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1. Introduction

The purpose of the present paper is to demonstrate global existence of rough
solutions for the cubic defocusing Schrodinger equation in 2 + 1 dimensions. To
make the statement more precise, we would like to consider the following evolution
equation

10 — Ay + [Y* = 0, (1.1a)
¥(0,2) =o(x); (t,x) € R x R?, (1.1b)
i.e. x € R? are the space variables and ¢ denotes the time variable. For the evolution
Eq. (1.1), we would like to assume that 19 € H'/?(R?) and show that there exists
a global in time solution with v (t) € H'/?(R?). Certain conserved quantities are

crucial to the behaviour of the solutions. The conservation of energy means that
the integral

Bt Y /R <|w}|2 + %le‘*) dx (1.2a)
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is independent of time. On the other hand, the evolution equation preserves the
total mass which means that the integral

M)« /Rz || dx (1.2b)

is also independent of time. It is rather easy to demonstrate, using the two conserved
quantities above, that a solution of (1.1) exists for all time provided that the initial
data are sufficiently smooth, namely in H'. The reason for assuming 1o € H' is
that one would like to take advantage of the conservation of energy, see the intergal
in (1.2a), which is positive definite and which implies that the H! norm of the
solution is bounded as long as the solution exists. In order to explain the type of
result that we would like to demonstrate in the present work, we have to explain
first why the Eq. (1.1) admit local weak solutions if we only assume that the initial
data are in L2. To see why this is so, we have to use the Strichartz estimates, more
precisely consider the linear Schrédinger equation with a forcing term f|

ithy — Aip = f, (1.3a)
$(0,%) = 1o(x). (1.3b)
The solution of (1.3) can be written in integral form as a combination of two terms,

namely 1(t) = 1 (t) + ¢(t) where

Y (t) B ey o) E / e 09 £ (5)ds. (1.4)

The local in time construction of solutions is based on the well known Strichartz
estimates

el are+ry < CilldbollLzrzy; |l Lare+1y < Coll fll pars(ro+1)- (1.5)

Pick a time interval, say [0, 7], with the final time 7" to be chosen and set up an
iteration scheme as follows

i — AP = o 1 (O ® Py ®; D (0, x) = gy (x) (1.6)

with 99 satisfying i9;1(*) — Ay = 0, ) (0) = 1y and X[o,7] the characteristic
function of the interval [0,7]. The Strichartz estimate in (1.5) [[¢r]lpa(p2e1) <
Ci1|[Yo|| L2 (r) implies that there exists some time interval, say [0,77], such that

[¥Lllza(rzx0,217) < € (1.7)

where € is a fixed small number which will depend only on Cs, see (1.5). Let us
define a local in time norm,

(1.8)
X =4 | ®| Lacpz 0,1 -
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Cubic Defocusing Schrédinger Equation in R2T1 3

Applying the estimates (1.5), we obtain an inequality of the form Xy < e+ CX},
from which it follows that X}, is a bounded sequence. By considering the evolution
equation for differences 9**1 —4)(k) one can show that the iteration is in fact a
contraction with respect to the L* norm, thus constructing a local solution of (1.1)
in the time interval [0, T]. A crucial observation is the fact that 7" is defined via (1.7)
and we do not have any control of its size. Repeating the construction starting with
data at time T, we can construct a solution on successive time intervals, but there is
no guarantee that the intervals will not shrink rapidly thus constructing a solution
only on a finite time interval. On the other hand, if we use the conservation of energy
this cannot happen, since the energy estimate controls the H'! norm of the solution,
but we need to assume that ¢y € H'. It is an interesting question to ask whether
equation (1.1) has global in time solutions if one assumes that g € H® for 0 < s < 1.
This question was first posed by Bourgain, see [1,2], in which he demonstrated
global existence for s > 3/5. The range of s was subsequently improved in [5, 6]
to s > 4/7 using the crucial idea of an almost conservation law for the energy. In
the present work we would like to demonstrate global existence for s = 1/2. There
are two key ingredients needed in the proof, the first is the almost conservation law
and the second is a correlation estimate. The paper is divided as follows, in Sec. 2,
we present the main argument leading to global existence, we essentially follow the
argument in [6]. In Secs. 3 and 4, we derive a bilinear estimate due to Bourgain
and the almost conservation law developed in [5,6]. Section 5 presents a method
for deriving correlation estimates. Recently Coliander et al. showed existence for
s > 1/2 by improving the almost conservation law.

2. Main Argument

Presently we would like to give the main argument of the proof of global existence
for the following problem

i) — A+ [9p]*p = 0, (2-1a)
(0, z) := vo(x) € HY/?(R?). (2.1b)

We will follow the technique used in [5,6] which is based on the multiplier I and
the idea of an almost conservation law. Before we start let us specify some notation
conventions. We would like to define the Fourier multiplier ms n(£) to be a smooth
function in frequency variables which is less or equal than one and has the following
properties

def{l7 if |¢] < N,

e &)\ (/g i el > 2N, 22

for 0 < s < 1, however in the present work we will choose s = 1/2. We will use the
multiplier above to define I, which whenever convenient we will also denote by
17, as follows

Yi(t, @) = It @) =% FH {mg v (€)d(t,€)}. (2.3)
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We will also use the following spaces introduced by Bourgain, see [1,2].

def Sa
19l x,.0 = 146)*(S)* Pl 2, (2.4a)
where we adopt the notation convention
def = def =, def |~
©=1l+1 S=71-[¢ (5)=I5+1. (2.4b)

When we consider localization in time, we will use the notation X S{a or simply write
X'loc where T stands for some time interval [Ty, T»]. This means that we consider

s,a0

Xoo® V() =1(t), teT}). (2.5)

def . ~
1¥llxz, = I%f{HM

The s-derivative of a function is defined in the standard way

Dy =F {(&)*F}

The energy of the function v; is defined as follows, see the definition of energy
in (1.2a),

(2.6)

E(Iy)(t) < /R {|vw1|2 + %|w1|4} dx. (2.7)

Finally, we will employ the Strichartz estimates

t
‘ / efi(tfs)Af(s)dS
0

—itA
le™ d}OHL?j,L{ = COHdJOHLQ(PR)’ (2.8b)
where the exponents p and r satisfy the admissibility condition, see [5, 6],
1 1 1

PR (2.8¢)

L = CleHL?;',L{” (2.82)

@y

Let us list here the ingredients that are essential for the demonstration of global
existence. The first observation is the fact that if ¢(¢,x) is a solution of (2.1), we
can scale it and obtain a new solution, namely the scaled function,

Wl (E 2
W0 ™ Jo (33) (2.9

satisfies the same equation with initial data (())‘) = (1/XN)wo(x/X). This scaling
preserves the L? norm of t(t) as well as the L? space-time norm. Now let us scale
the solution ¢ — ¥ so that E(Iw(())‘)) < 1/4, more precisely under the scaling in
(2.9), we have

A N A 1
IVI65 172 ~ S llollGpn and 1706V I ~ Sz llvollzs. (2.10)



1st Reading

April 18,2007 152 WSPC/JHDE 00116

11

13

15

17

19

21

23

25

27

Cubic Defocusing Schrédinger Equation in R2T1 5

Notice that from the Sobolev inequality we have ||¢|| g+ < C||9| g1/2. With all the
above in mind, we can choose A in the following manner

X = CN|lol[312. (2.11)

where C' some fixed large positive number so that the scaled function w(()x) satisfies,
(\)

E(Iyy) < 1/4. (2.12)

We will choose N at the end of the argument to be sufficiently large.

The almost conservation law is the next essential ingredient, see [5, 6] where this
idea was introduced. The idea is that the energy of ¢; is almost conserved in the
following sense

1
E(I)(T)—~E(I)(0)] < —=—7 [C1]T]* + Ca|lIy)° ] 2.13
BT~ B0 < st |C0lan +Call bl |- @13
The third crucial ingredient is an a priori estimate which reads as follows. A solution
of (2.1) satisfies the a priori estimate

19 2s re )y < 190122 < sup ||¢(t)|§m2> V12— T (2.14)

[T1,T%]

This type of estimate for three space dimensions was derived first in [6,7]. A general
method for developing this type of apriori estimates will be given in Sec. 5. In order
to present the proof of global existence, we will need a series of technical lemmata.
The first lemma that we will need is the following, see [3].

Lemma 2.1. Assume that q(£1,&2), with & 2 € R?, is a smooth function satisfying

0% < Cla)(1+[E) 71 €= (&1,&) (2.15)

for every multiindex o and define a quadratic expression as follows

Qlf,gl(x)=F! {/Q(E — ) fE— n)ﬁ(n)dn} : (2.16)

The following estimate holds

1QUall s < CllF o llgllra,  where — 4 - = 1. (217)
b1 p2 P
This lemma appears in [3] and we will omit its proof. We will use Lemma 2.1
above to claim that as far as the LP norm is concerned we can think that DI(¢3) ~
(12)(DI%). In order to apply Lemma 2.1 we need to assume that the multiplier I
has smooth symbol which can be achieved by considering a smooth approximation
of ms n, see (2.2). We will also need the following Strichartz type estimate.
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Theorem 2.2. A pair of exponents is called admissible if it satisfies

Lol oy (2.182)
—+-==; 7 .18a
p r 2

and with this choice of exponents the following Strichartz type estimates holds true

1¥llzz,zy < CONYNx0 01,2 (2.18D)

These estimates are well known, see Bourgain [1, 2], also see next section. Next
we will need a lemma that says that if the space-time L* norm of v is small on
some interval [0, 7], we can control all higher order norms.

Lemma 2.3 (Local existence with H*(R?) data, where s > 0). Let us define
the quantity,

def

1([0,4) = /D[O ) [* dxdt. (2.19a)

If ([0, T) < po, where po is some universal constant then the following estimates
are true,

1D o 1 pporyy < ClID ol 2 (2.19b)
| DI+ )y < C|| DIy (2.19¢)

LA(D[0,T ||L2'

Proof. The proof imitates the argument for local existence given in the introduc-
tion, the function D%y satisfies the equation,

i0y (D)) — A(D*Y) = —D* (xpo0,1 (1) [¥]*®) (2.20)

in the interval [0, 7], where x[o,r) denotes the characteristic function of the time
interval [0, T]. Let us take p = r = 4 for simplicity. Let us write D := R? x [0, T'] for
simplicity. Applying Strichartz estimates as stated in (2.8a) and (2.8b), we obtain

1Dl 4y < Coll Do 2 + Co || D* (W) | oo - (2:21)

Because of Lemma 2.1, we can write D*(|¢)|?¢) ~ 9?(D*)) and using Holder on
the right-hand side of (2.21) with exponents 4 and 4/3, we obtain

1P| gy < CLlD Yol 2+ Co 1210, DI D] - (2.22)
We need to assume C3.([0,7]) < 1/4 in order to complete the proof of the lemma.

The proof of (2.19b) is similar so we will omit it. m|

Lemma 2.4. Assume ||[D'/24q],,
w([0,T]) < p1(B) where pi(B) is a constant that depends only on B, then we
have the estimate

< B where B is some fized constant, and

|76l nry, < ClIDIv

1,(14+46)/2

222y (2.23)
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Proof. Let us consider the evolution equation below

i0y(DI) — A(DIvy) = —DI(xpo,7 () [¥]*0), (2.24)

so that DI (t) = DIy (t) in the interval [0,T]. Again we will denote D := R? x
[0,T]. For Eq. (2.24) the following estimate holds true for any § > 0, see [1, 2],

ISU DI || oy < Ci[|[DIo|| 2 + CO[S™ 2 DI (x10.1 [ P%) || 12y
(2.25)

where C(§) ~ 6~ 1. Employing Lemma 2.1 again, we have that DI(¢3) ~ ?(DI).
Interpolating between the Strichartz type estimate

¥l < COIly, ... 296)
and the Plancherel identity, |||/ 2 = ||1ZHL2, we obtain the estimate
4 26
||1/)HL€$ < C((S)Hd}HXO,(l—é)/z’ where p= 50 9; 0= T35 (2.27)
The dual to the estimate above reads
S-(1— ~ 4
|S~0=029) ., <COllws P = 3739 (2.28)
and applying (2.28) on the last term of (2.25), we obtain
57092 (D1 w0 < COlxor(PI, (229
Now an application of Holder’s inequality with exponents,
1 20-0) 6
=1 2.
36 3.0 3.9 (2:30)

where the first exponents is applied to DI, the second to |w|8(1’9)/(3*0) and the
third to [[3¢/ =9 gives

1-0)/2
[ (DI)] L < CEONN D] 21613 0 | DI ). (2.31)
The Strichartz estimate, see Lemma 2.3, gives

1026 1y g ) < CIIDY 200 2.52)

I
provided that u[0,T] < o while the Sobolev embedding W1'/2:8/3 ¢ L? combined
with (2.32) in (2.25) gives

[1¢]| gorr < Cu|[DIno]| o + CO)IDY 24po]1 3 [ =D/2([0, TN 19| 101

1,(146)/2 1,(146)/2

(2.33)

Let us choose 6 small but fixed, for example § = 271, From the inequality (2.33),
we conclude that

19| 0.7 < C||DItpo] 12 (2.34a)
1,(1468)/2
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provided that
C(8) (1D 4o |72 [p=O72([0, T])] < 1/2, (2.34D)

which means that we would like to have x([0,T]) smaller than some fixed number,
say ui(B) since we assumed that ||D'/24|| 2 < B. This concludes the proof of
Lemma 2.4. a

Finally the almost conservation law, see (2.13) combined with Lemma 2.4 and
the scaling gives an estimate for the energy of Ivy(M. First recall that with the
scaling in (2.11), we have

122657 = A/ VNP 40|l o ~ (1/CNY?) <1 (2.352)
and A was chosen so that E(Iw((f‘)) < 1/4, so we have

C  pr. < —C

|E(Iy™MV)(T) — E(Iy™)(0)] < NG=2 S NGB0z

(2.35b)

provided that p[0,7] < pi(B). We are now in a position to demonstrate the global
in time existence of (2.1), again we will follow the argument in [6].

Proof of global existence. Start with data ¢y € CS° so that (¢, z) is a global
solution of our problem. Now scale the solution ¥(*) so that E(I?/J(())\)) < 1/4, ie.
the scaling parameter A is chosen according to (2.11). The multiplier I depends on
N, see (2.2), and we will choose N at the very end of the argument to be sufficiently
large. For the time being let us pick Tp arbitrarily large denote D[0,¢] := R? x [0, ]
and define the following set

SE{t:0 <t <Tpand V]| s (pioy) < At/E) (2.36)
with A a constant to be chosen as follows
AE K (o) 36 +1), (2.37)
where K is some large number to be chosen later.

Claim 2.5. We claim that S = [0,To), i.e. the L* space-time norm on the slice
R? x [0,1] is bounded by some constant times t*/%.

Proof of Claim 2.5: Assume not, since |W(’\)HL4(D[O¢]) is a continuous function,
there exist some T € [0, Ty] with the properties, D[0,T] := R? x [0, T],

Hw()\)HL“(D[(LT]) > ATl/S and ||'¢()\)||L4(D[O,T]) < 2AT1/8. (2.38)



1st Reading

April 18,2007 152 WSPC/JHDE 00116

11

Cubic Defocusing Schrédinger Equation in R2T1 9

From the correlation estimate (2.14), we know that

16D ooy < ol s (E“z% ot <t>||;{3/2(R2>> TV, (2.39)

and our next goal is to estimate, using the almost conservation law, the quantity
below

sup 4 Ol ora oy (2.40)

s

Let us decompose 1™ in high and low frequencies, i.e. we write

PN = Py [pN] + Poy [p™V]. (2.41)
This is a decomposition of ¥*) on frequencies [¢] < N and || > N respectively.
Recall that s = 1/21in (2.2) and (2.3). For the low frequencies, we have, interpolating
between L? and H'!

[P<n [P ®)]| /e < [P<n O @)1 PP @) 1F (2.42a)
< ol Y2 (VI ()] 142 (2.42D)

For the high frequencies, again with s = 1/2, we can write
1
||P2N[¢(>\) (t)HHl/z < WHVIw(/\)(t)HLz' (2-42‘3)

Combining the above inequalities (2.42a) and (2.42b) in (2.39), we have the overall
estimate

1/4
Hw()\)HL‘L(D[O,T]) < T1/8||w0|‘i/24 [Sup ||v1w(>\) || /
LT s Ioll aup 1V (1)) /2. (2.43)
N1/2 [0,7]

Since we know from (2.38) that, |W(’\)HL4(DOT]) < (2A)*TY?) we can split any
interval [0,T], where T < Ty, in subintervals, say Jj, with k = 1,2,..., L, write
Dy, = R? x J;, and for each slice Dy, we have

(2.44)
WP,y < (B),
where py := min{uo, 1}, see Lemmata 2.3 and 2.4. The number of slices, which
we will call L, is at most like
9 A)AT1/2
[~ G (2.45)

p(B)
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Because of (2.44) we can apply the almost conservation law (2.35) for each of the
slices Dy. We need to control || D'/24) (T} )| 12 by some constant. Observe that

/ ENB©)de < (llls + 1) EV2(1w) (2.46)

and since the L? norm is conserved, we can bound || D'/2¢*) (T},)|| > by a constand
B, see Lemma (2.4) as long as we know that E(I4)M(T})) < 1/2. Applying the
estimate in (2.13) L times on the successive slices, we obtain

L

sup E(Ii/)()‘)(t)) < E(Iw(()A)) + N3/2-3°

(0,77

(2.47)

where we know from scaling, see (2.12), that E(Iw(())‘)) < %. Thus in order to
guarantee that the energy of scaled function It1)M (t) satisfies E(Iyp™(t)) < 1/2 for
all t € [0, Tp], we would like to choose

L 1 s (2A0T)?
— <= or N¥/20 g0 2.4
NEEEE p1(B) (2.48)
so that we have the bound
sup E(IyM(t)) < 1/2 (2.49)
(0,7]
and substituting (2.49) back to (2.43), we obtain
1™ s opo.yy < 2lwoll7a T3, (2.50)

which contradicts (2.38) if K >> 2. This concludes the proof of the claim and notice
that the choice of N is given by (2.48). m|

Finally recall that we assumed that ¢y € C2° hence if ¢g € H 1/2 we can
approximate it by {/;0 € C° so that ||¢o — JOHH1/2 — 0. Since we considered the
solution in an arbitrarily large interval of time [0, 7] and the proof of Claim 2.5
involves only the H'/2 norm of the solution we obtain existence of solutions for
arbitrarily large time. This concludes the proof of global existence. O

3. Bourgain’s Quadratic Estimate

Let us start by explaining a quadratic estimate derived by Bourgain [1,2], which
estimate is crucial in deriving the almost conservation law in the next section. The
main estimate is stated in (3.11) and rephrased in (3.14) in a manner which is
convenient for our purpose. Consider two functions 1 (¢,x) and 12(¢,x) and their
corresponding Fourier transforms, say " (1,€) and Vo (1, &) respectively. Let us write
the Fourier transform of the product 14

Tnta(r,€) = / D7 — 0,6 — n)Balo,m)dndo. (3.1)

Rx R2
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Cubic Defocusing Schrédinger Equation in R2T1 11

The idea is to rewrite (3.1) in parabolic variables, let us define first the new variables,

def def
u=T—0—[¢=n v=o—|y? (3.2)

and write wg(v, 7) and d}? (u, & —n) for the functions 1}2 and 151 respectively. At this
point it is convenient to define

def def
p=E—al+ s m=n-¢/2 (3.3)
so that we can write
m[* = (2p — €) /4. (3.4)
Let us call p := || the length of the vector n; so that we can write 7 = pe®,

where « is the angle of the vector 77 and express p as a function of p and £ via the
formula

o(p, ) = 5v/2— . (35)

Notice that dn = dm = pdpdac = (1/4)dpde, moreover we have that p =7 — u — v,
so that we can write p as a function of (7,u,v,§)

1
p(1,u,0,§) = 5\/2(T—u—v)—|€|2- (3.6)
Combining all these we can write
(¢1¢2) (t7 X) = f_l {¢(T7 g)} ) (37&)
where ®(7,&) is given by the following integral
o)™ [ v ez gt g2+ pe) dadude (3.7D)
SIXxRXR

and p(u,v, &) is given by the formula (3.6). Now let us consider a dyadic decompo-
sition of ¢ and 5 as follows

un~2 v~ 22 e~ 20 | ~ 202 (3.8)

and assume without loss of generality that 271 > 272, The crucial observation is
that since
£)2 — pe'® ~ 200 £)24 pel™ ~ 202, 201 > 272 (3.9)
we have that the angle « of the vector n; is constrained in an interval [—ayg, o],
where the size of the interval is restricted by
272
Plancherel in (3.7a) and (3.7b) gives the estimate

2 )
[ 1902 |;. < C227912102% [y ||2,||a | 2. (3.11)
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The estimate above can be expressed in a form which is more convenient for our
purpose. Let us define first,

(5) sl +1; S (r—lg?) (3.12a)

b(€1,&2) = min { (%)m, (%)UZ} . (3.12b)

Using the function b we can define the quadratic expression, for § > 0, arbitrarily
small

b (1) E { / DD (& — )i (7 — 0, € = m)a (o, n)dodn} . (3.13)
and the estimate in (3.11) implies the following estimate for the quadratic expression
in (3.13)

o) 2 < COISTE IS 520, (31)
Notice that from the definition in (3.12b), we have that b=+° > 1.

4. Almost Conservation Law

The almost conservation law was developed in a series of papers by the authors of
[5,6], for the Schrodinger equation, see [5,6]. Presently we would like to rederive
the almost conservation law. The derivation is slightly different but we follow the
same reasoning. Start by writing the evolution equation for ¢; := I, where I :=

i0upr — Apr + s + (L(|¢1*) — [r*¢r) = 0. (4.1)
The energy of ¢; is defined to be, see (2.7),
E(vr) dzef/ {‘V(#HHQ + %|1/)1|4} dx, (4.2)
R2

in imitation of the conserved energy. The energy in (4.2) is not conserved but in
the terminology of [5, 6] it is almost conserved. Let us define two quantities

def def
P=I(WPe): R= [wrfyr, (4.3)
so that from the evolution Eq. (4.1), we can derive an evolution equation for E(I1)),
namely
dE — —
E:<P_R’ (wl)t>L2+<P_R; (¢1)t>L2- (44)
Using the evolution equation, we can write
def . .
¢ = Opp = —iAY +i([9*0), (4.5a)

so that we can split ¢ = ¢ + ¢2 where we define
def def

1 = —iAY;  ¢o = i(JY[*Y). (4.5b)
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1 Notice that I¢y = iP so if we substitute back in (4.4), we obtain
dE —
—p = 2m (P—R; 1¢y),,+2Im(P—R; R),,. (4.6)

The almost conservation of energy means that we would like to prove the estimate

|E(T) — E(0)] < N~G=9/2(¢y |\hp||§40,aﬂ + Cy |\I¢|\§({o,f] ); a=(1+4)/2.

(4.7)
3 Lemma 4.1. Assume 1/2 < s < 1. For the quantity defined below
def
J(t) = (L (W Pe) — 1L P15 ), (4.82)
5 the following estimate holds true
T
C 1+06
| 10| < Gt ot oms o =55 (48)
7 where s1 and B are given by
1-9 3-96 1
—s———; B=""C1 s>- . .
s1=25 T T 5 0>0 (4.8¢)

At this point let us notice that applying the lemma above to I¢;, see (4.5)
and the first term on the right-hand side of (4.6), we obtain since s1 < s imply
Mgy < Mgy,

T
C
3 4
/0 <P R I¢1>dt N(3 5)/2 ||I¢|| OT ||I¢1||X0T = NG- 5/2HIwH OT

(4.9)

Proof. We will ignore complex conjugates since they are irrelevant here and also
ignore the dependence of functions on the time variable. Writing the integral above
in Fourier space, we obtain

L / [ 52 + &+ &) } Dr(E)Dr(Es)r(€a)D(Ex + &5 + &) dEadesdes.

m(&s)m(s)
(4.10a)
9 Let us write for simplicity,
_ I if [§] <N,
e = {2 N (4100)

and call & 1= &2+ &3+ &4 Rewrite the integral appearing in (4.10a) in the following

manner
m(&1) ] |€1]
1= [ - &) Tellesliel
X |52|1l)1(52)|€3|¢1(53)|€4|¢1(54)|€1|71¢(51)d€2d53d§4- (4.10c)

Employing the notation by = b(&2,&4) and by 3 = b(&1,&3) for the expression b
defined in (3.12a and 3.12b) and keeping in mind the estimate in (3.14), write the
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integral J in the following way

& a(é1)
7= /|:|£2||£3||£4 (52) (53)0,(5 ):| (52754) 13 (51753)

% (Jeldr(€2)lealdr(€)bzi™) (1617 960 slPr (€a)bT ) déadgadea,

(4.10d)
where a(£) stands for the function
_ _ L&l if [¢] <N,
o) = I © = { §h e, el SN (4.100)
Give a name to the first part of the integrand in (4.10d),
def (ST a(é1) ] pl—o pl=s 411
7 ElElE  d@aaen) 2 e Ens) ()

The desired estimate in (4.8b) will follow from the quadratic estimates in (3.14) if
we demonstrate the bound below.

Claim 4.2. The quantity Q defined in (4.11) satisfies the bound
1Q] < N=G=972 (\ MoAshg) % 5> 0, (4.12a)
where \; are the quantities

1, if &l <N,

R I N (4.120)

Proof of Claim 4.2. We can assume without loss of generality that &4 < [€3] <
|€4| and write

pi =& 1=1,2,3,4, (4.13)

so that py < ps < po. First let us observe that if py < p3s < ps < N and p; < N
then @ = 0. We will examine the size of the quantity @ in three different cases.

Case 1. Assume that py < ps < N < po. The quantity @ is largest when py <
p3 < N hence p; = p2. In this case we have,

S
p2p3ps  P3p3pPs) \ P2 p1
— P2 p1—p2\" 1
KH p2 ) - (H p2 ) ] (p1p2)1=9)/2(pgpg) o)/ (14e)

o, 1o
e <_ 3t (ﬁ) ’ <ﬁ) e
p2(p1p2)1=9/2(p3pg) 5" T (papa) T2 \ o p1

Q
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where we used the fact |p1 —p2| < ps+ps < N and (1+z)*—1 < Cx for z € (0,1).
The estimate in (4.14a) can be expressed in the following manner

Q| < OASIPAI AN 2, (4.14b)

Case 2. Assume py < N < p3 < po. The quantity @ is largest when p3 ~ N,
p4 < N, hence p; = ps. In this case we have the estimates

Q:( L N'=*p} )(p4p3>(15)/2
p2p3ps N20=5(pap3)ps ) \ p2p1

s 1—s 1-6)/2
- < P1 > 1 ( p1 ) 1 (p3p4>( / (4.154)
p2p3)  pa |\ P2p3 Ni=s

P1P2

. < 1 >s <p3p4>(16)/2 1 N (E)S(lé)/Q N2 N%ﬁ
T\ p2p3 p1p2 Ni=s p3 (p1p2)' =

Using the notation from (4.12b) we can write (4.15a) as follows

Q| < C(Aro) VPN 02N (=012, (4.15b)

Case 3. Assume N < py < p3 < po. The quantity @ is largest when py < p3 < po,
hence p1 = p2. Now we can estimate

s (1-6)/2
_ [ P P1 } <P3P4>
p2pzps N20=5)(papspa)® | \ p1p2

:< 1 )5 ( 1 )15_ 1 (p3p4)(15)/2
p203P4 p203P4 N2(1=9) | \ p1p2

. Y (4.16a)
- ( 1 ) 1 (/?3,04)
= \p2pspa) N2\ pipo
s s—(1-58)/2 1/2 1/2 s—(1-58)/2
)G GGG
P2 P3 P2 1 P4
which can be written, using the notation in (4.12b)
Q] < (\ara) TP ()TN, (4.16b)

The three cases demonstrate the inequality in (4.12a) i.e. we see that for s > 1/2,
we have that the quantity @ is bounded by

Q] < CN=C=9/2 (A o dghg) 0, (4.17)

where \; := A(§;) are given by (4.12b). This concludes the proof of the claim.
Hence this completes the proof of Lemma 4.1. O
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Let us now apply the estimate in Lemma 4.1 for the expression below, see the
second term on the right-hand side of (4.6)

C
< WHIW;&T] ||IBRHX@Q, (4.18a)

/0T<P—R; R) dt

so that we would like to estimate the expression
|G| s R= il (4.18b)

For simplicity we can write

= def = def
5 F (m+m+r—|b+&+a)D); 5= (m—|al’), k=234
(4.19a)
and, denoting « := (1 + 9)/2, we have the following inequality
S < 85+ 85 + 8¢ + (&ll&s) ™ + (&llel)™ + (1€l (4.19b)

With these observations in mind we have that as far as the L? norm is concerned,
we can write

mg(§) mg(§) mg(§)
3] €3) €3)

Combining the Strichartz type estimate in (2.18a) and (2.18b) with the Sobolev
embedding, we obtain the following inequalities

(5|1 2r) ~ W25 (S°0r) + b x (1€1°01) * (1€]%%r).  (4.20)

IDVrllzzrse + [[Y1] ooy < Clitnllx, 3 2<m, (4.21a)
[ pipz S CHdJIHXm; 922 (4.21b)
HDad}I‘ LPL? = CHdJIHXm; p <4/ (4.21c)

Finally employing the inequalities in (4.21a)—(4.21c), we have for each of the terms
appearing on the right-hand side of (4.20) and for any p > 1 and (1/7) + (1/7') =1

166 F@3sown) || o < Clleallam e 1570t |y < Clltly, o (4:222)
H<§>_1‘7:(w1 (Dawl)Z) ||L2 < CHw1| L,f;”LthDawf‘ QLim'L;% < CHwIHi(LQ' (4.22b)

Combining (4.22a) and (4.22b) we obtain

¢ 6
< yaaalllyen, (4.23)

/OT<P—R;R>dt

and this estimate together with (4.9) imply the almost concervation law in (4.7).
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5. Correlation Estimates

We would like to describe a general method for deriving correlation estimates for
Schrodinger type equations. The estimate which is relevant here is stated in (5.40).
The idea is to view the evolution equation as describing the evolution of a compress-
ible dispersive fluid whose pressure is a function of the density. For simplicity we will
consider a cubic equation, but the method works for more general nonlinearities.
Let us start by considering the Nonlinear Schrédinger equation with a defocusing
cubic nonlinearity, i.e. the field (¢, x) satisfies the equation

iy — AY + |2 =0; 1p: Rx R"+— C, (5.1a)

where the space dimension is n = 2,3 and C is the complex plane. The cubic
nonlinearity serves as an example, one can consider more general nonlinear terms
as long as they are of defocusing type. Let us adopt the conventions

DTy, To) € R x [T, To);  RP “ {(t,x) : x € R"} (5.1b)

to denote a space-time slab and a time slice for ¢ fixed. A central observation is that
the Eq. (5.1a) above conserves energy which means that the integral

def 1
E= {|w|2+—|¢|2} dx (5.1c)
R7L 2
t
is a constant independent of time. Equation (5.1a) has more conservation laws
certain of which we wish to exploit in order to obtain apriori estimates. Let us

define certain quantities that will be central in our investigation,

p %|¢|2, (5.2a)
p < % PV — oV, 8); j=1,2,...,n, (5.2b)
po ™ o (B~ ) (5.2¢)

o & % (VioVidh + Vi 0Vid); jk=1,2,...,n. (5.2d)

What I defined above is a density function p(¢, x), a momentum vector p;(t, x), with
po the time component, and a stress tensor oji(t,x). The Schrodinger evolution
gives conservation laws for the density and the space components of the momenta,
they are

ai{p} — V{r'} =0, (5.3a)
Oi{p;} — Vi{u"} =0, (5.3b)

where (¢, %) is the tensor

def
Wik = 20k; — Ok (Ap —2p7) . (5.3¢c)
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The tensor ju; consists of three parts, the term —Ap is dispersive while the term
2p? describes the pressure as a function of density. Some remarks are in order,
Eq. (5.1a) is the evolution equation of the Lagrangian

/ [ —po + o +2p°] dxdt, (5.4a)
R"XR

where o = tr(oji). The integral of the quantity pg is not preserved by the flow, but
the integral

/ [ —po+2p%] dx
Ry

is, indeed, constant independent of time. This observation follows from a structure
equation that (5.1a) satisfies, namely

—po — Ap+ 0o +4p* = 0. (5.4b)

Notice that the system (5.3a) and (5.3b) describes the conservation laws of an
irrotational compressible and dispersive fluid.

Let us assume that we have two different solutions of (5.1a) for which we have

the corresponding densities p® and momenta p® where a = 1,2. Now write the
conservation law for the momenta again emphasizing the space and time dependence

o {phit. )} = Vi {u'f e x b =0, (5.5)

Multiplying the equation above with p?(¢,y) and using the conservation of mass
equation we obtain an equation, of the form

O {pj (£, x)p*(t,y)} — Vy i {0";(t. x)p* (£, ¥)} = Vi {ulf(t,X)pZ(t,y)} =0.
(5.6)

In Eq. (5.6) above, we used the convention Vx, Vy to keep track of which variable
is differentiated. Change variables as follows

Xty X—Yy
—_— 5.7
XYy XD (57)
and symmetrize in the a = 1, 2 indices, i.e. switch the roles of 1 and 2 and add them
so that Eq. (5.6) can be written as

0 {Q (txiy)} = Vyu Mt xiy) ) = Vs NI txiy) ) =0, (59)

where we use the convention (12) to denote the symmetrized quantities and the
quantities lez)’ M ,5;2) and N SQ) are defined below,

def

QM (t,xy) = Pt x +y)pP (t,x — ), (5.92)
def

MGt xy) S ux+y)p? (tx —y) = i (Ex +y)pp (x —y),  (5.9)
def

NP (txy) S i x4+ 3)02 (8 x — y) + 95 (tx + y)pp) (tx — ). (5.9¢)

In what follows we will occasionally skip the indices a = 1,2 for the two solutions
of (5.1a) since it simplifies the appearance of the formulas without creating much
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confusion. If we switch y — —y, we obtain another equation like (5.8) with the sign
of the second term switched. Subtracting the two equations we obtain a symmetrized
version of (5.8), which reads

0 {Qa;} — Vyu {M&,;} — Vi {N4;} =0, (5.10)

where the relevant symmetrized or anti-symmetrized quantities are defined below

def

Qa;t,xy) = Qi(t,xy) — Q;(t, % —y), (5.11a)

M (t,%57) = My (8,535) + M (8, -y), (5.11b)

Nowi (6% ¥) < Nig(t,%37) = N (8% ). (5.11c)

Notice that a similar argument, starting from the conservation of mass Eq. (5.3a)

gives the equation
, k , k(g o _
8t{D(ta X3 Y} - vy,k {QA(ta X; Y)} - vx,k {QS(t7 X Y)} - 07 (512&)
where D(t,x;y) and Qs i (t,x;y) are defined as follows

DUI(t,x;y) = pl(t,x +y)p? (1, x — y), (5.12b)
(sl,i) (t,x;y) = py (6, x + ¥)p? (t,x — y) + p (6, x — ¥)pP (t,x + y). (5.12¢)

Symmetrizing Eq. (5.8) gives an equation similar to (5.10)
9 {Qs;}t — Vyux {Mﬁ,j} = Vxk {Ngj} =0, (5.13)

where M4 ji, and Ng j. stand for the anti-symmetrized and symmetrized versions
of Mjj, and Njj, respectively but we are not going to make use of (5.13) here.

A crucial observation is the fact that we can express the stress tensor oy; in terms
of the density function p and the momenta p;, namely an elementary calculation,
using the fact that

1 — _
Vip =3 (V9 +9V;9)
shows that we can write

1
%k =3, [VipVip + prp;] - (5.14)
The equation above suggests that we split oy; in two parts, a potential part say my;
and a kinetic part, say xy;, in the following manner

def 1 def 1
Thj = 2—kaijp; Fkj = o PR (5.15)
The trace of the potential part of the stress tensor tr(my;) contains part of the
potential energy of the field ) due to compressibility, while the trace of the kinetic
part tr(kg;) contains the kinetic energy of the field. Our next step is to examine

carefully the tensor Mg ;. We would like to suppress the dependence on ¢ since it
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is not relevant in what follows. If we substitute (5.15) in the expression of j;, we
can write a long formula for Mg ;; as follows
MY = —p x+y)pp (x—y) — i (x — y)p (x + )
+ 26} (x + ¥)p? (x = y) + 26}, (x = ¥)p? (x +¥)
+2m{} (x + y)p?) (x = y) + 2 (x = ¥)p? (x +¥)
— 61521 (x +y)p? (x —y) + Apt (x —y)p”) (x + )]

+0 200" (x + y)pP (x — ) + 200" (x = y)p (x +y)].  (5.16)
1 Let us define two vectors, using the momenta and density

@t Pj(x+y) Ay - pi(x—y)

Tt x;y)
! pl(x+y) P2(x —y)

plx+y)  (5.17)
and similarly J;’l by switching the roles of 1,2 so that the first four terms in (5.14)
can be expressed as a tensor product of the vector J;’b, i.e. we can write

=y ety (= y) = 2 = y)p (k) + 2k v (x - )

+ 26 (x — y)pP (x +y) = JPI + TP T (5.18)

3 It is worthwhile to notice here that @4 ; can be expressed using D and J; , namely
QY =vD12J? + VD21, (5.19)

5 where D2 := pl(x + y)p?(x — y) and similarly for D?!. Taking into account the

observation in (5.18), we can write the tensors Mg i; as a sum of four terms,
7 MED = TP 4+ TP TP 4 g+ 0y W+ P, (5.20)
where the tensor ®;; and the scalar potentials W and P are
J0+y)p? (x = y) o+ 2m (x — y)p® (x + ), (5.21a)
W= A (x+y)pP (x—y) + Ao (x —y)p? (x +y)],  (5:21b)
2
P=E2p " (x+y)p? (x—y) +2[p" )’ (x—y)pP (x+y).  (5.21c)

(I)kj éf 271'](C

At this point we are ready to derive apriori estimates. For simplicity we will
9 assume that ¢! = 12, thus p' = p? etc. in what follows, the assumption makes the
formulas look simpler without missing the essential ingredients. The main ingredient
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will be identity (5.10), which if we contract with a vector field X7(y) that depends
only on the y variables, we obtain an equation of the form

9 {Qa; X7} —Vyu {Mg,jxj} — Vxok {Nl’f‘}ij} +R=0, (5.22)

where the remainder R is a sum of four terms

R=Ro+ R+ Rz + R3 (5.23)

given by the following expressions
Ro = (ViXj) J* 7 Ry (VX)) @y, (5.24a)
R ¥ (@ivx)w; Ry ™ (divX) P. (5.24b)

Let us choose the vector field X7(y) to be of the particular form, we would like to
choose
; def ; i def
X(y) = bol|lyl/N)w’s w’ = o/ /lyl, (5.25)
where b(s) is an increasing bounded function and N is a large parameter to be
chosen appropriately later. Adopt the convention r = |y| and compute

b(r/N)

1
VX, = [0k — uru;] + Nb’(r/N)ukuj, (5.26a)

divX = % (b(r/N) + (r/N)¥ (r/N)) . (5.26D)

Observe that because b(s) is increasing the terms Ry, R; and R3 are positive. We
will look more carefully at the Ry term. First let us examine the three dimensional,
case, i.e. n = 3 with the simple choice b = 1. Let us observe that in three space
dimensions we have, see (5.21) for the expression of W

Ry — / W ixdydt = C pL(t,x)p2(t, %) dxdt. (5.27)
Rex e xR Yl R3XR

Recall the notation in (5.1b) and let us define a correlation function R[T}, T5] for the
density and another correlation, say L(t), between the momentum and the density
in the following manner

RIELT S [ o ) dxt, (5.280)
D[Tl,Tz]

L)« / {Qa,; X7} dxdy. (5.28b)
R} X R}
With these conventions, after we integrate (5.22), we obtain the estimate
R[0,T] < C[L(0) — L(T)], (5.29)
and one can show, as in [6], that

L) < Cllp NI 19 @72 + 192 Ol 12 (5.30)
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It is interesting to recast L(t) in a different light, define a potential function U® (¢, x)
and a vector field P (¢, x) by solving Laplace’s equation

—AU" =p% —AP! =pj; a=1,2, (5.31)

now we can write, omiting the indices a = 1,2 for simplicity,
L(t)= [ {(AUP; —UAP;)a’} dx. (5.32)
R}

Consider the two dimensional case, i.e. n = 2. Assume for simplicity that the
two states are equal and make the choice, see (5.25)

b(s) & slog(ve/s), if s <1/ve, (5.33)

otherwise we require that b(s) is smooth increasing and bounded by one for s >
1/+/e. With this choice, we have, with r = |y|

divX = %log(N/r), if r < N/y/e, (5.34)

so that the Laplacian of divX can be written

A (divX) = %5(y) + C(%év),

where ¢(r/N) is a bounded function supported in the region {r > N/ /e}. Integrat-
ing (5.22) we obtain the identity below

(5.35)

L(Ty) — L(Ty) / / R dxdydt = 0. (5.36)
R?x R?
Observe that because X7 is bounded, we can obtain a bound,
[, AQuaxT} dxdy < [9(T) [ [0(T) e (5.37)
R2.XR2.
which estimate follows from the observation

X7 (y)p;(t,x + y)dx

R2 < ||vajw||H—1/z 1l g1/ (5.38)

Let us make the choice N = (T, — Tl)% so that we have a bound

/ /Rg g2 M/ pt,x +y)p(t,x —y) dxdydt < [[0]2./(T = T1)'?, (5.39)

which follows from the fact that |’ 2 p(t,x) dx = ||1o||%.. Finally from the integral
of the term we called Rz, see (5. 24b) we obtain a decay estimate

/ p2(t,x) dxdt < Csup {|Y(O)|| 7110 (E)|3,2 ) (Th — Ty)?. (5.40)
D[Tl,Tz] t
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A remark is in order concerning the name correlation for this type of estimate.
Let d(y) be the function with the property V;d(y) = X;(y). Multiply (5.12a) with
d and differentiate with respect to time, and use (5.10) to obtain the equation

92 {dD} + Vy . {ME X7 — dd,QN} + Vi {Ph X7 — d0,Q%} =R (5.41)
Integrating with respect to the space variables, we obtain
d2
4 / (dD} dxdy | — / (R} dxdy. (5.42)
dt? \ Jrz g2 R2xR?

Notice that the integral
c = / {dD} dxdy = / d(y)p (t,x +y)p?) (t,x — y) dxdy, (5.43)
R?x R? R?x R?

expresses a correlation between the density functions p°(¢,x). Since C[t] is positive
and its derivative is integrable in the case where the space dimension is three we
obtain that C[t] ~ t for large time. The integral C[t] can be written, after a change of
variables,

Clt] =2 / Ix — ylp (1, %)% (¢, y)dxdy.
R? x R?

We can derive a true space-time estimate for the two dimensional case. Let d(t,y)
and X (t,y) to be chosen. The conservation laws that we would like to use are

iAD} = Vy; { @} - Ve {Q4} =0, (5.44a)
0:{Qa;} — Vyr {ME;} — Var {N4;} = 0. (5.44b)

Multiply the first equation with d(¢,y) and contract the second equation with
X (t,y) and add them to obtain,

O {dD + X7Qa ;} — Vy i {dQY + ME X7} — V1, {dQ% + N% . X7
J 5J

+ {=(@d) D+ (V5d - 0,X;)Q), + (ViXT)ME, } =0. (5.45)
Try the vector field of the form
Xi=b (%') u? (5.46)
with a to be chosen, so that we have
ViX; = % [0k — wruj) + tiab'(|y|/to‘)ukuj (5.47a)
divX — |?1|b(|y|/t°‘) + tlab’(|y|/ta). (5.47b)

We assumed that b(s) = slog (v/e/s) for s < 1/y/e and using this we can compute

2
divX = - log (t*/lyl) for |y| < t*/ /e, (5.48)



1st Reading

April 18,2007 152 WSPC/JHDE 00116

11

13

15

17

19

21

23

24 Y. F. Fang & M. G. Grillakis

hence we can write
. 2 1
divX = Zlog (t*/lyl) + Za(lyl/t*), (5.49)

where ¢(s) is a smooth bounded function supported in s > 1/y/e. Let us assume
that d(t,y), has the form

a
d(t,y) = 75 allyl/t) (5.50)
and choose a(s) such that a’(s) = sb/(s). Combining these we have
2a o o
Vid = 0:X; = ==V (Iyl/t*) (lyl/t%), (5.51)
moreover we compute Jyd to obtain
o(l -« o o? o o
o = Uy 11) 2 (1) (117). (552)
Finally notice that
. 2 1 .
—A(divX) = 20) + t3—ac(|y|/t ), (5.53)

where ¢(s) is a bounded smooth function supported in s > 1/4/e. For the remainder
term in (5.45), we can write

—(0ed)D + (V;d — 3th)Qf4 + (Vka)Mlg,j

2
1 ; y 2 w
=t (v1/e%) [u gy 4 2 VB 2 o () + alivl/e))
+ positive terms. (5.54)
If we choose o > 1/3, then we obtain the estimate
2
/ p —dxdt <C {dD + X7Qa;} dxdy — L(0), (5.55)
rexprt (t+1) R2x R2
where
L(co) = lim {Qa; X7} dxdy, (5.56)

t—-+4o0 Rf XR%

which estimate expresses a weak type of decay for the square density.
An interesting observation is the following, by considering two solutions (¢, x)
and ¥(t + to,x + Xo), we can derive estimates for the integral

/ p(t, x)p(t + to,x + x0) dxdt.
R"xR

Another idea is to employ the pseudo-conformal conservation. We know that if
¥(t,x) is a solution, then

1 .2
S(t,x)y (—1/t,x/t), where S(t,x) = ¥e”x‘ /4t

is also a solution so we can estimate the integral

/ %p(t,x)p(—l/t,x/t) dxdt.
R2xR+
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