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Note: u, v, and w are functions of x. a, c, n, are constants. All 
trigonometric functions use radians. A constant must be added 
to the result of every integration.
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Miscellaneous Integrals
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DERIVATIVES

: Chain Rule
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af x( ) xd∫ a f x( ) xd∫=

u v±( ) xd∫ u xd∫ v xd∫±=

u vd∫ uv v ud∫–=

g ′ x( )
g x( )
------------ xd∫ g x( )ln=

g x( )[ ]rg ′ x( ) xd∫
g x( )[ ]r 1+{ } r 1+( )      r 1≠⁄

g x( )      rln 1=



=

xn xd∫
xn 1+

n 1+
------------= n 1–≠( )

xd
x
-----∫ x 1– xd∫ xln= = x 0≠( )

xd
xn
-----∫ x n– xd∫

x1 n–

1 n–
------------= = n 1≠( )

xsin xd∫ xcos–= axsin xd∫
1
a
--- axcos–=

x2 xdsin∫
1
2
---x

1
4
--- 2xsin–= ax2sin xd∫

1
2
---x

1
4
--- 2axsin

a
-----------------–=

x4 xdsin∫
1
4
--- x3sin xcos–

3
8
--- x xcossin

3
8
---x+–=

x
n

xdsin∫
1
n
--- x

n 1–
sin xcos–

n 1–
n

------------ x
n 2–

xdsin∫+=

x xsin xd∫ xsin x xcos–=

x axsin xd∫
axsin

a2
-------------- x axcos

a
------------------–=

x2 xsin xd∫ x2 xcos– 2x xsin 2 xcos+ +=

xn xsin xd∫ xn xcos– n xn 1– x xdcos∫+=

x1–sin xd∫ x x1–sin 1 x2–+=

ax1–sin xd∫ x ax1–sin( ) 1
a
--- 1 a2x2–+=

xd

ax2sin
----------------∫

1
a
--- axcot–=

axsin bxsin xd∫
a b+( )xsin

2 a b+( )
----------------------------–

a b–( )xsin
2 a b–( )

----------------------------+=

1
1 axsin+
----------------------- xd∫

1
a
--- π

4
--- ax

2
------– 

 tan=

xcos xd∫ xsin= ax xdcos∫
1
a
--- axsin=

x2cos xd∫
1
2
---x

1
4
--- 2xsin+= ax2cos xd∫

1
2
---x

1
4
--- 2axsin

a
-----------------+=

x
4

cos xd∫
1
4
--- x

3
cos xsin

3
8
--- x xsincos

3
8
---x+ +=

xncos xd∫
1
n
--- xn 1–cos xsin

n 1–
n

------------ xn 2–cos xd∫+=

x x xdcos∫ xcos x xsin+=

x ax xdcos∫
axcos

a2
--------------- x axsin

a
-----------------+=

x2 x xdcos∫ x2 xsin 2x xcos 2 xsin–+=

xn x xdcos∫ xn xsin n xn 1– xsin xd∫–=

x1–cos xd∫ x x1–cos 1 x2––=

ax1–cos xd∫ x ax1–cos( ) 1
a
--- 1 a2x2––=

xd

ax
2

cos
-----------------∫

1
a
--- axtan=

axcos bx xdcos∫
a b+( )xsin

2 a b+( )
---------------------------- a b–( )xsin

2 a b–( )
----------------------------+=

1
1 axcos+
------------------------ xd∫

1
a
--- ax

2
------tan=

xtan
xsin
xcos

-----------=

x xdtan∫ xcosln–= ax xdtan∫
1
a
--- axcos( )ln–=

x
2

tan xd∫ xtan x–= ax
2

tan xd∫ x–
1
a
--- axtan+=

xntan xd∫
1

n 1–
------------ xn 1–tan xn 2–tan xd∫–=

x
1–

tan xd∫ x x
1–

tan
1
2
--- x2 1+( )ln–=

1
1 axtan+
----------------------- xd∫

1
2
--- x

1
a
--- axcos axsin+( )ln+=

xcot
xcos
xsin

----------- 1
xtan

-----------= =

xcot xd∫ xsinln= axcot xd∫
1
a
--- axsin( )ln=

x
2

xdcot∫ xcot– x–= ax
2

cot xd∫ x–
1
a
--- axcot–=

xncot xd∫
1

n 1–
------------ xn 1–cot– xn 2–cot xd∫–=

x
1–

xdcot∫ x x
1–

cot
1
2
--- x2 1+( )ln+=

xsec
1

xcos
-----------=

xsec xd∫ xsec xtan+ln=

axsec xd∫
1
a
--- axsec axtan+( )ln=

x2sec xd∫ xtan=

x3sec xd∫
1
2
--- x xtansec

1
2
--- xsec xtan+ln+=

x
n

sec xd∫
1

n 1–
------------ x

n 2–
sec xtan

n 2–
n 1–
------------ x

n 2–
sec xd∫+=

x1–sec xd∫ x x1–sec x x2 1–+ln–=

xcsc
1

xsin
----------=

x xdcsc∫ xcsc xcot+ln–=

ax xdcsc∫
1
a
--- axcsc axcot–( )ln=

x
2

xdcsc∫ xcot–=

x
n

xdcsc∫
1

n 1–
------------ x

n 2–
csc xcot–

n 2–
n 1–
------------ x

n 2–
xdcsc∫+=

x1–csc xd∫ x x1–csc x x2 1–+ln+=

xsin x xdcos∫ x2sin( ) 2⁄=

axsin bx xdcos∫
a b–( )cos x

2 a b–( )
-----------------------------–

a b+( )cos x
2 a b+( )

-----------------------------–=

x xtansec xd∫ xsec= xcsc xcot xd∫ xcsc–=

xm xncossin xd∫
xm 1+sin xn 1–cos

m n+
-------------------------------------- n 1–

m n+
------------- xm xn 2–cossin xd∫+=

x
m

x
n

cossin xd∫
xm 1–sin xn 1+cos

m n+
--------------------------------------–

m 1–
m n+
------------- x

m 2–
x

n
cossin xd∫+=

1
a cxsin b cxcos+
------------------------------------------ xd∫

1

c a2 b2+
----------------------- 1

2
--- cx b

a
---

1–

tan+ 
 tanln=

ex eax

F eax( ) xd∫
1
a
--- F u( )

u
----------- ud∫ u, eax= =

ex xd∫ ex= eax xd∫
1
a
--- eax= xex xd∫ xex ex–=

xeax xd∫
eax

a2
------ ax 1–( )= xnex xd∫ xnex n xn 1– ex xd∫–=

xd
a becx+
-------------------∫

x
a
--- 1

ac
------ a becx+( )ln–=

a ex+
b ex+
------------- xd∫

ax
b

------ a b–
b

------------ b ex+( )ln–=

a bex ce2x+ +
d ex+

--------------------------------- xd∫
ax
d

------ cex a bd– cd2+
d

------------------------------ d ex+( )ln–+=

x
ex 1–( )2

-------------------- xd∫
1
2
---–

ex 1+
ex 1–
-------------=

1 eax+ xd∫
2
a
--- 1 eax+

1
a
--- 1 eax+ 1+

1 eax+ 1–
-----------------------------ln+=

1

ex a2+
-------------------- xd∫

2
a
--- ex a2+ a–( )ln

x
a
---–=

ax xn

ax xd∫
ax

aln
--------= xnax xd∫

xnax

aln
---------- n

aln
-------- xn 1– ax xd∫–=

xn

x3 1+
------------------ xd∫

2
2n 1–
---------------xn 2– x3 1+

2n 4–
2n 1–
--------------- xn 3–

x3 1+
------------------ xd∫–=

xn

x4 1+
------------------ xd∫

xn 3–

n 1–
------------ x4 1+

n 3–
n 1–
------------ xn 4–

x4 1+
------------------∫ dx–=

x( )ln

F xln( ) xd∫ F u( )eu ud∫ u, xln= =

x xdln∫ x– x xln+= ax xdln∫ x– x axln+=

xln( )n xd∫ x xln( )n n xln( )n 1– xd∫–=

1
x
--- xd∫ xln=

1
x xln
----------- xd∫ xlnln=

xn xln xd∫
1

n 1+
------------xn 1+ xln

1
n 1+( )2

-------------------xn 1+–=

eax bxsin xd∫
eax

a2 b2+
---------------- a bxsin b bxcos–( )=

eax bx xdcos∫
eax

a2 b2+
---------------- a bcos x b bxsin–( )=

xsinh
ex e x––

2
-----------------= xcosh

ex e x–+
2

-----------------= xtanh
xsinh
xcosh

--------------=

xsinh xd∫ xcosh= x2sinh xd∫
1
4
--- 2xsinh

1
2
---x–=

xcosh xd∫ xsinh= x
2

cosh xd∫
1
4
--- 2xsinh

1
2
---x+=

xtanh xd∫ xcosh( )ln=

xcoth xd∫ xsinhln=

xsech xd∫ xsinh( )1–tan= x2sech xd∫ xtanh=

xsech xtanh xd∫ xsech–=

xcsch xcoth xd∫ xcsch–=

xcsch xd∫
1
2
---xtanhln=

eax bxsinh xd∫
eax

a2 b2–
---------------- a bxsinh b bxcosh–( )=

eax bxcosh xd∫
eax

a2 b2–
---------------- a bxcosh b bxsinh–( )=

a bx+

F a bx+( ) xd∫
1
b
--- F u( ) ud∫ u, a bx+= =

1
a bx+
--------------- xd∫

1
b
--- a bx+ln=

1
a bx+( )2

---------------------- xd∫
1–

b a bx+( )
-----------------------=

1
a bx+( )n

---------------------- xd∫
1–

n 1–( )b a bx+( )n 1–
------------------------------------------------= n 1≠( )

x
a bx+
--------------- xd∫

1
b2
----- a bx a a bx+ln–+[ ]=

x
a bx+( )2

---------------------- xd∫
1
b2
----- a

a bx+
--------------- a bx+ln+=

x
a bx+( )3

---------------------- xd∫
a 2bx+

2b2 a bx+( )2
-------------------------------–=

x2

a bx+
--------------- xd∫

1
b3
----- 1

2
--- a bx+( )2 2a a bx+( )– a2 a bx+ln+=

x2

a bx+( )2
---------------------- xd∫

1
b3
----- a bx

a2

a bx+
---------------– 2a a bx+ln–+=

a bx+( )n xd∫
a bx+( )n 1+

b n 1+( )
----------------------------= n 1–≠( )

1
x a bx+( )
----------------------- xd∫

1
a
--- x

a bx+
---------------ln=

1
x2 a bx+( )
------------------------- xd∫

1
ax
------–

b
a2
----- a bx+

x
---------------ln+=

1
x a bx+( )2
------------------------- xd∫

1
a a bx+( )
----------------------- 1

a2
----- x

a bx+
---------------ln+=

a bx+

F a bx+( ) xd∫
2
b
--- uF u( ) ud∫ u, a bx+= =

F a bx+n( ) xd∫
n
b
--- un 1– F u( ) ud∫ u, a bx+n= =

a bx+ xd∫
2

3b
------ a bx+( )3 2/=

x a bx+ xd∫
2

15b2
----------- 3bx 2a–( ) a bx+( )3 2/=

xn a bx+ xd∫
2xn a bx+( )3 2/

b 2n 3+( )
---------------------------------- 2an

b 2n 3+( )
------------------------ xn 1– a bx+ xd∫–=

x

a bx+
------------------- xd∫

2
3b2
-------- bx 2a–( ) a bx+=

xn

a bx+
------------------- xd∫

2xn a bx+
b 2n 1+( )

---------------------------- 2an
b 2n 1+( )
------------------------ xn 1–

a bx+
------------------- xd∫–=

1

x a bx+
---------------------- xd∫

1

a
------- a bx+ a–

a bx+ a+
---------------------------------    for a 0>( )ln

2

a–
---------- a bx+

a–
---------------

1–

    for a 0<( )tan








=

1

xn a bx+
------------------------ xd∫

a bx+
a n 1–( )xn 1–
------------------------------–

b 2n 3–( )
2a n 1–( )
----------------------- 1

xn 1– a bx+
------------------------------ xd∫–=

a bx+
x

------------------- xd∫ 2 a bx+ a
1

x a bx+
---------------------- xd∫+=

a bx+
xn

------------------- xd∫
a bx+( )3 2/

a n 1–( )xn 1–
------------------------------–

b 2n 5–( )
2a n 1–( )
----------------------- a bx+

xn 1–
------------------- xd∫–=

1

ax b+ cx d+
--------------------------------------- xd∫

2

ac
---------- c ax b+( )

a cx d+( )
-----------------------

1–

tanh=

a2 x2– a2 x2–

F a2 x2–( ) xd∫ a F a ucos( ) ucos ud∫ x, a usin= =

1
a2 x2–
--------------- xd∫

1
2a
------ x a+

x a–
------------ln=

a2 x2– xd∫
x
2
--- a2 x2–

a2

2
----- x

a
--- 
 

1–

sin+=

x a2 x2– xd∫
1
3
--- a2 x2–( )3 2/–=

x2 a2 x2– xd∫
x
8
--- 2x2 a2–( ) a2 x2–

a4

8
----- x

a
--- 
 

1–

sin+=

a2 x2–
x

-------------------- xd∫ a2 x2– a a a2 x2–+
x

-----------------------------ln–=

a2 x2–
x2

-------------------- xd∫
1
x
--- a2 x2––

x
a
--- 
 

1–

sin–=

1

a2 x2–
-------------------- xd∫

x
a
--- 
 

1–

sin=

x

a2 x2–
-------------------- xd∫ a2 x2––=

x2

a2 x2–
-------------------- xd∫

x
2
--- a2 x2––

a2

2
----- x

a
--- 
 

1–

sin+=

1

x a2 x2–
----------------------- xd∫

1
a
--- a a2 x2–+

x
-----------------------------ln–=

1

x2 a2 x2–
------------------------- xd∫

1
a2x
-------- a2 x2––=

a2 x2–( )3 2/ xd∫
x
8
--- 2x2 5a2–( ) a2 x2––

3a4

8
-------- x

a
--- 
 

1–

sin+=

1
a2 x2–( )3 2/

-------------------------- xd∫
x

a2 a2 x2–
-------------------------=

x2 a2± x2 a2±

x x2 a2++ln
x
a
--- 
 

1–

sinh=

x x2 a2–+ln
x
a
--- 
 

1–

cosh= a x2 a2++
x

-----------------------------ln
a
x
--- 
 

1–

sinh=

F x2 a2+( ) xd∫ a F a usec( ) u2sec ud∫ x, a utan= =

F x2 a2–( ) xd∫ a F a utan( ) usec utan ud∫ x, a usec= =

1
x2 a2+
---------------- xd∫

1
a
--- x

a
--- 
 

1–

tan=
1

x2 a2–
--------------- xd∫

1
2a
------ x a–

x a+
------------ln=

x
x2 a2+
---------------- xd∫

1
2
--- x2 a2+ln=

x2 a2± xd∫
x
2
--- x2 a2± a2

2
----- x x2 a2±+ln±=

x x2 a2± xd∫
1
3
--- x2 a2±( )3 2/=

x2 x2 a2± xd∫
x
8
--- 2x2 a2±( ) x2 a2± a4

8
----- x x2 a2±+ln–=

x2 a2+
x

-------------------- xd∫ x2 a2+ a
a
x
--- 
 

1–

sinh–=

x2 a2–
x

-------------------- xd∫ x2 a2– a x
a
---

1–
sec–=

x2 a2±
x2

-------------------- xd∫
x2 a2±

x
--------------------– x x2 a2±+ln+=

1

x2 a2±
-------------------- xd∫ x x2 a2±+ln=

1

x2 x2 a2±
------------------------- xd∫

x2 a2±
a2x

--------------------+−=

1

x x2 a2+
----------------------- xd∫

1
a
--- a

x
--- 
 

1–

sinh–=

1

x x2 a2–
----------------------- xd∫

1
a
--- x

a
---

1–
sec=

x

x2 a2±
-------------------- xd∫ x2 a2±=

x2

x2 a2±
-------------------- xd∫

x
2
--- x2 a2± a2

2
----- x x2 a2±+ln+−=

x2 a2±( )3 2/ xd∫
x
8
--- 2x2 5a2±( ) x2 a2± 3a4

8
-------- x x2 a2±+ln+=

1
x2 a2±( )3 2/

-------------------------- xd∫
x

a2 x2 a2±
-------------------------±=

ax2 bx c+ +

1
ax2 c+
----------------- xd∫

1

ac
---------- x a

c
--- 

 
1–

tan=

1
ax2 bx c+ +
----------------------------- xd∫

2

4ac b2–
------------------------ 2ax b+

4ac b2–
------------------------ 
 1–

tan=

4ac b2– 0>
1

ax2 bx c+ +
----------------------------- xd∫

1

b2 4ac–
------------------------ 2ax b b2 4ac––+

2ax b b2 4ac–+ +
--------------------------------------------------ln=

b2 4ac– 0>

1
ax2 bx c+ +
----------------------------- xd∫

2
2ax b+
------------------–= b2 4ac– 0=

a2 b2x2±
1

a2 b2x2+
--------------------- xd∫

1
ab
------ bx

a
------

1–

tan= a 0 b 0>,>( )

1
a2 b2x2–
--------------------- xd∫

1
ab
------ bx

a
------

1–

tanh
1

2ab
--------- a bx+

a bx–
--------------- 
 ln= =

a 0 b 0>,>( )

a2 b2x2+ xd∫
x
2
--- a2 b2x2+

a2

2b
------ bx

a
------ 1

b2x2

a2
----------++ 

 ln+=

1

a2 b2x2+
-------------------------- xd∫

1
b
--- bx

a
------ 1

b2x2

a2
----------++ 

 ln=

a2 b2x2– xd∫
x
2
--- a2 b2x2–

a2

2b
------ bx

a
------

1–

sin+=

1

a2 b2x2–
------------------------- xd∫

1
b
--- bx

a
------

1–

sin=

2ax x2–

2ax x2– xd∫
x a–

2
----------- 2ax x2–

a2

2
----- 1

x
a
---– 

 
1–

cos+=

x 2ax x2– xd∫
2x2 ax– 3a2–

6
---------------------------------- 2ax x2–

a3

2
----- 1

x
a
---– 

 
1–

cos+=

2ax x2–
x

------------------------ xd∫ 2ax x2– a 1
x
a
---– 

 
1–

cos+=

2ax x2–
x2

------------------------ xd∫
2 2ax x2–

x
----------------------------– 1

x
a
---– 

 
1–

cos–=

1

2ax x2–
------------------------ xd∫ 1

x
a
---– 

 
1–

cos=

x

2ax x2–
------------------------ xd∫ 2ax x2–– a 1

x
a
---– 

 
1–

cos+=

x2

2ax x2–
------------------------ xd∫

x 3a+
2

--------------- 2ax x2––
3a2

2
-------- 1

x
a
---– 

 
1–

cos+=

1

x 2ax x2–
--------------------------- xd∫

2ax x2–
ax

------------------------–=

1
2ax x2–( )3 2/

------------------------------ xd∫
x a–

a2 2ax x2–
------------------------------=

x a x+
a x–
------------ xd∫

2a x+
2

--------------- a2 x2––
a2

2
----- x

a
---

1–

sin+=

x
x3 a–
------------- xd∫

2
3
--- x3 2/ x3 a–+( )ln=

x
x a+
------------ xd∫ x2 ax+ a x a+ x+( )ln–=

1 x2+

1 x2–( ) 1 x4+
------------------------------------- xd∫

1

2
------- 2x 1 x4++

1 x2–
-----------------------------------ln=

dw
dx
------- dw

du
-------du

dx
------=

du
dx
------ dx

du
------ 
 

1– 1
dx du⁄
----------------= =

d
dx
------ f u( ) du

dx
------ d

du
------f u( )=

d
dx
------ u v+( ) du

dx
------ dv

dx
------+=

d
dx
------ uv( ) u

dv
dx
------ v

du
dx
------+=

d
dx
------ u

v
--- 
  1

v2
---- v

du
dx
------ u

dv
dx
------– 

 =

d
dx
------ uv( ) vuv 1– du

dx
------ uv u

dv
dx
------ln+=

d
dx
------ xln

1
x
---=

d
dx
------ex ex=

d
dx
------ax ax aln=

d
dx
------ un( ) nun 1– du

dx
------=

d ualog( )
dx

--------------------- ealog( )1
u
--- du

dx
------=

d xsin( ) dx⁄ xcos= d xcos( ) dx⁄ xsin–=

d xtan( ) dx⁄ x
2

sec= d xcot( ) dx⁄ x
2

csc–=

d xsec( ) dx⁄ xsec xtan= d xcsc( ) dx⁄ xcsc– xcot=

d u1–sin( )
dx

----------------------- 1

1 u2–
------------------ du

dx
------=

π
2
---– u

1–
sin

π
2
---≤ ≤ 

 

d u1–cos( )
dx

------------------------ 1–

1 u2–
------------------ du

dx
------= 0 u

1–
cos π≤ ≤( )

d u1–tan( )
dx

----------------------- 1
1 u2+
--------------du

dx
------=

π
2
---– u

1– π
2
---<tan< 

 

d u
1–

cot( )
dx

----------------------- 1–
1 u2+
--------------du

dx
------= 0 u

1–
cot π< <( )

d u
1–

sec( )
dx

----------------------- 1

u u2 1–
--------------------- du

dx
------= 0 u1–sec

π
2
---<≤ 

  π– u1–sec
π
2
---–<≤ 

 

d u
1–

csc( )
dx

----------------------- 1–

u u2 1–
--------------------- du

dx
------= 0 u1–csc

π
2
---≤< 

  π– u1–csc
π
2
---–≤< 

 

d xsinh( ) dx⁄ xcosh= d xcosh( ) dx⁄ xsinh=

d xtanh( ) dx⁄ x2sech= d xcoth( ) dx⁄ x2csch–=

d xsech( ) dx⁄ x xtanhsech–=

d xcsch( ) dx⁄ x xcothcsch–=
d

dx
------ u1–sinh

1

u2 1+
------------------ du

dx
------=

d
dx
------ u

1–
cosh

1

u2 1–
------------------ du

dx
------= u 1> u

1–
cosh 0≥

d
dx
------ u1–tanh

1
1 u2–
-------------- du

dx
------= 1 u 1< <–


