢(t,-) is a BMO

function.

The other estimate, due originally to Strichartz [4], reads

IDY2¢| orey < Cllfll2(r2) (0.5)
where D'/? is half a derivative defined via the Fourier transform. Notice
that the left hand side of the above inequality implies again ,via the Sobolev
inequality, that ¢ is a BMO function but over space-time. Estimate (0.5) is
derived using the Fourier transform and we will use these ideas in the present
work. As a matter of fact the estimate of Strichartz will follow from one of
the theorems that we will present later.

The solution of (0.1) can be written

ot x) = / sin(w(E)t)c € () du(e) (0.6a)

J
w(© = VP T2 and du()= s (0.66)
Now squaring the above expression gives ¢?(t,z) as a combination of two
terms
Aim [ cosllw(Er) + wlga))d € ) f) flga)duen)dulee)
R2x R?
Bim [ cosl(w(€) — w(E))t) e @ fle) f(€a)du(6rdu(&a)
R2x R?

.From the above considerations one can see that the square expression is
built from the basic integral operator

B(f)(t,z) == / expli((©)t + - O} (E)du©)  (0.7a)

RZ

w(&) =& +m? and du(g) :== & : (0.70)



The measure du(€) is a natural object, it is the Leray measure on the Hy-

perbola defined by the equation

{(7’,§)€I%><R2 : T:\/W}

. From the operator E(f) one can form two types of squares
O, (t,x) := E(f)E(g)(t,z) and ®,(t,r) == E(f)E(9)(t,x) . (0.8)

We will see that in order to prove estimates for ¢?(t,z) we have to give a
proof for both ®; , mentioned above.

Now let us state the first theorem.

Theorem 0.1 : Consider the solution of equation (0.1a,b). Let Dy,
denote any first order derivative and call

2

e(t) == / Dpad®(t,2)2dx b . (0.9a)
2
Then there is a positive function b(t) such that
e(t) <b(t) (0.9b)
where
||b||bmo < Cv”f”%2 ) (090)

and the bmo norm is a local version of BMO.
Before we proceed we would like to explain the BM O and bmo norms
as well as an important duality property of these spaces, see [6], [7] , [10].

Let us start by calling

1
@)= / g(x)da

the average of a function over an arbitrary cube with edges parallel to the

coordinate axis. The BMO norm is defined by

1
lallsao = sup o / 9(2) — (9)rlde . (0.10)
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The supremum above is taken over all cubes. The bmo norm is the following

modification, see [6] , [10]

1 1
l9llomo = sup — / 19— (9)1lde + sup — / glde
<1 | ) i1>1 1| )

There is an important duality property for this space, namely
(hl)* =bmo

which in practical terms means the following

/ Fadz| < [ £l llglomo

(0.11)

(0.12q)

(0.12b)

The space h' is again a localized version of the Hardy space H'. It can

be described by giving the norm of the space, [9] , [10]. Consider first a

smooth function 7(x) supported in the unit ball of R™ with the property

S n(z)dz = 1. Given an integrable function f, form the following average

€

M) = | [0 (250 fwe

and set

f*(z0) = sup M[f](xo)

0<e<o0

The usual Hardy space is defined by
H':={feL'(R") and f*eLY(R")}

Now form, for a function f € L} (R")

loc

[ (z0) == sup M[f](xo)
0<e<1

The local version of the Hardy space, introduced by Goldberg [6], i

h':={feL'(R") and f**eL'(R")}
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For a function f € hl(R™) we set, see [9] , [10]

[l ey s= 17 M2y

There is a natural estimate for the operator E(f) defined in (0.7). It

reads
IE N o (rsy < C||fHL2(du) : (0.14a)

The right hand side of the above is the L? norm defined via the Leray measure
on the Hyperbola dyu := d¢/w(&). To be specific
1/2

. N d
1l = / |f<f>|2yi) | (0.14b)

This is essentially the same as estimate (0.5) and it is the estimate derived by
Strichartz. It is optimal as stated, however there is a smoothing phenomenon.
One quarter of the derivative applied to E2(f) is bounded in an appropriate
sense by the same right hand side. The theorem can be stated as follows.
Theorem 0.2 : Consider the operator E(f)(t,x) defined in (0.7) and

the square expressions
®,(t,x) := E(f)E(g) and D, (t,x) == E(f)E(g9) . (0.15a)

The following mized space-time estimate holds

4/3 3/8

[ |10 eapas| art < Clflsan i@ 15
R 2

where DY* denotes one quarter of the derivative taken via the Fourier trans-
form.

A final theorem is concerned with products E(f)E(g) or E(f)E(g) when
the smoothness of f and g is not the same, this is a refinement of Theorem

0.1.



Theorem 0.3 : Assume that ¢ and v are solutions of the equations
p+m’¢=0  [W+m* =0
with initial data
¢(0,2) =0 ¢4(0,2):=f(z) ,  $(0,2):=0 ¢(0,2):=g(z)

Then

L2(R3) <Clf/wllr=l1g/ = (0.16a)

| tirt = 1ell + m)' 2 6 ()|

where w = \/||2 + m?2. Moreover the quantity defined bellow
1/2
€(t) = {R/ (¢ 2 (0.16b)
2

e(t) < b(t) (0.16¢)

satisfies the estimate

where

[bllomo < C||F/]| , Nglsa - (0.16d)

Notice that in the estimate above ¢ can only satisfy the estimate

Sl:pHQZ)(t?')HL%R?) < || f/wllr2re)

while 1) for each fixed time belongs to H'. In what follows we willuse "~ to
denote the Fourier transform of a function over the space-time variables. We
willuse = to denote the partial Fourier transform over the space variables

and we will always denote

w(§) = VI +m?



Chapter 2, Demonstration :

We will start by considering the integral operator defined in (0.7), name-

ly
— - 2 2 ) F dg
BN = [ ealit /e b OO e - (110
In what follows we will denote

(€)= VP T

Notice that the Fourier transform of the expression above is

(1.1b)

E(f)(r,€) = 8(r% = [€]* = m®)H (1) f(£)dp(€)

where
dp(§) = d§/w(§) = d&/7
is the Leray measure on the hyperbola defined by {r = w(§)}. The leray

measure can be explained as follows. Consider the function S := 72 — |¢|?

and write
drdé = dusdS

the measure dug is a natural object defined on the surface {S = s}. Consider

the following quadratic expressions
(1.2a)

(1.2b)

Notice that these are the Fourier transforms of the quantities

E(f)E(g)



respectively. The idea of the estimate in Theorem 0.1 is very simple. It is
based on the observation

<C f 2(p2Y ]| G 2( P2 . A
L2(R3)_ HfHL (R)Hg“L (R?) ( )

e = 10+ )2 400, 0)

To make this more precise and to prepare for Theorems 0.2,3 we need the
following technical lemma.

Lemma 1.1 : With the above notation we have the estimates

¢+ 171 @s.0(7,¢) ~ Ki o(7,¢) Ds (7, ¢) (1.3)

where

ey TPH(T [P — Am?) H () .
Ki(7,¢) := 1P + a2l (1.4a)

(€12 (¢ =) H(|¢]* = %) (1.4b)
{[(IC? = 72)2 + 4m2|C[?] ([C]* — 72 + 4m?)}

KO(T’ C) =

=

and the quantities Di,o satisfy the bounds

1Diollz2rey < Cllfle2ryllgllpzrey (1.5)

where H(s) denotes the Heaviside function.

Proof :

A

The proof is based on an explicit computation of the quantities ®; , .

Let us compute first the quantity ®,
A) Computation of &,(r,() :

E(f)B(g)(t,z) = / exp(iQ) f(€)f(—n) L (1.6a)

- w(€)w(n)

where
Q:=tw(§) —wm) +z-(E+n) . (1.6b)
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Call 7 := w(€) —w(n) and set ¢ := £+ n and X = & —n. If we write
X = (X1, X2) where X is in the direction of ¢ then X satisfies the equation

(P-r Xp X3
ICE—72+4m2 72 |C]Z — 72 + dm2

=1 . (1.7a)

Notice that [(|? — 72 > 0. Introducing natural coordinates on the hyperbola

defined by (1.7a)

T\/\C|2 — 72 4+ 4m?2

X1 :=acosha a:= (1.7b)
V-7
Xy :=bsinha b:=/|C]2 — 72 + 4m?2 (L.7¢)

we can compute the Jacobian of the transformation dX,dXs = Jdrda

[CP(I¢* — 7 + 4m?) cosh® a — 73(|¢]* — %)

J(r,(,a) = 1.8a
(76 (2 — )7 t-s)
On the other hand a straightforward calculation gives
2(1¢12 — 72 4+ 4m?) cosh? o — 72(|¢]2 — 72
dw(§w(n) = <P ) ( ) (1.8b)

(I¢]? = 72)

Combining (1.8a,b) gives the formula

bo(r,¢) = \/|<|27—72/ (HX )g(X(O;)_C)da (1.9a)

where the vector X («) can be expressed in a simple manner using complex

notation
¢:=1¢le” and X(a)=e"[a(r, () cosha + ib(r, () sinh (1.90)

where a, b are defined in (1.7b,c) . We will need formula (1.9) later. Now the

Lemma follows from the estimate

;/d_aw H(|¢P? = 7*)(I¢]* = %)
cI® TG = 7 4 4m2) (12 = 72)2 + 4m2|¢[2)]) /2
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and the observation
/ drdodCTf 2191 = | fllzz 191 e

B) Computation of ®;(7,(¢) :

The computation of E(f)E(g)(t,z) is similar. Let us mention what is
different. In this case we set 7:=w(§) +w(n) , (:=&+nand X :=& —n
then ddn = cd{dX and X = (X1, X3) with X7 in the direction of ( satisfies
the equation

e S P X3
S e

=1 . (1.10a)

Notice that 72 — |¢|*> —4m? > 0. Choosing natural coordinates on the ellipse

defined by (1.10), namely

2_ (12 — 4m2

X1 :=acosa ) a:= TV —[d m (1.100)
Vol

Xo :=bsina : b= /12 —[C|2 — 4m?2 (1.10c¢)

we have for the Jacobian of the transformation dXdXs = Jdrdo

r(r? —1¢2) — 6P (7 — [¢? — 4m?) cos® a
(72 = ¢H)*?

J(1,(,a) = (1.11a)

while

(7 = [2) = [¢P (7 = [¢[? — 4m?) cos? a
&

Aw(§w(n) = (1.11b)

Finally we have the formula

Bi(r.) - W/ () () aa

where again X («) can be expressed using complex notation

~—~

1.12a)

¢C:=|¢le” and X(a)=e"[a(r,{)cos o+ ib(T, () sin (1.120)
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and a,b are defined in (1.10b,c) . We will use formula (1.12) later. Again

the Lemma follows from the estimate

L[l H(r? —|¢? = 4m?) /72— [(]?
VEREL T w02+ am2 ()

and the computation

/dead§J|f|2|§|2 = Ifllz2 gl 22

This completes the proof of the Lemma.o
Remark : Notice that the previous computations can be combined in

the case of the function ¢(t,z) the solution of (0.1) as follows

1
¢2(tax) = WF(tax)

where F' € H'/2(R3) is given via the Fourier transform as the even function

defined by

F(T,Q:i!f(HTX(a))Q(C_TX(a)>da if 72—¢?>0

and

F(r,o=R/f<“§(“)>g(X(o‘2)_<)da it [P =750

while [0'/2 is defined by

Ij1/2'—{\/|<‘2_7-2 if [(2—712>0
o liy/TE =2 P —|¢2>0

so that [(0'/2(0'/2 = 0. One can try to apply the energy estimate for the
equation

(6% = (/2 F
but the problem is that F' € H'/?(R3) cannot be restricted on a hypersurface.
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Notice that ®; is supported in the region {72 — [¢|? — 4m? > 0} while
d,, is supported in the region {|¢|*> — 72 > 0}. Combining both cases we can

write

(. Q) < Q(r,¢)D(7, () (1.13a)

where

1Dllzz < Cllf I llglre (1.13b)

and Q can be dominated using (1.4a,b), namely Q can be chosen to be

A 1 1
7,¢) = -7
YO i ™ iR a7

(1.13¢)

Call
Ot ¢) = /R explitr)O(r, O)dr (1.13d)

the partial Fourier transform with respect to the dual time variable. Then a
simple change of coordinates gives

~ exp(itT)dr

Q.¢) = 2eostule) [ ST (1.13¢)

[72 + 4m2]1/4
R

We want to isolate the singular part in the above expression, for this reason

call

k(1) ;:/% | (1.14)
R

Now the function k() has the following properties stated in the lemma below.
Lemma 1.2 : The function k(t) defined in (1.14) satisfies the following

properties

Ik(t)] it |t <1 (1.15q)

IN

it |t >1 (1.15b)

13



Proof :
To prove (1.15b) notice that by integration by parts we have

/ exp(itt)dr 1 / exp(itT)rdr

[72 4 4m2]1/4 T 9t [72 + 4m?2]5/4

and

/ > TdT C
o [T2+4m2]3/t  /m
In order to prove (1.15a) it is enough to notice that if |7] is large then

1 1
[72 + 4m2]1/4 ~ BEE

and this completes the proof. o
We need one more technical lemma.
Lemma 1.3 : Assume that k(t) > 0 satisfies the conditions (1.15a,b)

from Lemma 1.2. Consider the operator defined by

I(f)(t) = /k(t —s)f(s)ds (1.16a)

R

where f(s) has compact support in the interval [—T,T|. Then

() z2ry < Cllf I (1.16b)

Proof :
Compute

/IQ(f)(t)dt:/dt / k(t — s0)k(t — 52) f(51)f(5)ds1dss
r R [-T.TIX[-T.T)

— / h(s1,s2)f(s1)f(s2)ds1dss

[T, T x[-T,T]

where

h(s1,82) = [ k(t — s1)k(t — s2)dt
/
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It is easy to see that because of (1.15a,b) we have
h(s1,s2) ~ |log|s1 — sa| if ls1 —sa] < 1
while h(sy,s2) is bounded if |s; — so| > 1. Hence for fixed s; we have
1A (s1, bmo < C
independent of s;. Now

/IQ(f)(t)dt < [l sup Ay, lomoll £l

This proves the Lemma. o
Now we are in the position to prove

Theorem 1.1 : Call

€(t) := /\Dm (E(f)E(9))| dx (1.17a)
or
(t):= | [ 10 (BB da (1.175)
then there is a positive function b(t) defined almost everywhere such that
e(t) < b(t) (1.18)

and

[bllomo < CliflIz2llglle2 - (1.18b)

Proof :

Because of Lemma 1.1 the Fourier transform of both quantities

Dy . (E(f)E(Q)) and Dy . (E(f)E(Q))

15



can be written as G which satisfies

G(7,0)| < Q(r,O)D(7,¢)

where D and Q satisfy

IDllz> < Cllflizzllgll 2

and

Q(t,¢) = 2cos(t[C])k(t)

with k(t) defined in (1.14). Using tilde to denote the partial Fourier trans-

form with respect to the dual time variable we have

G(t,0) = / 2cos ((t — 3)|C) k(t — 5)D(s, C)ds
R
and from this it follows that

LZg/%@—@

R

ds := b(t)

ot

We want to use a duality argument. Pick an arbitrary function [(¢) with

support in the time interval ¢t € [T, T] and compute

IOIE / K(t — )| D(s. )| 21t )deds

/k@—@K@Mt
< IDll2CIC) [

< 1Dz

L2

since k(t) satisfies (1.15a,b) in Lemma 1.2 . Hence b defines a bounded

functional on h' and

16O oo < ClDNz2 < ClifllL2llgll 2

which concludes the proof. o
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Now we want to give the proof of the estimates in Theorems (0.2,3). Let
us state the basic estimate from which all the others follow.

Theorem 1.2 : Consider the integral operator of the type

E(f)(t.x) == / expli(t(€) + 2 O} F(©du(©)  (1.19a)

R2

w(€) =VI[€2+m? with du(§) := % (1.190)

Denote by ®;, the Fourier transform of E(f)E(g) and E(f)E(g) respec-
tively. The following estimates hold :

172 = 1¢21 407, )|

2(dw) 19 2 1.2
LZ(RB) Hf( )HL (d,u)”g(f)HL (dp) ( Oa)

and

(7] = 151D 2io(r. Q)| , < C||f/w
L

g ) 1.20b
oo Wil - (1200

Proof :
Consider first the quantity ®; which is the integral given in (1.12a),

recall that ®; is supported in the region 7 > 0 and 72 — |(|? > 4m? . Both

estimates follow from the same computation so we will prove only (1.20b).

Set
¢+ X(a)
51,2 = 9
Cauchy-Schwartz inequality gives
(r— o |&] <
T — || w(& /|f £)2 |2w(§2) da
Vaniel S w(&1) /72 —[([?

Observe first that, see (1.11a,b)
drdad¢  d&idés

V2P w(@)w(&)
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and the estimate will follow after the inequality with respect to 7, {, provided

that the quantity
Tl [,
VIR (&)

is bounded for every 7 , (. It is straightforward to calculate

4m?

w(&12) =T % ¢g|¢| cos with g:i=4/1— 2—|C|2
7— J—

Call A := 7/|C|q. We have
/w(fl)da:/)\—i—cosadaN 1
w(&2) A —cosa A2 —1
51 S1

and the quantity

T — ¢l
V(2 = [CP) (A = 1)

is bounded for every 7 and (.

In order to prove the estimates for the term ®, , see (1.9a), we need a
new idea. Consider a dyadic decomposition of the functions f and §. This
can be achieved as follows, we start with a smooth function a supported in
the set {1/2 < |¢| < 1} and form the dyadic dilations a;(§) := a(£/27). It is

easy to see that a can be chosen so that

+oo
dooai)=1 if  £#£0
j=—o00
Now set
+oo
ao(§) ==1-) a;(¢)
j=1
and define



Denote the dyadic components f; and g; and consider the coresponding

expression @, .. The proof (1.20a) will follow from the estimate

. C X A
[ci2 =580 | < srmalfilamlinl e - @21)
Observe that
Am2
w(&1,2) = [C|gcosha £ 7 with q:=4/1+ K‘Q%
and, see (1.8a,b),
drdad¢  d&ydgs

VIEE =72 w(&)w(&)

Case A : Assume that j ~ k and both j and k large, otherwise there

is nothing to prove. In this case

w(&) cosha+ A , T
= ~1 with A:=— <1
w(&) cosha — A\ IClq

It is easy to see that for any A\ the variable oo has to belong to a bounded
interval. The most interesting case is when A is close to one, in which case

a has to be large and belong to an interval of the form

{23’ 2j+1]
e € |—,——
IClg" IClq

Hence using Cauchy-Schwartz again

. 2 . do
bog| < ([ ) [1it@PlEP

Multiplying the above inequality with \/|(|? — 72 and integrating with re-

spect to 7 and ( gives (1.21).
Case B : Assume k << j. In this case || ~ 27 and 7 ~ 27 . Without

loss of generality we can assume that 7 > 0. Now

w(&)  cosha+ X 27
= ~ — 1
w(&) cosha—\ 2k b

19



where A := 7/|(|q ~ 1. For this to be satisfied o must be close to zero and

in particular
2k ok/2
2 —
o < 2 hence /da 537z

Now we have after using Cauchy-Schwartz again
. 2 ok/2

d
q)oJk >~ 23/2 /’f 51 | ‘g 52)’ ’C‘Qa ’

from which the estimate follows after integration in 7 and (.

Finally we want to prove the estimate

lact=17n'2 .|| | < Clffwllaslilze

éo:zio,jk: Z o g+ Z O, =0+ Z Do - (1.22)
j.k

li—k|>2 l7—k|<2 li—k|<2
The first term in the above expression can be estimated as follows. Notice

first that

e e [ (S s

where x4 (T, a, () is the characteristic function of a set contained in

Cwe) 1w
AC{(W’Q ' ole) =2 w(@)zz}

The relation

w(&) cosha+ A , T
= with Ai=— <1
w(&) cosha— A IClq

implies that for every fixed (7, () the range of possible values of a belong to

a bounded set i.e {a € R : |a| < C}. Using Cauchy-Schwartz one more time

we have
2
(Il - I7) | @3] <
ll=lrl i | [ PaepeE
ViE=— J w(€) VP - 72

20



. From the observation

w(é) , cosha + A 1 B
/ do = / Cosha—)\daNm where M\ := K|q<1

la|<C la|<C

we have after integration with respect to 7, ( the estimate

lacr =102 84| | < cllffwlzalgllse

To handle the last term in the expansion (1.22) observe that

~ 2
(0l = i) [ = 2 (o) 17 Plae——

Since |j—k| < 2 the variable @ must belong to a bounded interval. Integrating

with respect to 7 and ( we obtain

< O\ f;/wllz2lgsl o2

|VIT=T7T0) .

Summing over j,k and taking into account the fact that 7 ~ k gives the
desired estimate. o

The estimate of Strichartz follows from the multiplier estimate

1/4

1 lzscrey < W72 = ISP f (7, Ol ey

see [3].

Remark : A more careful analysis taking into account the fact that ®;
is supported in the region where 72 — |(|? — 4m? > 0 and the observation
that ®, is the convolution over a hyperbola that vanishes when |¢| = || can

prove the following slight improvement.

et = 1711 +m)"2 bi| < CUF fwllzallze (1:23)

Now we are in the position to prove Theorem (0.2).

Proof of Theorem 0.2 :
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Observe that from Theorem 1.2 we have

A

Di,o

(7] + ¢4 o ~ —b0
| = ¢V

where

1Diollz < CllfllL2(apmll9llz2cap

Denote by ~the partial Fourier transform with respect to the time variable

and observe that

et dr eitm

~ for |t] small
1/4 3/4

/Ruﬂ oA

Consider an arbitrary function [(¢,z). A duality argument gives

1
< [ ol

RXR

(.05,

D o(s, -)HL2 dtds

11(, )l 2
———dt
& — 5|3/

R L2(R)

< ClDiollz Wt 2zl oo py

< [ Diol 2

where we used the Littlewood Hardy Polya inequality in the last step. This
concludes the proof. o

Proof of Theorem 0.3 :

We will give only an outline. The proof of Theorem 0.3 follows exactly
the same steps as in the proof of Theorem 1.1, starting from the observation

that because of (1.23) we have

~ 1 N
i,0 ™ 1/2Di’0
(7] = I<I[ +m)

b

where

<clin

L2(R3) —

H 7,0

L2(R?) 191l L2 (R2)
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