High-Order SBP Implicit Difference Operator
§ One-dimensional scalar coefficient system
Consider the advection scalar system:
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Since A is symmetric, A is diagonalizable with othogonal eigenvectors, and then A = RAR™!, where
A = diag (A1, A2), and R = ( Ry Ry ) is the matrix of eigenvectors corresponding to A, in which,
orthogonal R;’s are available. Notice that, A = A* + A~, where AT = RATR and A~ = RA™R.

AT = diag (Max (\1,0), Maz (\2,0)),
A™ =diag (min (A1,0),min (A2,0))

Hence,
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Mesh I = [0,1] into uniform grids = (zg,21,...,21), with h, = % =ax; —xi—1 (1 <i< L), the
semi-discrete scheme with SAT can be written as:
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where
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r = h;lTOqOo(Pileo) ® [
ro = h;lTLqLL(PileL) ® [

In which, |A| = RIA|R™! = R-diag (|]\1],|X2])-R7L, V € Vecr+1yg2, and e; = (0o;, 614, 624, - - .,(5LZ-)T7VOBC
and VLB C respectively denote the boundary conditions for = z¢ and z = z, .
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(Remark.) Q and P € My, and satisfy the SBP properties.
SBP1: The matrix P is symmetric and positive definite.

SBP2: The matrix @ is nearly skew-symmetric, that is,

Q+QT
2
We now derive the energy estimation for the semi-discrete scheme.

= diag (qoo,0,...,0,95L), qo0 <0, qrL = —qoo > 0

Define E (t) = ||V||%lwp =(V,V),, p » then
d
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Consider (V,(Q ® A) V),
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In which, Q = Q% + Q4, where Q% = Q+TQT = diag (oo, 0, ...,0,qrr) and Q4 = Q_QiQT are respectively
the symmetric part and anti-symmetric part of matrix Q. Thus,
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= qooVy AT Vo + qriVEATVE + qooVy A~ Vo + qri VI AV,

= qoo(Vo, Vo)a+ +arz(VL, VL) a+ + qoo(Vo, Vo)a- +ar(Ve, Vi) a--
(Lemmal.) |[A| = |AT|+|A7| = AT — A~
(Lemma2.) AT >0 ,and A~ <0.
Consider (V,71),,_ p, let VEC (t) = 0, then
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It is similar to (V,72), p ,

(Vira),, p= T VEATVE = gt (Vi Vi) a-

and hence
(Vo) p = 00m" (Vo, Vo) as + arem” (Vi, Vi) - -
Thus,
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%E (t) < 0 provided that 70 > 1 and 7% > 1.

§ Two-dimensional scalar coefficient system



