Name:
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Guidelines for the test:

e Put your name or student ID number on every page.
e There are 11 problems

e The exam is closed book; calculators are not allowed.
e There is no partial credit for problem 1-3.

e For other problems,

please show all work, unless instructed otherwise. Partial credit will be given
only for work shown. Print as legibly as possible - correct answers may have
points taken off, if they're illegible.

e Mark the final answer.

1. (2 pts each) f(z) is a continuous function on (—oo, 00) and the graph of its
derivative, f'(x), is shown in the figure below.

(Note: lim f'(z) =0; lim. f'(z) = )

N

Answer the following True/False questions (True = (O ; False = x).

e X (1,£(1)) is an inflection point.
e (O f hasalocal maximum at x = —1.
e X f has alocal minimum at x = 1.

e x  f(z) has 3 critical numbers.

Sol. (D Since the slope of f'(x) at x = 1 is not zero, f"(z) # 0.
@ f'(-1) =0 with f”(-1) < 0.
@ f'(1) =0 with (1) < 0. The point z = 1 should be a local maximum
point of f(x).



@ f'(-1) = f'(1) = f'(3) =0, f'(0) does not exist. There are 4 critical
number of f(x).

2. (2 pts each) Suppose f(z) is a continuous function, and F'(z) is an antiderivative
function of f(x), i.e., F'(x) = f(z). Answer the following True/False questions
(True = O ; False = x).

e (O If f(x) is an odd function, then F(z) is an even function.

()
e x If f(z) is an even function, then F(z) is an odd function.
x__If f(z) is a periodic function, then F'(x) is a periodic function.
(z)

X __If f(x) is monotonically increasing, then F(z) is monotonically in-
creasing.

Note:

e The graph of an even function is symmetric with respect to the y-axis.
e The graph of an odd function is symmetric with respect to the origin.

e A function f is called monotonic increasing, if for all  and y such that
x < yone has f(z) < f(y).

Sol. @ Let G(z / f(t)dt be an antiderivative function of f(z), then

G(—z) = / f(t)dt. By letting u = —t, du = —dt, we have

/ £
0 _
/ (since f(x) is an odd function)

=G(z

(—u)du

Thus, G(z) is an even function. By the fact that the difference of F'(x)
and G(x) is constant, we can conclude that any antiderivative of f(x)
is an even function.

@ Choose f(z) = #* and F(z) = 32 + 1. We can check that f(—z) =
f(z), Vx € R, but F(—x) # —F(x).
@ Choose f(x) =1+ cosx and F(z) = x + sinx, the statement is false.

@ Choose f(z) =z and F(z) = 32,2 € R. We can check that f(x) is
strictly increasing on R, but F'(z) is not.

3. (2 pts each) Answer the True/False questions (True = () ; False = X).

e (O 2—cosx is an antiderivative function of sinz.



e (O 2sin? 5 isan antiderivative function of sin x.

Sol. @ 4 (2—cosz)=sinz.

@ £ (2sin*%) =L (2. =) = 4 (] _ cosz) = sinu.
4. Evaluate each of the following limits.

(a) (5 pts) lim sinz Inz.

z—07t
. . ) Inx e ) .
Sol. lim sinz Inxz = lim . This limit is of = form, by L’ Hospital
z—0t z—0t CSC T R
rule,
_ Inz 10, L(hnz)
lim = lim FF¥——~
2—0+ CSC T g0t £ (CS1C x)
- lim — &
z—0T — CsCx cot &
_ sin x
= — lim -tan
z—0t x
. sinz )
=— (llm ) (hm tanx)
z—0t X z—0t
=-1-0
=0.
: sin x
(b) (5 pts) xli)rg{r e
Sol. Let y(z) = 25" we have Iny(x) = sinxzlnz. By (a), we have
lim Iny(x) = lim sinzlnx = 0. Thus,
z—0t z—0t
. sinx __ 7:
= lim eMv@
z—0t
lim Iny(x
= e<x~0+ " )> (by the continuity of e*)
=1

5. Find % for each of the following.

(a) (5 pts) y = 2*™% z > 0.

Sol. First we have Iny(z) = In (a:Si”) =sinxInz. Then,

% (Iny(x)) = % (sinzlnz)
= (%sinx) -Inx +sinzx - (%lnx)

sin x

osxlnx + =

C
(Cosxlnat + Sl%) = gSin® (cosmlnx + Sl%) .

9
8
<
—~
8
~—
I
N
8
~—

(2 +1)°, z>0.



Sol. First we have Iny(z) = In [625”

vVar+1

(290—1—1)5] =Ine*® +Invz+1-—

242
In (224 2)+In (2z +1)° = 20+1In(z +1)—In (2% + 2)+5In (2z + 1).
Then,
L (Iny(z)) =L [22+ 5In(z 1)—1n(x2+2)—|—51n(2x+1)}
d d d
— o EVD) =2 a i (B0 2) 45 (2o D)
= @ (y(@) =2+ 2w+2 xQ—Z-Z + 241
= LY@ =y@) 2+55 - FH+ 21‘—!—1)
= | eE 2+ 1) ] C+mm— FEtm)
12
6. (10 pts) Given that F(z) = / e’ dt, for z > 0.
1
(a) Find F'(x).
2
Sol. By Fundamental Theorem of Calculus, F'(z) = e(=*) (La?) = 2ze”
(b) Find (F~1)(0).
Sol. Since F(1) =0, we have F~1(0) = 1. Hence,
1 1
(EVO) =m0y 2F1(0)e O 2e

7. Evaluate the given integral.

(a) (5 pts) / e sin wdz.

Sol.
/ e sinxdr = %62‘76 sinz — [ =e**cosxdr (by integration by parts)
1
= 1e*sinz — (}162”“" cosT + / Ze% sin xdx) (by integration by parts)
_ 122 1.2 1 2
= ze’sinx — ge*fcosx — 4 [ € sinxdx.
5 2x 3 1 2x 2z _:

We have 7 [ ™ sinxdr = 56 sin x—Z—Le “cosx+CY. Thus, | e sinxdr =

4 /1, . 1, 2 5, . 1,

— | ze*sine — —e*“ cosx + C] | = e sine — —e* cosx + C.

5 (2 4 1) 5 5

\/lnm
(5 pts)

Sol. Let u = Inzx, du = %dm. Then

2 (lnx)% + C.

3
3z

(c) (5 pts) / T dx.

—4)

\/lnx
T

I\D\W

/\/_du_g



3 2 2 3 12
Sol. ’ dr = / (mil + wi4> dr = gln|$+1|+€ln|x—

4
8. (10 pts) Evaluate the definite integrals / eV¥dz.
1

Sol. Let u = /x, du = ﬁdm‘, which we have dz = 2\/rdu = 2udu. Then

4 2
/ eVidy = / 2uetdu
1 1

2 2
= 2ue” —/ 2e"du (by integration by parts)
1
2
= 4e? — 2e — <2e“ )
1
= 4e? — 2e — (2e% — 2¢)
= 2¢2.

9. (a) (5 pts) Evaluate /C082 0de.

1 20 0 in 260
Sol. /0082 0do = /H%cw = 3 + Slril + C.

1
(b) (5 pts) Use the trigonometric substitution to evaluate / V1 —x2dz.
0

Sol. Let z = sinf, dx = cosdf. Then

1 3
/ V1—a22dx = / V1 —=sin%0 - cos Hdb
0 0.

= /2 cos @ - cos 0dO

0

™

= /2 cos? 6db.
0

By (a), we have

1 : us
[ Vi = (G2 -2
0 2 4 o 4
: o 1
10. (5 pts) Use formulas for indefinite integrals to evaluate / ——dx.
22 —4xr+5

Sol. Set a =1,b= —4, ¢ =5, then b> — 4ac = 16 — 20 = —4 < 0. By using the
integral formula

/ 1 J 2 ton—! 2ax + b
— dr = an ;
ax?+bx+c Vdac — b? Vdac — b?

1 2 20— 4
we have/mdx:ﬁtan_l x\/z +C':tan_1 (ZL'—2)+C



11. Evaluate the given integral.

1

(a) (5 pts) / 2.

-1

1 1 1
Sol. Since/ 2 2dx = lim 2 2dr = lim (——>
0

1 1
= lim (—1 + —) =
t t—0t t
1

t—0t J, t—0+ T
1
00, the integral / x%dz diverges. Hence, the integral / z2dx di-
verges. 0 !
(b) (5 pts) / xdx.
o] t 1 t 1
Sol. Since/ rdr = lim zdr = lim —z%| = lim —t*> = 400, the
0 t——+o0 0 t——+o0 2 0 t——+o0 2
integral / xdx diverges. Hence, the integral / xdx diverges.
0 —00



