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12-7-2000

Review Problems for the Final
These problems are intended to help you study for the final. However, you shouldn’t assume that each

problem on this handout corresponds to a problem on the final. Nor should you assume that if a topic doesn’t
appear here, it won’t appear on the final.

1. Compute the following derivatives:

d x d T Inz+1
(a) - <(2I+1)2) (b) e (In(e® + 1) + e )
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(1) —y, where zsiny — cos y + cos 2y = 0.

dz
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(i) ﬁ, where y = (e® + 2)° +3
(k) ¥ when =1 and y = 1, where 2%y® — 2% = 2 + y — 2.
2. Prove that e® > 1+ x for z # 0.

3. Find the dimensions of the rectangle with the largest possible perimeter that can be inscribed in a
semicircle of radius 1.

4. Graph y = 32°/3 — %:L‘S/S.

5. In the following problems, compute the limit, or show that it is undefined.
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6. Compute the following integrals.
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7. A population of flamingo lawn ornaments grows exponentially in Calvin’s yard. There are 20 after 1 day
and 60 after 4 days. How many are there after 6 days?

8. Find the area of the region in the first quadrant bounded on the left by ¥ = 2, on the right by z +y = 2,
and below by the z-axis.

1 n 2 n 3 T 40
1243 2243 3243 40243
10. Calvin runs south toward Phoebe’s house at 2 feet per second. Bonzo runs east away from Phoebe’s
house at 5 feet per second. At what rate is the distance between Calvin and Bonzo changing when Calvin

is 50 feet from the house and Bonzo is 120 feet from the house? Speculate about the story behind this
situation, drawing on your own experience in these matters.

to 5 decimal places.

9. Approximate

11. A window is made in the shape of a rectangle with an isosceles right triangle on top.

V25

V2s

(a) Write down an expression for the total area of the window.
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(b) Write down an expression for the perimeter of the window (that is, the length of the outside edge).
(c) If the perimeter is given to be 4, what value of s makes the total area a maximum?

12. Find the absolute max and the absolute min of
3 43 1/3 :
f(x) = Y 15z on the interval — 1<z <8§.

13. Use a limit of a rectangle sum to find the exact area under y = 22 + 3z from z = 0 to = = 1.
14. f(z) = 2° + 423 + 17,50 f(1) = 22. What is (f~1)"(22)?

d 1 1
15. Use the definition of the derivative as a limit to prove that — = - .
drx—4 (z — 4)2

16. Let \
g+ i<l
_ — T
I =404 fr=1"

322-22 ifa>1

Is f continuous at z = 17 Why or why not?

17. (a) Compute di/ V2 +12dt.
Z J4

(b) Compute / <di V2 + 1> dz.
T

2

18. (a) Suppose that f(3) =5 and f/(z) = x?lﬁ' Use differentials to approximate f(2.99) to 5 places.

d
(b) A differentiable function satisfies d_y = ¢e” cos 3z and y(0) = 0.1. Use differentials to approximate y(0.02).
T

19. Approximate the sum

3+sin2 3—|—sin3+3—|—sin4 3+ sin4l
1241 22 42 3243 402 + 40

to 5 decimal places.
20. Use 3 iterations of Newton’s method starting at £ = 2 to approximate a solution to 4 — z? = €%,

21. Find the absolute max and the absolute min of y = #® — 122 + 5 on the interval 0 < z < 5.

Solutions to the Review Problems for the Final
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© Ll 4 (1 4] = <1+1n<i+1m)> <1+11M> (1) 0
(d) %73“:(1n7)(7sm)(cosm). 0
0 pe(5)- () (Lo n).

() i /COS$+2:1 cosx + 2 —1/2 (sinz 4+ 4)(—sin z) — (cos z + 2)(cos z) q
dx\ sinz+4 2 \sinz+4 (sinz + 4)2 '

d 1
((g) d—(ms +42® —Inz)(sinz 4+ 37) = (¢° + 42° — In z)(cos x) + (sinz + 37) <5:E4 + 1227 — —) .0
T T

(@ +52+ 17 +2) " (73 + 52+ 1)5(322 +5) +1). O
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(1) —y, where zsiny — cos y + cos 2y = 0.
Differentiate implicitly, then solve for y':

sin y

siny+zy cosy+y'siny — 2y sin2y =0, 3 = d

2sin2y — xcosy —siny’



d 2
X)) ﬁ, where y = (e® + 2)® 13

Use logarithmic differentiation:
Iny =In(e” + 2)I2+3 = (2 + 3)In(e” 4+ 2),

/ T 2 ‘
Y opin(er 42) 4 2@ +3)
Y er + 2

bl

5 (2 ‘
y = (e 4+ 2)7 3 <2mln(ex +2)+ R G 7} if +_;3)) .
(k) ¥’ when z =1 and y = 1, where 2%y® — 23 =2 + y — 2.

Differentiate implicitly:
3zlyly' + 22y — 322 =141y (%)

Plugin z =1 and y = 1:
WH2-3=14+4y, 24/ =2 =1
Now differentiate (*) implicitly:
3x%yty" + 62%y(y')? + 6xy’y + 6xy’y 4+ 247 — 62 =19,
Note that the term 322y?y’ produces three terms when the Product Rule is applied. Now set z = 1,

y=1,and ¢ = 1:
W H+6+6+6+2—-6=y" 2y +14=0, ¢y'=-7. O

2. Prove that e® > 1+ z for z # 0.

The result is true, as the picture shows. However, a picture is not a proof.

Let f(z) = e"—(14x). f measures the distance between the two curves. The derivative is f'(z) = e —1.
f'=0at z = 0; since f’(z) = €” and f”’(0) = 1 > 0, the critical point is a local min. Since it is the only
critical point, it is an absolute min.

Thus, the minimum vertical distance between the curves occurs at « = 0, when it is f(0) = 0. Since
this is an absolute min, it follows that f(z) > 0 for z # 0 — that is, e* — (1 + 2) > 0 for z # 0. This is
equivalent to what I wanted to show. 0O

3. Find the dimensions of the rectangle with the largest possible perimeter that can be inscribed in a
semicircle of radius 1.



Draw a picture. Label the quantities that are relevant to the problem.

il N

The height of the rectangle is y; the width is 2z.
Write down an expression for the thing you’re trying to marimize. The perimeter of the rectangle is

p =4z + 2y.

Use other information in the problem to express the thing you’re trying to mazimize in terms of a single
variable.

By Pythagoras, 2 + y?> = 1, so y = v/1 — 22. Therefore,

p=4z+ 21— 22

Find any endpoints by considering extreme cases.
z =1 gives a “flat” rectangle lying along the diameter of the semicircle. z = 0 gives a “thin” rectangle

lying along the vertical radius.

d 2 d 2
d—p =4 - i 0L = 0forz= . (The negative root does not lie in the interval 0 < z < 1.)
x

V122 dx V5

2
V5
p 2 25 4

max

2 .
r= — gives y = —
X VA
y = —=; the maximum perimeter is p = 2/5 ~ 4.47214. O

V5

. The dimensions of the rectangle with the largest perimeter are 2z =

4
— and
V5

4. Graph y = 32°/3 — gmg/?’.

The function is defined for all z (you can take the cube root of any number).

. 1 . . .
Since y = 325/3 <1 — gl‘), the z-intercepts are # = 0 and z = 8. The y-intercept is y = 0.
The derivatives are

1 9.
10 /3 _Dya3_5 2-2

! 5p2/3 _ 5/3 — 42/3(5 _ "_ - -
Y z x z=( z), y 3 3 3 /3



(In working with these kinds of expressions, it is better to have a sum of terms when you’re differentiating.
On the other hand, it is better to have everything together in factored form when you set up the sign charts.
Notice how T used these two forms in the derivatives above.)

y = 0for z =0 and at x = 5. 3/ is defined for all z.

+ | + | -
\ \
y'-D=6 y'(H=4 y'(8)=-12

x=0 x=5
max

The function increases for x < 5 and decreases for > 5. There is a local max at x =5, y ~ 16.44760.
y’" =0 at x = 2. 3y is undefined at z = 0.

- ‘ + ‘ -

\ \
y'-1)=-5 y'(1)=5/3 y'(8)=-5

The graph is concave down for z < 0 and for > 2. The graph is concave up for 0 < z < 2. z = 0 and
x = 2 are inflection points.
Since the function is defined for all z, there are no vertical asymptotes.

lim (31‘5/3 — g:vg/‘q’) = —o00 and lim <3x5/3 — %xs/?’) = —00.

r—+0co r——o00

The graph goes downward on the far left and far right.

10

-10

-20

-30

5. In the following problems, compute the limit, or show that it is undefined.
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sin 3z — sin Hz

T
(a) 230 sin 2x
sin3x  sinbz 5 sin 3x sin bz
hmsme—sm.’SQJ_hm T im 3z 5z _3—5__1 0
£—0 sin 2z T 20 sin 2z T 250 9. sin 2z - 9 T
x 2x
(b) lim 22 FVa+1
T—00 3z4+7
S R N VIt E 441 s
m ————— = lim = =2
- 3z 47 - 34 L 3+0 3
T
(z + )50 — 50
(c) Jim h
(x+ h)50 — g0 -
=@,
for f(z) = 2°°. Hence, by the Power Rule,
)50 _ 250
lim M =50z*. O
h—0 h
oozt —3x—4
(@) Jim —= 75
. 332—3:5—4_1 (x+1)(z—4) z+1 5 q
P TT 16 (e _d) (et d) oShrid 8
(e) lim+ V16 — 22
r—4
For z close to 4 but larger than 4 — e.g. = 4.01 — 16 — z? is negative. Since the square root of a

negative number is undefined, the limit is undefined. 0O

2
—3x—4
(f) lim 2 =372
r—4 x —8£E+16

2_ —4 —4 1 1
x? — 3z . (= Yz +1) .mx—l—

iﬂx2—8m+16:x1§}1 (z —4)2 4 xr —4°

o 5 C
Plugging in gives 6; the limit is undefined. 0O



o [ 2

z+1)
2x + 3 2u—1)+3 2u+1 2 1
/7(1‘—}-1)4&133:/71[4 du:/ > du:/<$+m)du:

[u=z+1, du=dz, z=u-—1]

1 1 1 1
—_— — = — —_ . D
u?  3ud +C (z+1)2  3(xz+1)3 +C

621‘
e’ ue® du u
—dz=| —— — = | —— du.
/ezx—l—l ‘ /u2—|—1 €T /u2—|—1 b

d
[u =e", du=cdr, dxr= —U]
e.’[/'
Note that in making the substitution I used one of the e”’s on the top to make a u, and left the other
to be cancelled: 2% = e - " = ue®.
I need one more substitution to finish:

u _fu dw 1 fdw 1 1 9 1 9
d
[w:u2+1, dw = 2udu, du:—w
2u

(d) / 7(311&:1@)2 +1 dx

X

1 241 241
/de:/gu + ~xdu:/(3u2—|—1)du:u3—|—u—|—C’:(ln:ﬂ)?’—l—lnx—i—C’. |

xr X

[u:lnx, du = di, d:ﬂ:xdu]
x

cos x
d
(e)/(sinx)2+281nx+1 v

/ CoS X d / CcoS T /
xr =
(sinz)? 4+ 2sinz + 1 u? +2u+1 cosz +2u+1

[u:sin:ﬂ, du = cosx dx, ]
cos x

/ AU iy Cpu—— . 0
(u+1)2  u+l - smm—i—l

2
(f)/%dm
V2 — 3x2 — 223



—_— _dx = : =
V2 — 3z? — 223 Su  —6(2? + x) 6

d
u=2-32? -2z du=(—6x—62%)dr, dr= -
—6(2z2 + )

24z d 24 x du _ l/u_l/?’du:

1 1
5 gu2/3+0 = —1(2—3I‘2 —2:%?3 4 C. 0

sec I‘l/s ’
® [

2

1/3)2
/%dm:/(sez/@g ~3x2/3du:3/(secu)2du:3tanu—|—C:3tanm1/3—|—C.
x x

1
[u = ml/?’, du = gm_z/?’ dx, dxr = 32213 du] d

1 2
(h)/ .CL‘]II(;L‘ +1) i
0 X + 1

/11‘111(:62—1—1)(1 _/ZCEIHU d_u_
0 22+ 1 v . w2

d
[u:1‘2+1, du = 2z dz, dm:2—u; r=0u=1; x:lu:?]
x

1 (21 I 1 2 IS |
—/ ﬂclu:—/ g~uclw: —/ wdw= = [=w? :—(1n2)2N0.12011.
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7. A population of flamingo lawn ornaments grows exponentially in Calvin’s yard. There are 20 after 1 day
and 60 after 4 days. How many are there after 6 days?

Let F' be the number of flamingos after ¢ days. Then

F = Fye®t.
When t =1, F = 20:

20 = Fyek.
When t =4, F = 60:

60 = Fye*.

Divide 60 = Fye** by 20 = Fye® and solve for k:

60  Foe* 4 o 1. .3k _ . _
%—W, 3—6 y 11’13—11’16 —3)]{7, k‘—T
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Plug this back into 20 = Fye*:

20
90 In3)/3 _
ZO—F()(;‘( )/ y Fo— m
Hence,
20 tIln3)/3
F= 6(1n3)/3€( 73,
When t = 6,
F= 20 e?I"3 ~ 124.80503. lamingosd
= Cn3)/3 ~ Lot : g

8. Find the area of the region in the first quadrant bounded on the left by y = 2, on the right by  + y = 2,
and below by the z-axis.

The curves intersect at the point # = 1, y = 1. (You can see this by solving y = 2? and z +y = 2
simultaneously.)

Divide the region up into horizontal rectangles. A typical rectangle has width dy. The right end of a
rectangle is on # = 2 — y; the left end of a rectangle is on = \/y (ie. y = z?). Therefore, the length of a
rectangle is 2 — y — /y, and the area of a rectangle is (2 —y — \/y) dy.

The area is

1

1 p
1 2 5
A:/ 2—-y—Vydy= 2y — —y* — =432 -~ 0.83333. O
; 2 T3V ], 76
. 1 2 3 40 .
9. Approximate 12+3_|_22+3+32+3+...+7402+3to5dec1malplaces.
40
1 2 3 40 n
B —— & 3.12400. O
Pr3 T3t T ar s 7;712—1-3

10. Calvin runs south toward Phoebe’s house at 2 feet per second. Bonzo runs east away from Phoebe’s
house at 5 feet per second. At what rate is the distance between Calvin and Bonzo changing when Calvin
is 50 feet from the house and Bonzo i1s 120 feet from the house?

11



Let x be the distance from Bonzo to the house, let y be the distance from Calvin to the house, and let
s be the distance between Calvin and Bonzo.

Calvin
S
y
Bonzo
®
X
Phoebe’s
house
By Pythagoras,
2 _ 2 2
s =z " +y.

Differentiate with respect to t:

ds dx dy ds dx dy
2s— = 20— + 2y— — = —.
*dt mdt+ Yu ta xdt+ydt

d:
& 5and = 9 (negative, because his distance from the house is decreasing). When z = 120 and

i
y = 50, s = 130. So

s ds 50
1305 = (120)(5) + (50)(—2), =137 3.84615 feet per second. [

11. A window is made in the shape of a rectangle with an isosceles right triangle on top.

V2s

V2s

(a) Write down an expression for the total area of the window.
L,
A= 55 +v2sh. O
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(b) Write down an expression for the perimeter of the window (that is, the length of the outside edge).

p=2h+2s+2s. O
(c) If the perimeter is given to be 4, what value of s makes the total area a maximum?

Since 4 = p = 2h + 25 + /25,

Hence,

1 7\ 1 1
A=gs*+V2s (2_5_§8) = 557 +2V2s — V25" — 57 = 2V25 — V257 — 057,

4
242

Lfi—A:2\/§—2\/§s—s.
s

The extreme cases are s = 0 and h = 0, which gives s =

The derivative is

Find the critical point:

2v/2
0:2\/5—2\/55—5, SZL.
2V2+ 1

Plug the critical point and the endpoints into A:

0 22 4
S

22+ 1 242
A 0 1.04482 0.68629

2V2

When s = ———
2V/2+1

, the area is a maximum. 0O

12. Find the absolute max and the absolute min of

flx) = %:LA/S — 1523 on the interval — 1<z <8.

r—5
22/3

f'=0for x =5 and f’ is undefined for z = 0. Both points are in the interval.

fl(l‘) — $1/3 _ 5$—2/3 —

x -1 8 0 5
f(z) 15.75 —18 0 —19.23723
The absolute max is at x = —1 and the absolute minis at z =5. 0O

13. Use a limit of a rectangle sum to find the exact area under y = 22 + 3z from z = 0 to z = 1.

1
Divide the interval 0 < # < 1 up into n equal subintervals. Each subinterval has length Az = —. I'll
n

evaluate the function at the right-hand endpoints of the subintervals, which are

123 n—1

)

Ty Ty Ty ey 3
n nn n

13



The function values are

@13 (%),(§)2+3(§),...(g)2+3(g).

The sum of the rectangle area is

kY NI 11 & 3 < 1 nn+1)2n+1) 3 nn+1)
z 3(2)] .2 == A k= —. = .= 7
Z[(n) +3<n)] n n3kz_:1 +n2kz_:1 n3 6 +n2 2

k=1

The exact area 1s

. 1 +1)(2n+1 3 +1 1 3 11
JB&(FW )6( - )+ﬁn(nT)) =3ty=5 O
14. f(z) = 2° + 423 + 17,50 f(1) = 22. What is (f~1)"(22)?
First, f'(z) = 5z* + 122?. Then
1 1 1
-1y 22) = = = —.
U= ey T T "
1 1

15. Use the definition of the derivative as a limit to prove that — = - .
dex—4 (z — 4)2

h—0 h h—0 h h—0 h
(z—4)—(z+h—-4) —h
. (x—4)(x+h—4) (x—4)(x+h—4) _h -
s h =i h Tk et hod)
i -1 _ 1 .
w0 (e —A) @+ h—4)  (2—4)?
16. Let 3
g+ i<l
_ — X
H@) =904 fe=1"

322-22 ifa>1

Is f continuous at z = 17 Why or why not?

lim f(z) = lim

z—1— z—1- 6 — 2 5

lim f(z) = lim (32? —2.2) =3-22=08.

z—1+ z—1+

The left and right-hand limits agree. Therefore,

lim f(z) =0.8.

rz—1
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However, f(1) = 0.9, so lirq f(z) # f(1). Hence, f is not continuous at z = 1. O
T

d [*
17. (a) Compute d_/ V2 +12dt.
T J4

d [ da®
2 Voreda="C
4 dr dz

dzx

6/ V24 t2dt = (62°)\/2 + (25)2 = 62°/2 + 212. O
4
(b) Compute / <i\3/ z? + 1> dz.

dz

/(%\3/1‘24—1) de=v/z2+1+C. O

)

18. (a) Suppose that f(3) =5 and f'(z) = ﬁ. Use differentials to approximate f(2.99) to 5 places.
T
Use
fle+da) ~ f(2) + f'(z) dx
de =2.99—-3=-0.01 and f'(3) = % = 0.36. Therefore,

F(2.99) ~ f(3) + f/(3)dz = 5 + (0.36)(—0.01) = 4.99640. O
d
(b) A differentiable function satisfies d_y = ¢e” cos 3z and y(0) = 0.1. Use differentials to approximate y(0.02).
T
dy 0
dr = 0.02 -0 =0.02; when z = 0, i cos 0 = 1. Therefore,
T

dy
dy = =2 dz = (1)(0.02) = 0.02.
y = -~ dz = (1)(0.02) = 0.0

Hence,

(0.02) ~ y(0) +dy = 0.1+ 0.02=0.12. O

19. Approximate the sum

3+sin2+3—|—sin3+3—|—sin4 3+ sin4l
1241 22 4+ 2 3243 402 + 40
to 5 decimal places.
3+sin2 3+sin3 3+sin4 .3—1—811141 3 + sin( n+1)
- _— A 3.31192. O
1241 22 42 3243 402+40 Z nZ+4n

20. Use 3 iterations of Newton’s method starting at £ = 2 to approximate a solution to 4 — z? = €%,
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Write the equation as 4 — 2% — ¢” = 0. Set f(z) =4 — 2% — ¢”, s0 f'(z) = —2z — €”.

v /() /(@)
2. —T7.38906 —11.3891
1.35121 —1.68789 —6.56454
1.09409 —0.183505 —5.17465
1.05863 —0.00311343 —4.99968
1.05801 —9.46553 x 10~7 —4.99664

The solution is approximately z & 1.0568. O

21. Find the absolute max and the absolute min of y = #® — 122 + 5 on the interval 0 < z < 5.

The derivative is

Y =322 —12=3(2? —4) = 3(x — 2)(x + 2).

y' =0 for z = 2 and z = —2; however, only z = 2 is in the interval 0 < < 5. 3/ is defined for all .

x 0 2 5
Y 5 —11 70

The absolute max is at * = 5; the absolute minisat x = 2. 0O

The best thing for being sad s to learn something. - MERLYN, in T. H. WHITE’S The Once and Future King
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