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ABSTRACT. This expository paper details the theory of rank one
Higgs bundles over a closed Riemann surface X and their rela-
tionship to representations of the fundamental group of X. We
construct an equivalence between the deformation theories of flat
connections and Higgs pairs. This provides an identification of
moduli spaces arising in different contexts. The moduli spaces are
real Lie groups. From each context arises a complex structure,
and the different complex structures define a hyperkéahler struc-
ture. The twistor space, real forms, and various group actions are
computed explicitly in terms of the Jacobian of X. We describe
the moduli spaces and their geometry in terms of the Riemann
period matrix of X.

This is the simplest case of the theory developed by Hitchin,
Simpson and others. We emphasize its formal aspects that general-
ize to higher rank Higgs bundles over higher dimensional K&hler man-
ifolds.
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INTRODUCTION

The set of equivalence classes of representations of the fundamental
group 7 of a closed Riemann surface X into a Lie group G is a basic
object naturally associated to m and G. Powerful analytic techniques
have been employed by Hitchin, Simpson, Corlette and Donaldson et
al |27, @2, A3, 44] to understand the global topology and geometry of
this object. Rank one Higgs bundles provide a toy model with a more
explicit form than general Higgs bundles. This paper expounds this
case, emphasizing its formal aspects to isolate and clarify the main
ideas and motivate its generalization to higher rank.

We consider three moduli spaces of seemingly different objects: com-
plex characters of the fundamental group 7 of a surface ¥, flat connec-
tions on a trivial line bundle over ¥, and pairs consisting of a holomor-
phic line bundle over a Riemann surface and a holomorphic 1-form on
X. These three moduli problems or deformation theories arise in differ-
ent contexts, but are nonetheless equivalent. Simpson [44] names these
deformation theories Betti, de Rham, and Dolbeault respectively. In
rank one, the Betti moduli space is the collection of ordered 2k-tuples of
nonzero complex numbers (k is the genus of ¥). The de Rham moduli
space is the quotient

HY(Z,C)/HY(Z,Z) 2 HY(X,C/Z).

The Dolbeault moduli space is the cotangent bundle T*Jac(X) of the
Jacobian of the Riemann surface X.

This paper assumes a basic knowledge of topology (for example, as
in Fulton [T6]) and differential, and complex geometry. Our perspec-
tive is differential geometric and gauge-theoretic. We assume basic
facts about symplectic geometry and Hamiltonian flows (as in Wein-
stein [49]). We hope this exposition of the simplest part of deep ideas in
algebraic geometry will be useful to topologists and differential geome-
ters interested in moduli spaces of representations of surface groups.

The paper is organized as follows. §1 is a brief introduction of
groupoids and their equivalences. §2 constructs the Betti, de Rham,
groupoids and moduli spaces and the various structures on these mod-
uli spaces. The main player in the Betti groupoid is a surface group ,
whereas the main player in the de Rham groupoid is a closed smooth
surface > with fundamental group 7. §3 develops the Dolbeault group-
oid; here ¥ is given a conformal structure, making it a Riemann surface
X over which we consider various holomorphic objects. The inherent
complex structure J on the Betti and de Rham moduli spaces are iso-
morphic, but J differs from the inherent complex structure I on the



4 GOLDMAN AND XTIA

Dolbeault moduli space. In §5, these two different structures give rise
to a hyperkahler structure on the underlying moduli space. §6 explic-
itly constructs the twistor space, a holomorphic object containing both
moduli spaces. All of these constructions apply to the cotangent bundle
of an arbitrary principally polarized abelian variety (not necessarily the
Jacobian of a curve). In particular they can all be expressed in terms
of the Riemann period matriz 11 of X.

Our story ends (§7) by explicitly describing the moduli spaces in
terms of the period matrix. We revisit the Betti moduli space which
appears as a product of the real torus

Hom (7, U(1)) =~ T
with the real symplectic vector space
Hom(m, RY) ~ H'(Z,R) ~ R%*.

The new structure as the (Dolbeault) moduli space identifies the torus
Hom(m, U(1)) as the quotient of C* with the lattice Z* + IIZ* corre-
sponding to the columns of II. The conformal structure of the Riemann
surface X determines a complex structure Jg on R?* which is easily
expressed (LA in terms of II. The resulting C*-action on the mod-
uli space, which determines the full structure of the Dolbeault moduli
space and is equivalent to the Hodge structure on the moduli space.

Although many features of the rank one case generalize to higher
rank, several important technical issues are altogether absent in rank
one. We warn the reader of these simplifications. First, since the struc-
ture group is abelian, the moduli spaces are naturally groups (or torsors
over groups). This strong structure is missing for higher rank Higgs
bundles. Endomorphism bundles of line bundles are trivial, but endo-
morphism bundles are generally nontrivial. In rank one, moduli spaces
exist for all objects. One need not remove from consideration “unsta-
ble” objects in the sense of Geometric Invariant Theory. Furthermore
the main differential equation — Hitchin’s self-duality equation —
decouples, leaving the Higgs field and the holomorphic structure com-
pletely independent of each other. This arises from the direct product
decomposition C* 2 U(1) x R*, which does not generalize to higher
rank.

We do not discuss the hyperkiahler moment map and quotient con-
struction in this paper, although all the moduli spaces described here
can be constructed as complex-symplectic and hyperkahler quotients.
The constructions in rank one are particularly simple and familiar. As
we do not need this machinery, we do not discuss them here.
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For other points of view and related topics, see [1I, 2, &, 12, B2, A3,
A4, A5, A6, 48] and references cited therein.

We thank Nigel Hitchin, Taejung Kim, Weiping Li, Michael Thad-
deus and Mike Wolf for their critical reading of this manuscript and
numerous helpful suggestions. We are also grateful to Steve Brad-
low, Robert Bryant, Kevin Corlette, Simon Donaldson, Lawrence Ein,
Elisha Falbel, Charlie Frohman, Oscar Garcia-Prada, Steve Kudla,
Francois Labourie, John Loftin, John Millson, Niranjan Ramachan-
dran, Jonathan Rosenberg, Carlos Simpson, Domingo Toledo, Richard
Wentworth, and Scott Wolpert for helpful conversations.

Notation and terminology. To emphasize the different contexts, we
reserve % for the smooth surface, and X for the Riemann surface “dif-
feomorphic to ¥.” That is, X is ¥ with a conformal structure (which
for us is the Hodge *-operator on 1-forms). For constructions involving
the differential structure, whether we use ¥ or X is a decision on the
context. For example, both A*(X) and A*(X) are correct notations for
the de Rham algebra of smooth differential forms on the surface.

Differential forms and cohomology classes are complex-valued, unless
otherwise stated. Tensor products of modules are over Z unless other-
wise stated. If V' is a complex vector space, then we denote the real
vector space underlying V' by Vg. The complex vector space V' then
consists of the pair (Vg,I) where I : Vg — Vi is the complex struc-
ture, the R-linear automorphism I satisfying I? = —1 corresponding to
scalar multiplication by v/—1. The complex vector space V comples-
congugate to V' is (Vg, —1I) where —I is the opposite complex structure.
Thus an anti-linear map V — W into a complex vector space W is a
linear map V. — W.

The multiplicative groups of nonzero complex and real numbers are
denoted by C* and R* respectively. The multiplicative group of positive
real numbers is denoted R*. The multiplicative group of unit complex
numbers is denoted U(1). We denote the k x k identity matrix by I.

By a wector bundle we mean a smooth complex vector bundle. If
E — M is a vector bundle and N is a submanifold with inclusion
map f: N — M, we denote by E|y the restriction of E to N, that is,
the vector bundle over N defined as pullback f*F of E by f.

1. EQUIVALENCES OF DEFORMATION THEORIES

A moduli problem seeks to classify a class of objects up to an equiv-
alence relation, often defined by a group of transformations of the set
of objects.
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A deformation theory (or transformation groupoid) (S, G) consists of
a category C defined by a group action as follows. Let a: G xS — §
be a left action of a group G on a set S. The deformation theory (S, Q)
consists of the category C whose objects form a set Obj(C) = S with
morphisms

z Ly

corresponding to triples (g, z,y) € G x S x S such that a(g,z) = y.

The identity element e € G determines, for each object x € S the
identity morphism

e
r—X.

The inverse of the morphism
z Ly

is
gfl
y—x
and the composition of morphisms
g h
r——y— 2z

equals

hg
r — Z.

In particular every morphism is an isomorphism.

The moduli set corresponding to such a deformation theory is the
set 1so(C) of isomorphism classes of objects. The isotropy group of an
object z € Obj(C) is the set Mor(x, z) consisting of morphisms r — =z,
which has the structure of a group. An equivalence of categories is a
functor F' : A — B such that there exists a functor H : B — A
and natural transformations from the compositions F'o H and H o F'
to the identity functors of B and A respectively. (See Jacobson [33] or
Gelfand-Manin [I7], p.28 for discussion of this notion and Goldman-
Millson [T9] for an application closely related to this one.) An equiv-
alence of categories induces a bijection Iso(A) — lIso(B), although
in general Obj(.4) and Obj(B) may be enormously different. For ex-
ample, each groupoid arising from a group G operating on itself by
left-multiplication is equivalent to the groupoid with one object and
one morphism.

Equivalent deformation theories yield equivalent moduli sets. How-
ever the finer notion of equivalence has further implications— for ex-
ample isotropy groups of corresponding points in the moduli spaces are
isomorphic.

Often the sets Obj(.A) admit additional algebraic or geometric struc-
tures, which induce additional structures on Iso(.A). For the examples
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discussed here, these moduli sets are Lie groups, and the equivalences
of deformation theories induces isomorphisms of (real) Lie groups.

Equivalent deformation theories may have different structures. An
equivalence of a deformation theory .4 with another deformation theory
may provide additional structures to Iso(.A). For example, Hom(m, U(1))
inherits the structure of a complex abelian variety from every Riemann
surface with fundamental group .

The following criterion is a useful tool for proving that a functor is
an equivalence of categories. A functor F': A — B is an equivalence
if and only if:

e Surjective on isomorphism classes: The induced map
F, :1so(A) — Iso(B)

is surjective;
e Full: For z,y € Obj(A), the map

F(z,y) : Mor(z,y) — Mor(F(z), F(y))

is surjective;
e TFaithful: For z,y € Obj(A), the map

F(z,y) : Mor(z,y) — Mor(F(z), F(y))

is injective.

2. THE BETTI AND DE RHAM DEFORMATION THEORIES AND THEIR
MODULI SPACES

This section describes the Betti and de Rham deformation theories.
Fix a structure group G. Although much of what is here generalizes
to the case that G is a linear algebraic group, we restrict in this paper
to the cases of GG being the group C* of nonzero complex numbers, the
group U(1) of unit complex numbers, or the group R* of nonzero real
numbers. In what follows ¥ is a compact smooth oriented surface with
fundamental group .

e The Betti groupoid whose objects are representations m — G,
with morphisms G;

e The de Rham groupoid whose objects are flat connections on
a trivial complex line bundle over Y, with morphisms gauge
transformations;
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2.1. The Betti groupoid. Denote by Hom(w, G) the set of represen-
tations from 7 to G. The group G acts on representations by conjuga-
tion. The Betti groupoid is the category having Hom(m, G) as the set
of objects and morphisms

g:p1— po
where g € G, p1, p2 € Hom(7,G) and
P2 =1lgo P

where ¢, : G — G is the inner automorphism defined by conjugation
by g. The Betti groupoid is (Hom(7w, G), G).
The surface group 7 admits a presentation

(2.1.1) (A1, By,...,Ag, B | [A1, B1] ... [Ak, B] = 1)
where [A, B] denotes ABA™'B~!. The map
Hom(w,G) — G*
p— (p(A),p(B), ..., p(Ax), p(Bk))
embeds Hom(r, G) as the Zariski-closed subset of G?* defined by

(2.1.2) e, B1] . . e, Bi] = 1.

Since G is abelian, it acts trivially on Hom(w,G). Furthermore
[EZI32) is trivially satisfied and

(2.1.3) Hom(7, G)/G = Hom(r, G) = G?*.

Hence the moduli space Hom(7, C*) identifies with (C*)%.
Hom(m, C*) is a complex Lie group under pointwise multiplication of
homomorphisms. Namely, if p;, po are homomorphisms, then

(2.1.4) T —C*
v = p1(7)p2(7)

is a homomorphism, defining a group structure on Hom(mw, C*) isomor-
phic to (C*)%,

Two real forms of C* are U(1) and R*. These subgroups are the fixed
point sets of anti-involutions of C* defined by

w2 — (2)71 IR 2+ Z

respectively. These induce real structures on Hom(m, C*) whose sets of
fixed points are Hom(m, U(1)) and Hom(m, R*) respectively. Note that
the composition of the anti-involutions is the involution

LUOLRZZ'—>Z_1.
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2.2. The de Rham groupoid. The second deformation theory con-
cerns flat connections on a smooth complex line bundle E over a smooth
surface ¥. The morphisms are gauge transformations, that is, smooth
maps > — G. A flat connection defines a notion of a smooth sec-
tion being locally constant, or parallel. The connection is described
as a differential operator which vanishes precisely on locally constant
sections.

We restrict to the case when E is the trivial line bundle. The de
Rham moduli space is a complex Lie group of dimension 2k, where k is
the genus of X. It furthermore enjoys an invariant complex-symplectic
structure as well as two real structures (anti-automorphisms) corre-
sponding to the real forms of C*.

We first review exterior differential forms, connections, and gauge
transformations. For background on fiber bundles and their differ-
ential geometry, we refer the reader to Steenrod [47] and Kobayashi-
Nomizu [31].

Ezterior differential calculus. Let A*(X) denote the de Rham algebra of
Y2, that is, the differential graded algebra of C-valued smooth exterior
differential forms on . The operations are wedge product

AF(S) x A(D) — AF(S)
and exterior derivative
d: Ak(Z) — AkH(Z)

satisfying:

o d(EAm) =dE AN+ (—1)FE Ndn if € € A¥(D);
e dod=0.

Complex-conjugation 1 — 7 defines an anti-involution of the complex
vector space A*(X). Its fixed-point set is the subalgebra A*(3;R)
of real differential forms. Its —1-eigenspace consists of the subspace
A*(X;iR) of purely imaginary differential forms.

Let E be a (smooth complex) vector bundle over 3. Let A*(X; E)
denote the collection of E-valued exterior k-forms over X; then the
graded vector space

A*(3:E) = @) A*(S: E)

k>0

is a graded module over A*(X).
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Let E be a trivial line bundle. A trivialization 7 is a nonvanishing
section of E. Then A*(¥; F) identifies with A*(X) via

AR(D) — AF(S: E)
(2.2.1) 1 — 7.

Gauge transformations. A linear gauge transformation of E is a smooth
bundle automorphism ¢ : F — FE covering the identity map of X.
Thus for each x € S, the gauge transformation & acts on the fiber F,
by scalar multiplication of some scalar g(x) € C*. In terms of T,

§r)=g-7

but the smooth map ¢ : ¥ — C* is independent of 7 since C* is
abelian. The group G;(E) of linear gauge transformations of £ identifies
with the space Map(2, C*) of smooth maps ¥ — C*. Similarly, the
U(1)-gauge group is the subgroup Map(2, U(1)) of smooth U(1)-valued
maps.

The fundamental groups of G = U(1) and C* are infinitely cyclic, so
a smooth map g € Map(X, ) induces a homomorphism

m(g):m — Z,
determining an element of
Hom(r,Z) = H'(%, Z).

The resulting group homomorphism Map(X,G) — H'(X,Z) induces
an isomorphism of the group of connected components

mo(Map(Z, G)) = H'(Z, Z).

Its kernel is the identity component Map(X, G)? consisting of null-
homotopic maps ¥ — (. Since

7 — C -5 c
z — exp(2miz),
is a universal covering space, Map (32, C*)? identifies with
Map(3, C) = A°(%)
via the exact sequence
Map(Z, C) =25 Map(Z, C*) - HY(Z, Z).

Similarly the identity component of Map(%, U(1)) identifies with

Map(%,iR) = A%(%, iR).
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Connections on vector bundles. A connection on E is an operator

D: A% E) — AYSE),
such that
(2.2.2) D(fs) = fD(s)+df A D(s).
(D(s) is called the covariant differential of s with respect to D.) Such
a map extends to

D: AP(%; E) — APTY(S: E)
by enforcing the identity

D(a A B) = D(a) A B+ (=1)*a A D(B)
for any a € A*(2), 8 € AY(X; E). We denote the space of all connec-
tions on E by A(E).
A trivialization 7 determines a connection

Dy: A% E) — AY (S, E)
by the rule
(2.2.3) Do(fr):=df AT

(where f € A%(X) is a smooth function determining a section fr by
(ZZT)). This is the unique connection for which 7 is parallel (has
covariant differential zero).
With respect to this connection, an arbitrary connection D has the

form

D = D() +n
where n € A'(X) and 5 acts by exterior multiplication. That is, the
covariant differential of a section s = fr € A%(3; E) with respect to D
is

D(s)=df AT+ nA fr e AN, E).

In particular the 1-form 7 is given by

D(t)=nAT.

The curvature of a connection D is the End(E)-valued exterior 2-
form F(D) € A%*(Z, End(F)) such that for any section s of E,
D(D(s)) = F(D) A s.
If F is a line bundle, then End(E) is canonically trivial, so F'(D) iden-

tifies with an ordinary exterior 2-form.
With respect to the trivialization 7, the curvature is:

F(D) =dn e A*(%).
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Hence a connection D is flat, that is, its curvature vanishes, if and only
if dn = 0. Thus the space F;(F) of flat connections identifies with the
subspace Z'(X) C AY(X) of closed 1-forms.

A line bundle (E, D), where D € F/(E) is a flat line bundle.

Gauge transformations and the de Rham groupoid. Let T be a trivi-
alization and let Dy be the corresponding connection. If £ € G(E)
corresponds to a map g € Map(S, C*), then the action of § on a con-
nection Dy + 7 is given by:

(2.2.4) £ (Do +n):=Do+n+g 'dg

where n € AY(X).

To see this, let £ - 7 be the trivialization obtained by transforming 7
by €. That is, £ -7 = g7 (scalar multiplication). An arbitrary section of
E' is given by a scalar multiple s = f7. Let D = Dy+n be an arbitrary
connection. The effect of the transformed connection &- D on s is given
by:

(§-D)(s) = D(fgr) =df NgT+ fdg AT+ fgD(7)
=df N(E-T)+ fg  dg A (gT) + fgn AT
= (df + f(g"'dg+n)) A (& 7)

(since C* is abelian). In particular this action is independent of .
Naturality of curvature under gauge transformations

(& D) = &(F(D))

follows, in our context, from the closedness of exact forms and the
triviality of the action of G;(F) on A%(X):

F(§-D)=d(n+g~'dg) = dy = F(D) =" F(D).

Hence the G;(E)-action preserves curvature.
The de Rham groupoid is (F;(E), G/(FE)).

The de Rham moduli space. The space A(FE) of all connections is an
affine space modeled on the space A*(X) comprising smooth C-valued
1-forms on Y. Let Dy be the connection corresponding to the trivializa-
tion 7. Every connection on E is of the form Dy + 7, where n € A'(3).
The objects of the de Rham groupoid — flat connections — comprise
an affine subspace of A(E).

With 7, the space F;(FE) of flat connections on F identifies with the
vector space Z'(X) of closed 1-forms. We shall always assume a fixed
trivialization 7y for F, which will provide a basepoint Dy (an origin)
for the affine space 2A(F) of connections.
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The gauge group G;(FE) identifies with Map(X, C*) and its action on
A(E) is given by (Z2ZA).

The G,(E)-action on A(E) decomposes into the action of the identity
component G;(E)? = Map (3, C*)? on 2(F) and the action of my(G;(E))
on the quotient. If g € G;(F)® then g = exp f for some f € A°(X), and
the action on A(F) is given by:

DO—FTIILDO—'—T]—'—df

Thus the quotient F;(E)/(G;(E)?) is an affine space whose underlying
vector space is the cohomology

HY(Y) = Z(%)/b* ().

The action of 7y(G(E)) = H'(X;Z) corresponds to the action of
H'(%,Z) on H'(X) via the monomorphism

(2.2.5) it HY(%,Z) — HY(%)
induced by the coefficient inclusion Z < C. In summary:

Proposition 2.2.1. The de Rham moduli space F(E)/G(E) identifies
with the cokernel of the map H' (X, Z) — HY(X) induced by Z — C.

Therefore the moduli space inherits a complex structure J arising from
the operation

(2.2.6) J(n) :==1n
on 1-forms. Cup product

HY(Y) x H'(®) — C,
defined on the level of 1-forms by:

(2.2.7) Qa, B) = /Ea A3

induces a nondegenerate exterior 2-form €2 on F;(E)/G,(E). Since € is
parallel on this affine space, it is closed. Furthermore, this closed exte-
rior 2-form €2 is holomorphic with respect to J. Thus, with the struc-
ture (J,€2), the moduli space F;(F)/G/(E). is a complex-symplectic
manifold.

The identity

QJa, B) = QUa, JB) =iQ(a, )

means that € is complex-bilinear with respect to J (that is, has type

(2,0)).
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Group structure. The de Rham moduli space H'(X)/ H* (X, Z) is a Lie
group as a quotient of a vector space by a discrete subgroup. Addi-
tion corresponds to tensor product of flat line bundles as follows. The
trivialization 7y of E determines a trivialization 79 ® 79 of E which
we henceforth identify with 75. Let (E, D;) and (E, D) be two flat
line bundles with local sections s, sy respectively. In terms of the
trivialization, write s; = f;79 where s; € A%(X) are functions. The
tensor product flat bundle (E, D) ® (E, Dy) is the unique flat bundle
(E, Dy ® Dy) for which s; ® sy is parallel with respect to Dy ® Do,
where s; and s, are local sections of E parallel with respect to D; and
D, respectively.
Write
Dy = Dy +m
Dy = Dy + e
Dy ® Dy = Do +1n
where 11,12, 1 € Z1(X). Then s; is D;-parallel if and only if
0= D;s; = dfi +nifi
for ¢ = 1,2 whence
(D1 ® D5)(s1® $3) = Di(s1) ® s2 + 51 ® Da(s2)
= ((dfl +nufi) fo + fi(dfs + 772f2))70
= Do(s1 ® 82) + (11 + 12)$1 ® 52

Thus the 1-form 7 corresponding to the tensor product D ® Dy equals
the sum 7y + 7,.

Real structure. Corresponding to the real structures (g and ¢y on C*
are real structures on the de Rham moduli space. Their fixed point
sets are real forms of the de Rham moduli space, corresponding to
sub-deformation theories for the real forms U(1) and R* of C*. On the
Lie algebra C of C* the anti-involutions ¢y, tg respectively induce maps

U _

N -n
(2.2.8) n—q
which are related by the composition
Ly O LR = 1) — —1).

These anti-involutions on the Lie algebras are coefficient maps for anti-
involutions on the moduli spaces, denoted by (). and (ig). respec-
tively. The fixed point set of (¢y)s is the moduli space F,(E)/G.(F)
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of flat unitary connections. The fixed point set of (tg). is the moduli
space of flat real connections.

Using the real structure, the complex-symplectic form decomposes
into real and imaginary parts

(2.2.9) Q = Qe QM

each of which is a real symplectic structure on the de Rham moduli
space. They satisfy:

QRe(‘]aa J/G) = _QRe(a> ﬁ)
Q"™ (Ja, JB) = —Q"™ (e, B)
Q" (a, ) = Q% (Ja, B).
2.3. Equivalence of de Rham and Betti groupoids. Let G be C*.
The cases of R*, R and U(1) are similar. Let D be a flat connection
on the trivial line bundle E over Y. Let 7y denote a trivialization, and
write
Dty =nmy
for a closed 1-form 7. Over any smooth path
[a,b] %
parallel transport defines a linear map between the fibers
I (y(a)) — I (y(b))

as follows. The induced line bundle v*E over [a, b] has an induced flat
connection v*D as well as an induced trivialization 7y o . Thus

v = g(t)dt
for a unique function g on [a, b]. Similarly, every section s is
s(t) = f(t)(m007)

for a unique function f(¢). The section s is parallel if and only if:

0=(y"D)s= (f'(t)+g(t)f(t)) dt @ (1907),
that is,
0= f(t) +g(t)f (1)

This differential equation has unique solution

t
1= (= [ atolas) )
for an arbitrary initial condition f(a). Starting from

s(a) = f(a)ro(v(a)),
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the corresponding section s(t) = f(t)7o(7y(t)) is the parallel transport
of s(a) along . Flatness of D implies that the parallel transport from
I 'y(a) to IT~'y(b) along v depends only on the homotopy class of v
relative to its endpoints.

If 7 is a based loop, that is, y(a) = v(b) = ¢, then holonomy defines
a homomorphism

(2.3.1) hol,(D) : m(X;x9) — G.

(Compare [37].)

Let £ € G,(F) be a gauge transformation. Evaluation of £ at zq gives
a homomorphism of groups G,;(E) — G, for which ([Z3) is equivariant.
Together these maps give the holonomy functor between the de Rham
and the Betti groupoid

Theorem 2.3.1. The holonomy functor
hol : (F(E),G(E)) — (Hom(m, G),G)
1s an equivalence of deformation theories.

Proof. Let ¥ be a smooth manifold with basepoint xqg € X. Let

7 = m(%, x0) be the corresponding fundamental group and 3 LIS
the corresponding universal covering space. Corresponding to a rep-
resentation p € Hom(m, G) is a flat line bundle C, — X, defined as
follows. The group 7 acts on the total space & x C of the trivial line
bundle over ¥ by deck transformations on the first factor and via p on
the second factor:

(23.2) (3,2) ¥ (-3, p(7)2)
where 2 € G. The quotient (X x C)/r is the total space of a smooth
line bundle
C, 5%

which carries a natural flat structure §,, a foliation of C, transverse
to the fibration such that the restriction of II to each leaf of §, is a
covering space of X. The leaves are the projections of the leaves X x {v}
of the product foliation of ¥ x C under the quotient map

% x C— C,.

The representation p is the holonomy representation of C,.
The exterior derivative

d: AR (D) — AFL(D)
induces the trivial connection D on the bundle (X x C)

D: AF(E,2 x C) — A(E,2 x C)
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by considering sections as C-valued functions and then taking exterior
derivative. The m-action via p is equivariant with respect to D. Since
flatness is a local condition, D descends to a flat connection D on
(X xC)/m

A local section s is parallel if and only if D(s) = 0 if and only if its
image lies in a leaf of §,. Equivalently, a lift of s to S has constant
projection under the Cartesian projection

EXC—NC

defining the foliation.

The covering homotopy theorem for fiber bundles implies that any
continuous path p, € Hom(m, G), where 0 < ¢ < 1, induces an isomor-
phism of line bundles

C,, — C,,.

Since Hom(7, G) is an R-algebraic set, its connected components are
path-connected and the topological type of the bundle C, depends only
on the connected component of Hom(w, G) containing p. If Hom(7, G)
is connected, then any representation can be connected to the trivial
representation by a continuous path, and therefore defines the trivial
bundle. The existence of such a D for each p € Hom(7w, G) shows that
hol, is surjective on isomorphism classes.

Next we show hol, is faithful and full. Recall that (237) is equi-
variant with respect to homomorphism G;(E) — G. Hence G;(F)-
equivalent connections give rise to G-equivalent representations. Sup-
pose

Dl,DQ - E(E)

There are two cases, depending on whether or not Dy, Dy are G;(E)-
equivalent. If Dj, Dy are not G;(E)-equivalent, then Mor(Dq, Do) is
empty. Otherwise, there exists ¢ € G;(F) corresponding to a map
g € Map(X, G) such that

Dy =D, + g 'dg

and if & is another gauge transformation corresponding to a map g; €
Map(X, G) such that

Dy = D, + gy 'dgy,

then g; = gc, where ¢ is a constant map. We denote the subgroup
of G/(E) corresponding to constant maps X — G by G. Hence
Mor (D1, Ds) corresponds to the coset g - G.

Now suppose that Dy, Dy € Fi(E) and hol,(D;) = p; for i = 1,2. If
Dy is not G;(E)-equivalent to Dy, then then Mor(pq, p2) = (). Otherwise,
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p1 = gp1g~t = po where g € G. Mor(py, p2) = gGg~' = G. Then we

have an isomorphism
g~ : Mor(Dy, Dy) — Mor(p1, p2).
In both cases, hol, induces an isomorphism
Mor(D;, Dy) — Mor(hol,,(D;), hol,,(Ds))
as desired. O

For a careful treatment of holonomy for higher ranks and in general,
see Kobayashi-Nomizu [37] and Goldman-Millson [T9]. Theorem 23T
is stated and proved in [19].

The holonomy representation of a tensor product of flat line bundles
is the product of the holonomy representations, as defined in (Z1.4).
Therefore the corresponding isomorphism of moduli spaces is an iso-
morphism of groups.

If D= Dgy+ nis a flat connection, then its holonomy is the homo-
morphism

T — G

7’—>GXP/77
Y

which depends holomorphically on D. Thus the isomorphism of moduli
spaces is an isomorphism of complex Lie groups.

3. THE DOLBEAULT GROUPOID

Let X be a Riemann surface diffeomorphic to ¥. With this ex-
tra structure is associated a third deformation theory, the Dolbeault
groupoid. In this section we define this deformation theory and relate
its moduli space to the Jacobian Jac(X).

3.1. Holomorphic line bundles. We begin by reviewing differential
calculus on a Riemann surface. A holomorphic structure is defined as
an extension D" of the 0-operator to sections of a line bundle. For line
bundles, a Higgs field is a holomorphic 1-form on X. A Higgs pair is a
holomorphic structure together with a Higgs field.

Exterior calculus on Riemann surface. The Hodge x-operator on 1-
forms

*: AHX) — ANX)
describes the conformal structure on X as follows. Let J: TX — T'X
denote the complex structure on T X: for each x € X, multiplication
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by v/—1 is an R-linear automorphism J, of the (real) tangent space
Jx o Jx = _]-
A 1-formn € A'(X) defines an R-linear map 7, X — C. The Hodge -
operator is the map on A*(X) induced by J, that is, define xn € A'(X)
as the composition
nx L nx

(When X is given a conformal Riemannian metric, this operator agrees
with the Riemannian x-operator. For 1-forms on a 2-manifold, * is
independent of the Riemannian metric.)

Thus % defines an endomorphism of the complex vector space A'(X)
with «x = —1, so its eigenvalues are 4i. Furthermore A'(X) decom-
poses as a direct sum of its i-eigenspace and (—i)-eigenspace respec-
tively:

AL(X) = AM(X) © A (X)
and the summands are complex-conjugates of each other.

Composing the exterior derivative d : A°(X) — A'(X) with pro-

jections of A'(X) onto AM(X) and A%!(X) defines operators
0: A" X) — AM(X)
0: A'X) — A"Y(X)

with d = 9+ 0.

A holomorphic 1-form is a (1, 0)-form which is closed; a closed (0, 1)-
form is an anti-holomorphic 1-form. A harmonic 1-form is the sum of
a holomorphic 1-form and an antiholomorphic 1-form. The spaces of
holomorphic 1-forms, antiholomorphic 1-forms, and harmonic 1-forms,
denoted by H(X), H*'(X), and H'(X) respectively, satisfy:

HHX) = HOH(X) @ HMO(X).
where the two summands are complex-conjugates of each other.
Later we need the following basic facts, which can be found in, for

example, Farkas-Kra [I4], Forster [I5] (Theorem 19.9, p.156, Theo-
rem 19.12, p.159) Griffiths-Harris [23], Jost [34],§53.3,5.2, Wells [50].

o Let n € A% (X). Then there exists a unique antiholomorphic
1-form 7y € H*(X) and a function f € A°(X) such that

n=1+0f
e Let n € Z(X) be a closed 1-form. Then there exists a unique
harmonic 1-form 7y and a function f € A°(X) such that

n =10+ df.
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These standard facts form the analytic foundation for the theory
expounded here.

Holomorphic structures. Just as a connection on a vector bundle pro-
vides a differential criterion characterizing sections to be locally con-
stant, or parallel, a holomorphic structure on a vector bundle over a
complex manifold provides a notion of a section to be holomorphic.

From a preferred class of holomorphic local sections, one can find an
atlas of local trivializations of the vector bundle such that the tran-
sition functions on overlapping coordinate patches are holomorphic.
We do not take that approach here, instead referring to Gunning[24],
Kobayashi [36].

The trivialization 7y determines a holomorphic structure, such that
s = f1y is a holomorphic section defined on an open set U if and only
if f is a holomorphic function on U. In particular holomorphic local
sections solve the Cauchy-Riemann equation.

Holomorphic structures are conveniently described by differential op-
erators of degree 1

D" AP(X; E) — AP X E)

which satisfy
D"(f-s)=0f As+ f-D"(s)

for f € A% X). Locally every holomorphic structure admits holomor-
phic sections, and are thus equivalent to the standard one D{ (which
arises from 0 and the trivialization). This follows from the solvability
of the inhomogeneous Cauchy-Riemann equation. See Atiyah-Bott [3,
85 (pp. 554-55) or Kobayashi [36], Chapter 1, Propositions 3.5-3.6, p.9
for further discussion.

Denote by Dy and Dy the (1,0)- and (0,1)- parts of Dy respectively:

Dy = (Do)"?
Dg = (Do)™"
so that

With respect to the trivialization 7y, a holomorphic structure on FE is
an operator

D' =DJ+ ¥
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(where ¥ € A% (X)), which operates on smooth sections by:

A (X, B) 2 A%Y(X, E)
fro— (Of + f¥)n.

(When dim(X) > 1, holomorphic structures must satisfy an extra in-
tegrability condition. Compare Kobayashi [36].)

Denote the space of all holomorphic structures on E by Hol(E). The
linear gauge group G;(F) acts on Hol(E) by

(3.1.1) DI+ U+ DI+ + ¢g'3g.
Denote the resulting deformation theory by (Hol(E), G/(E)).

Higgs fields. 1f (E, D") is a holomorphic vector bundle over X, then a
Higgs field on (E, D") is a (1,0)-form ® on X taking values in the endo-
morphism bundle End(E). The Higgs field ® is required to be holomor-
phic with respect to the holomorphic structure on 7*M ® End(F) in-
duced by the complex structure on X and the holomorphic structure D"
on E. Thus a Higgs field is a holomorphic bundle map TX — End(FE).
(In higher dimensions, the Higgs field is required to satisfy the inte-
grability condition ® A & = 0, which automatically holds when X is
1-dimensional.)

A Higgs pair (or Higgs bundle) is a pair ((F, D), ®) where (E, D")
is a holomorphic vector bundle and ¢ is a Higgs field on (E, D”).

When FE' is a holomorphic line bundle, End(E) is trivial and a Higgs
field is a holomorphic 1-form. Thus a rank one Higgs pair is just a
holomorphic structure D” together with a holomorphic 1-form. Thus
the space of Higgs pairs (E, D", ®) is

(3.1.2) Higgs(F) = Hol(E) x H"(X).

The linear gauge group G;(E) acts on Hol(E) by (BII]) and on Higgs
fields by conjugation. Since multiplication in End(F) is commutative,
G/(E) acts trivially on H%%(X). Denote the resulting groupoid by
(Higgs(E), Gi(E)).

The groupoid (Higgs(F),G(E)) contains the subgroupoid of holo-
morphic line bundles (Hol(E), G;(E)) as Higgs pairs whose Higgs fields
are identically zero.

3.2. The moduli spaces. Now we describe the Dolbeault moduli
spaces of rank one holomorphic bundles and Higgs bundles over a com-
pact Riemann surface X. These moduli spaces will turn out to identify
with spaces of unitary and linear representations of 7 (X) respectively.
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Moduli of holomorphic structures. The space Hol(E) of all holomorphic
structures is an affine space modeled on A%!(X). If Df is the holomor-
phic structure corresponding to a trivialization, then every holomorphic
structure is of the form D+ W, where ¥ € A%!(X). As for connections
on a trivial line bundle F, we fix a trivialization and its correspond-
ing holomorphic structure. The affine spaces have natural vector space
structures, in which vector addition corresponds to tensor product of
holomorphic line bundles.
The G;(E)-action on Hol(F) is given by

(3.2.1) U U+ g 'y,

where ¥ € A% (X) and g € Map(X,C*).
The G,(E)-action on Hol(E) decomposes into the action of the iden-
tity component

Gi(E)" = Map(X,C")"
on Hol(E) and the action of m(G;(E)) on Hol(E)/(G/(E)®). If g €
GiI(E)° then g = exp f for some f € A°(X), and the action on Hol(E)
is given by:
DY+ ¥+ DI + U 4 0f.
Thus the quotient Hol(E)/(Gi(E)°) is an affine space whose underlying
vector space is the quotient A% (X)/9.A°(X), the Dolbeault cohomology

group. The Hodge decomposition into antiholomorphic forms and 0-
exact forms (§3)

AM(X) = H(X) @ 0A(X)

gives an isomorphism of A%} (X)/0A%(X) with the space H*!(X) of
antiholomorphic 1-forms on X, which we henceforth denote as V. Thus
Hol(E)/(G(E)) identifies with the complex vector space V = H"(X).
The dimension of V' equals the genus k of X.

The action of 7my(G;(E)) = H'(X;Z) corresponds to the action of
H'(X,Z) on H*'(X) by translation via the composition map

(322) H'(X, 2) - H'(X) 25 5N (X) =V

where i* is as in (ZZH) and p; is the projection to antiholomorphic
1-forms. The image of H*(X,Z) is a lattice L C V of rank

2%k = dim(V4).

The quotient Jac(X) := V/L is a complex torus, the Jacobian of X.

The Dolbeault isomorphism identifies H' (X, O) with H%!(X), where
O is the sheaf of germs of holomorphic functions on X. Under the
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Dolbeault isomorphism, the above homomorphism
HY(X,Z) — H"(X)

identifies with the map induced by the inclusion Z — O of the sheaf
of germs of locally constant Z-valued functions. Its cokernel then iden-
tifies with the kernel of the homomorphism H'(X, 0*) — H?*(X,Z)
induced by the sheaf homomorphism

0oL o
[ exp(2mif),
by the exactness of
0—2—0-50

where O* is the multiplicative sheaf of germs of nonvanishing holomor-
phic functions.

Just as the tensor product of flat line bundles corresponds to addi-
tion of closed 1-forms, the tensor product of holomorphic line bundles
corresponds to addition of antiholomorphic 1-forms, that is, to addition
in V. Namely if D] = D{ + ¥;, then the tensor product holomorphic
structure is

DY ® Dy = Dy + ¥y + Ws.

This multiplicative structure agrees with the multiplicative structure
induced by the multiplicative structure on O*.

Moduli of Higgs pairs. Let (D", ®) € Higgs(F) be a Higgs pair. Its
equivalence class is recorded by the equivalence class of the holomorphic
bundle (£, D") in Jac(X) and the Higgs field ® in H"0(X).

Proposition 3.2.1. The moduli space Higgs(E)/G/(E) of Higgs pairs
identifies with the product

Jac(X) x H"(X).
Complex-conjugation maps the space HY(X) of Higgs fields to
HO(X) =V.

Thus we identify the space of Higgs fields with V' and Proposition B2Z1]
implies that Higgs(F)/G;(FE) is the cokernel of

(3.2.3) L—VxV,
that is, V/L x V.



24 GOLDMAN AND XTIA

We denote by I the complex structure on Higgs(E)/G(E) arising
from the complex structures on V and V. In terms of the parameters
U eV and ® € V this complex structure is:

AN
(3.2.4) O — 1P,

Similarly 7*Jac(X) is an abelian group via a tensor product construc-
tion on Higgs pairs. Namely define the tensor product (D}, ®1) ®
(DY, ®,) to have holomorphic structure D] ® DY and Higgs field ®;+ Ps.

3.3. Geometric structure of the Dolbeault moduli space. The
conformal structure of X induces a rich geometry to the Dolbeault mod-
uli space Higgs(E)/G,(E). This space is a complex manifold under the
complex structure I induced from X, which is the total space of a vector
bundle over Jac(X). This vector bundle is naturally isomorphic to the
cotangent bundle T*Jac(X), which has a natural complex-symplectic
structure. Furthermore the Riemannian metric of Jac(X) defines a
proper exhaustion function vanishing on the zero-section Jac(X), and
whose gradient flow defines a deformation-retraction to the zero-section.
In rank two, Hitchin [27] used a similar technique to compute the Betti
numbers of the Higgs bundle moduli space.

Cotangent bundles. We identify Higgs(E)/G,(E) with the cotangent
bundle T*Jac(X) using a Riemannian metric on Higgs(E)/G/(E) as-
sociated to X as follows.

The natural Hermitian form on A'(X) defined by

(3.3.1) {a, B) ::/on/\*ﬂ

is nondegenerate, positive definite on A%!(X) and negative definite on
AYO(X). Tts restriction to V = H®!(X) defines an isomorphism V' —
V* of complex vector spaces. The tangent space of Jac(X) = V/L
at any point identifies with V. By the isomorphism defined by (,),
the cotangent space of Jac(X) identifies with V. Thus the cotangent
bundle of Jac(X) identifies with

V/LxV=V/Lx V* = T*Jac(X).

The real part of (,) defines Riemannian metrics on V and V* = V
which in turn defines a Riemannian metric g on 7*Jac(X).

The cotangent bundle T*M of any complex manifold M enjoys a
natural complex-symplectic structure Qr«, In fact, Qp« is exact, that is,
there exists a holomorphic 1-form ap« on M such that Qp = —daps.
Let IT : T*M — M denote projection and dIl : T(T*M) — TM
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denote its differential. Let uw € T*M be a covector at II(u) € M. The
value of ap+ at u is defined as:

(ars) ) : v — u(dlI(v))
for a tangent vector v € T,,(T*M). Then
Qp« = —dag-

is a complex-symplectic structure on 7M. This construction is natu-
ral, so any biholomorphism of M preserves - and p«.

For a complex torus, the complex-symplectic-structure 2p« is paral-
lel. If 9 = (q1,--..,¢qn) are local coordinates on M, with corresponding
coordinates p = (p1,...,p,) on the fibers, then

Q= = Z pidg;
j=1

(3.3.2) Qre =Y dg; A dp;.
j=1

The space T*Jac(X) supports a holomorphic completely integrable
Hamiltonian system. The Hitchin map is the map

Higgs(E)/Gi(E) - H°(X)
(3.3.3) (D", ®)] — @

associates to a pair (D", ®) its Higgs field. In terms of (B3.2), this is
the projection
(a,p) — p.

The complex Hamiltonian vector field with potential p; is the parallel
vector field a%j which generates translation in the g;-coordinate. The
Hitchin map is a holomorphic moment map for a holomorphic Hamil-
tonian CF-action, whose orbits are sections of T*Jac(X) corresponding
to the trivialization H, where k is the genus of X. Equivalently these
parallel copies of Jac(X) are the preimages of H. Although in this
case this construction is elementary, its generalization to higher rank
is highly nontrivial and revealing. See Hitchin [30].

On T*Jac(X) = V/L x V, this structure arises from the linear
complex-symplectic structure on the vector space

VaVv=H"(X)oHX)
defined by
(334) QT* ((\Ill, (I)l), (\IIQ, @2)) = <\I]1, 32) — <\I/2, 31)
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Functions and flows on the Dolbeault moduli space. The energy func-
tion

T*Jac(X) =R

(3.3.5) (9,p) — %<p, p)

vanishes precisely on the zero-section Jac(X), which contains the only
critical points of e. These critical points are minima. Let Ve denote
the gradient vector field of e with respect to the Riemannian metric g.
Then the flow of —V (e) defines a deformation retraction of 7*Jac(X) to
its zero-section Jac(X), from which one can determine the homotopy
type of the moduli space. Hitchin [27] uses a similar technique to
determine the topology of some moduli spaces in rank two. However,
in higher rank, not all critical points are minima, and the calculation is
considerably more complicated. For further applications see [B, 6, 20,
21, 271, 52, B3, H4].

The vector field IV (e) is the Hamiltonian vector field with poten-
tial e with respect to the Kéhler form on T*Jac(X). It generates the
Hamiltonian circle action:

(3.3.6) S x T*Jac(X) — T*Jac(X)
(3.3.7) (A (a,p)) — (a,Ap)

which evidently extends to a holomorphic C*-action on 7*Jac(X). The
fixed point set of each action equals the zero section p = 0, which is
precisely the critical set of e. Furthermore the C*-action extends to an
action of the multiplicative semigroup C; the limit as A — 0 lies in
the critical set. We revisit this geometry in §o.8

4. EQUIVALENCE OF DE RHAM AND DOLBEAULT GROUPOIDS

The Betti, de Rham, and Dolbeault deformation theories of the pre-
vious sections are equivalent. Hence the three moduli sets are isomor-
phic. However these moduli sets have natural differentiable structures
(in fact they are complex Lie groups). With this extra structure, we
refer to the moduli sets as moduli spaces. The equivalence between the
de Rham groupoid and the Dolbeault groupoid induces an isomorphism
of real Lie groups between their moduli spaces.

4.1. Construction of the equivalence. Passage from de Rham to
Dolbeault groupoids requires the construction of a holomorphic struc-
ture and a Higgs field for each flat connection D. To this end, we
introduce a Hermitian metric H on F to decompose D into a uni-
tary connection and a 1-form ¢. The unitary connection determines a
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unique holomorphic structure D”. The condition that ¢ determines a
Higgs field is equivalent to a harmonicity condition on H, which follows
from the standard theory of harmonic forms.

Hermitian metrics. A Hermitian metric H on E is a family of positive
definite Hermitian forms (, )y

E, xE, — C

on the fibers E, smoothly varying with x € S. For any vector space
V', let Her(V) denote the space of positive definite Hermitian forms
V x V. — C. The space Her(E) of Hermitian metrics on the vector
bundle E is the space of sections of the Her(C")-bundle associated to
E. In terms of a basis, a Hermitian form is represented by a Hermitian
matrix h:
H(u,v) = u'ho

where t indicates transpose. The action of a linear transformation
g € GL(r,C) on a Hermitian form defined by a matrix A is then:

g:h+— g'hg.

If £ is a flat vector bundle with holonomy ¢ : 7 — GL(r, C), then a
Hermitian metric H € Her(E) corresponds to a ¢-equivariant map

(4.1.1) 5 5 Her(C7).

In particular End(E) is a complex line bundle with a canonical ev-
erywhere nonzero section, the identity endomorphism I : F, — F,.
Hence End(F) identifies canonically with the trivial line bundle C over
X.

The associated bundles of Hermitian metrics are trivial, but not
canonically trivial.

However, in the important special case when the holonomy lies in
the subgroup U(1), the standard Hermitian form on C

(z,w) := zw

defines a Hermitian metric on E. Gauge transformations act on Her-
mitian metrics by:

<u>'U>§~H = <g_1 : uvg_l ) U)H

and, in rank one, the corresponding positive function h transforms by:
h+— |g|~2h.

Two Hermitian metrics Hy, Hy € Her(E) on a complex line bundle £
relate by their ratio, the positive function h : X — R* defined by:

<u> 'U>H1 = h(I) <u> 'U>H2
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where u,v € E,.

Lemma 4.1.1. The linear gauge group G/(E) acts transitively on the
space Her(E) of Hermitian metrics.

Proof. If hy, ho are positive functions representing Hermitian metrics
on F, then

9(2) = Vi (2)/ha(2)
defines a gauge transformation g € G;(E) with g - hy = hy. O

The unique Hermitian metric Hy for which
(1, T, =1
corresponds to the constant function 1 and its stabilizer in G;(E) is the

unitary gauge group G,(F), corresponding to functions X — U(1).
A Hermitian metric H on F induces Hermitian pairings over A*(X)

ANX;E) x AX; E) — AM(X).
A connection D is unitary with respect to a metric H if and only if

d(s1,s2)g = (Ds1, $2) i + (51, Dsa) m,

for sections sy, 9 € A%(X, E). Equivalently we say that H is parallel
with respect to D. With respect to 7, the connection D = Dy + 7 is
unitary with respect to H if and only if:

(4.1.2) n+17=2Re(n) = h'dh = dlogh.

Thus D = Dy +n € Fi(F) is unitary with respect to some Hermitian
metric on £ if and only if the 1-form Re(n) is exact.

In particular a connection D = Dy + n is unitary with respect to the
Hermitian metric Hy corresponding to the trivialization 7y (that is, the
Hermitian metric with 4 = 1) if and only if n € A'(X;iR). We denote
the subset of F;(FE) consisting of flat connections unitary with respect
to Hy by Fu(E). Since G;(E) acts transitively on Her(E), a connection
D € F(E) is G/(E)-equivalent to a connection in F,(F£) if and only if
D is unitary with respect to some Hermitian metric on E.

The following well known result relates holomorphic structures, Her-
mitian structures and unitary connections:

Proposition 4.1.2. Let E be a complex line bundle over X with Her-
mitian metric H, and let D" be a holomorphic structure on E. Then
there exists a unique connection D on E such that

e The (0,1)-part D%! of D equals D";
e H is parallel with respect to D.

We call D the connection compatible with D" and H.
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Proof. Write D" = D{j+u, where p € A%»!(X). Let h be the equivariant
positive function on X corresponding to H as in (EL)). Let D = Dy+7
where

n=p—j+h'oh.
Since n + 7 = h™'dh, [ELZ) implies that D is unitary with respect to
H. Since n®' = u, the holomorphic structure defined by D equals D"
as desired.

For uniqueness, let Dy, Dy be two U(1)-connections with the same
(0,1)-part. By Lemma ELTl we may assume H = Hy. With respect
to the trivialization 79, write D; = Dy + 1; where Dy is the trivial
connection. Then ¢y and 1, are 1-forms with values in ‘{R. Their
difference ¢ — 1o has values in iR with Hodge type (1,0). Since a
purely imaginary 1-form of Hodge type (1,0) is necessarily zero, 1, —1y
is zero. U

(Although we only proved Lemma EET.T] and Proposition for line
bundles, these results hold for vector bundles of arbitrary rank.)

The unitary case. Suppose D is a connection. Its composition
A(X; E) 2 AYX; E) — AY(X; E)

with (0, 1)-projection is a holomorphic structure, denoted D%!. If

D= D() + m,
then the corresponding holomorphic structure is
D = Di+ ¥

where U = n%!,

The correspondence between holomorphic structures on E and flat
unitary connections is almost an equivalence of deformation theories.
Define a functor

(Fu(E),Gu(E)) =2 (Hol(E), Gi/(E)),

which on objects is the map assigning to a flat U(1)-connection D on
E the holomorphic structure D%!', and on morphisms is the inclusion

Unfortunately S is not full. Consider the connection Dy on E and
D{ the trivial holomorphic structure. Then

Mor(Dy, Dg) — Mor(Dy, Dy)
is not surjective: Mor(Dy, Dy) consists of scalar multiplication by unit

complex numbers, while Mor(D{, D{/) corresponds to scalar multiplica-
tion by C*.
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To overcome this difficulty, rigidify the groupoid (Hol(E), G/(E)) by
including a Hermitian metric as an extra piece of data. Therefore G;(FE)
acts on Hol(E) x Her(E).

Suppose D" € Hol(E) and H € Her(E). Let D be the unique con-
nection compatible with D” and H (Proposition EET2).

Definition 4.1.3. A Hermitian metric H is adapted to D" if and
only if the connection D compatible with D" and H is flat, that is,
F(D)=0.

(In Corlette [§], such metrics are called harmonic, with respect to
a holomorphic line bundle. To avoid confusion, we chose to restrict
the terminology “harmonic metric” to the context of flat bundles and
refer to the corresponding notion for holomorphic bundles as “adapted
metric”.)

Let Hol, (E) be the subset of Hol(E) x Her(E) consisting of all (D", H)
such that H is adapted to D” in the sense of Definition EET.3. Then
Gi(E) acts on Hol,(F), and we denote the corresponding deformation
theory (Hol,(FE), Gi(E)).

Proposition 4.1.4. The natural map
Fu(E) — Hol,(E)
D+ (D% 1)

is equivariant with respect to the natural G;(E)-action. The correspond-
ing functor

(FulE). Gu( E)) = (Holu(E), Gi(E))
1s an equivalence of deformation theories.

Proof. Let (D", h) € Hol,(F). By applying a linear gauge transforma-
tion, we may assume that h = 1. Apply Proposition EET.2, to obtain a
U(1)-connection D satisfies D%' = D”. By definition of Hol,(F), the
connection D is unitary, whence D € F,(F). Thus 7, is surjective.

Since the subgroup of G;(E) preserving Hy is G,(£), the induced
map

Mor(Dy, Dy) - 2252 Mor(D”, DY)
is an isomorphism. Thus 7 is faithful and full. U

Proposition 4.1.5. For each D" € Hol(E), there exists h € Her(E)
such that (D" h) € Hol,(F).

Proof. Let D" € Hol(E). One must find a flat unitary connection which
is equivalent by a gauge transformation in G;(F) to a connection whose
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(0,1)-part equals D”. Write D" = D{j + ¥ where ¥ € A% (X). Now
AYN(X) = HO(X) @ 0A°(X)

and W = W, + Js, where U is antiholomorphic. (§). In particular ¥,
is closed. Let

D - D(] + \Ij(] - \Ifo
and g = exp(s). Then D is flat (since d¥y = d¥, = 0), unitary with
respect to 1 (since ¥y — Wy is purely imaginary). Furthermore the
gauge transformation g takes

DO71 = Dg + \If(]

to D”. The metric Hy corresponds to the function gg. The desired
adapted metric is g - Hp. U

Together, Propositions EET4 and imply:
Corollary 4.1.6. The induced map
Fu(E)/Gu(E) — Hol(E)/GI(E)
s an isomorphism of sets.

That every topologically trivial holomorphic line bundle over X
arises from a unitary character of m(X) is a standard result; see
Weyl[p1l], §18, Gunning [24], §8a, pp. 131-135, or Farkas-Kra [I4],
§IIL.9, pp. 119-129. In the terminology of [14], a character is a ho-
momorphism 71 (X) — C* and a normalized character is a unitary
character. A multiplicative function in the sense of [21, 4] corresponds
to a holomorphic section of a flat complex line bundle.

The linear case. Now we extend the preceding theory from U(1)-repre-
sentations and flat unitary connections to C*-representations and flat
linear connections.

Suppose D € Fi(F). With respect to 7, write D = Dy + 1, where
n € Z1(X). Let ¢, be the real and imaginary parts of 7 respectively.
Since D is flat,

do + dy = 0.
Since di is purely imaginary and d¢ is real, this single equation is
equivalent to the pair of equations:

dp = dy = 0.

Thus D is flat if and only if ¢ and 1 are closed.
For any Hermitian metric H on E, decompose the connection D
into its skew-adjoint part (a connection Dy compatible with H) and
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its self-adjoint part, a 1-form ¢; which is self-adjoint with respect to
H:

(4.1.3) D =Dy + ¢n,

where

1
Dy =Dy +v + ih‘ldh

and .
1 =9 — §h_1dh
where h is the positive function corresponding to H as in 411

Then Dy is flat (h~'dh is exact) and compatible with H (by ([ELZ)).
Since Dy is flat, ¢ is a closed 1-form. Let ® = (¢1)"°.

Harmonic metrics. We also recall basic facts about harmonic functions.
A smooth function f is harmonic if and only if dxdf = 0. In particular
holomorphic functions are harmonic. A harmonic 1-form locally is
the differential of a harmonic function. Every harmonic function is
locally the real part of a holomorphic function. A smooth function
f: X — RT is multiplicatively harmonic if and only if its logarithm

logf: X — R
is a harmonic function.
Definition 4.1.7. Let D be a flat connection on the line bundle E over

X. A Hermitian metric H € Her(FE) is harmonic with respect to D if
and only if the equivariant mapping

X Rt
corresponding to H is a multiplicatively harmonic function on X, that
18, its logarithm log h is harmonic function X — R.

This definition is independent of the trivialization of D over the
universal covering space X — X used to define .

H is a harmonic metric with respect to D if and only if the 1-form
¢1 = ¢ — +h~*dh is harmonic, or equivalently 0P = 0.

Lemma 4.1.8. Let D be a flat connection. Then there exists a Her-
matian metric H harmonic with respect to D. Furthermore H is unique
up to multiplication by a positive constant.

Proof. Write D = Dy + v + ¢ as above, where ¢ € Z1(X,R). Then ¢
is cohomologous to a unique harmonic form ¢; € H'(X;R), that is,

b=+ df.
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for some smooth function f € A°(X,R) (§8]). The desired harmonic
metric is h = e?/. Since f is unique up to addition of a real constant,
the metric H is unique up to multiplication by a positive constant. [J

In higher rank, these facts generalize to deeper technical results. The
existence and uniqueness of flat unitary connections on a topologically
trivial holomorphic line bundle (Proposition ELT.H) generalizes to Don-
aldson’s proof of the Narasimhan-Seshadri theorem [0}, Hitchin’s proof
of solutions of the self-duality equations in rank two [27] and Simpson’s
proof in general A2, 43]. Lemma generalizes to the existence of
harmonic metrics on flat bundles with reductive holonomy (Donald-
son [II] in rank two, and Corlette [7] in general). The existence of a
harmonic metric generalizes the existence and uniqueness of harmonic
mappings of compact Riemannian manifolds into complete Riemann-
ian manifolds of nonnegative curvature, due to Eells-Sampson [13], and
has been further generalized by Labourie [3§]).

Let D € F(E) and H its harmonic metric and D = Dy + ¢, where
Dy is compatible with H. Let D” be the (0,1)-part of Dy and ® be
the (1,0)-part of ¢1. Since ¢; is harmonic, d® = 0. Thus (E, D", ®) is
a Higgs pair.

Theorem 4.1.9. The resulting functor
(Fi(E), Gu(E)) > (Higes(E), Gi( E)).
1s an equivalence of deformation theories.

Proof. First we show that S is surjective on isomorphism classes. Let
(D", ®) € Higgs(F). By Proposition EET.H, D” has an adapted metric
H corresponding to a function h : X — RT. Let Dy be the unique
connection compatible with H and (Dy)%' = D" (Proposition EET.2).
Write Dy = Do + 1. Then £ - H = H, for some linear gauge transfor-
mation { € G;(E). Let

D=¢ (Dyp+®+®)=Dy+ P+ 9.
The curvature of D is
F(D)=F(-Dy)+d(®+ <f>).

Since H is adapted to D", the curvature F'(Dg) = 0, s0 F(¢-Dg) = 0.
Since ® is holomorphic,

d(® + @) = 0.

Hence F(D) =0 and D € F/(E). Then S(D) is a Higgs pair differing
from (D", ®) by the gauge transformation &.
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Next we show S is faithful and full. Suppose
(Dlllv (I)l)v (ng (I)2) S nggs(E)

There are two cases, depending on whether or not (DY, ®1), (D}, ®3)
are G)(F)-equivalent. If (DY, ®q), (D5, ®,) are not G(E)-equivalent,
then

MOI’((DY, (I)l), (Dg, @2))

is empty. Otherwise, there exists £ € G(E) corresponding to a map
g € Map(X,C*) such that

Dy =D+ g 99, ®y=2;

and if & is another gauge transformation corresponding to a map g; €
Map(X, C*) such that

Dy = D + g;'9g1,

then g; = gc, where ¢ is a constant map. We denote the subgroup
of G(F) corresponding to constant maps X — C* by C*. Hence
Mor ((DY, ®1), (D4, ®,)) corresponds to the coset g - C*.

Now suppose that Dy, Dy € Fi(E) and S(D;) = (D}, ®;) fori =1, 2.
If Dy is not G;(F)-equivalent to Dy, then then Mor(Dy, D) = () since
C* acts trivially on F;(FE). Otherwise, Dy = g - Dy where g € G(E).
Then Mor(Dy, Dy) = g - C*.

In both cases, S induces an isomorphism

MOI’(Dl, Dg) — MOI’(S(Dl), S(DQ))
as desired. O
Corollary 4.1.10. The induced map

Fi(E)/Gi(E) - Higes(E)/G/(E)
s an isomorphism of sets.

4.2. Higgs coordinates. To see that the bijection S, between the
de Rham and Dolbeault moduli spaces is an isomorphism of real Lie
groups, we examine in detail the constructions in the proof of The-
orem We explicitly describe how to pass from the equivalence
class of a flat connection D = Dy + 17 to an equivalence class of a Higgs
pair (D", ®), where D" = D} + ¥. We call n € H'(X) the connection
coordinates of the point in Fy(E)/G)(E) and (¥, ®) € V&V the Higgs
coordinates.

Passing from connection coordinates n € H(X) to Higgs coordinates
(U, ®) € V @V involves the following steps.
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We assume that 7 is harmonic, since we are only interested in the
equivalence class of D under G;(F). Decompose 7 into its imaginary
part ¥ and its real part ¢:

n=v+¢
where

Y = W ), ¢=3 m+m

The unitary connection DH = Do+ corresponds to a holomorphic
structure D” = D{ + ¥ where the antiholomorphic 1-form W is the
(0, 1)-part of :

U = 0
Y=V -0,
The (1,0)-part ® of ¢ is a holomorphic 1-form:
O = 1"
b=o+ d.

In summary, to pass from Higgs coordinates to connection coordinates:

(4.2.1) n=v—-V+d+P
and to pass from connection coordinates to Higgs coordinates:
U = (iImn)%*
(4.2.2) ® = (Ren)™’
Holomorphic structures associated to flat connections. Since
n=1+0
= (U V) + (24 D)

=(U+P)+(¢-1T)
where U € H*H(X) and & € H0(X), the Hodge components of 7 are:
'=U+d
=0 VU,
The flat connection D determines a holomorphic structure:
D" :=Df+n™ =Dj +V+ & =D"+ .
The holomorphic structure D” in the Higgs pair (D", ®) is:
D" := Dy + V.
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Thus, unless ® = 0, the holomorphic structure in the Higgs pair is not
the holomorphic structure determined by the flat connection.

Isomorphism of Lie groups. Now we strengthen Corollary EETT0
Proposition 4.2.1. The induced map

Fi(E)/G(E) - Higes(E) /Gi(E)

s an isomorphism of real Lie groups
Proof. Using harmonic decomposition, the moduli space F;(E)/G/(E)
identifies with the quotient of H!(X) by the discrete subgroup cor-
responding to the subgroup H'(X,Z) — HI(X)._ The moduli space
Higgs(FE)/Gi(F) corresponds to the quotient of V&V by a lattice L C V
in the first factor. The map S, arises from the R-linear map

H'(X)—VaV

n+— (U, D)

in Higgs coordinates. The induced bijection S, is an isomorphism of
real Lie groups. O

Real structures. The anti-involutions defining the real forms U(1) and
R* were described in connection coordinates in (ZZ8). Using (E2TI)
and (LZ2) to pass to Higgs coordinates, (1), and (tr)s are:

(0, ®) -, (0, — )
(4.2.3) (0, &) (v, 3).

The fixed point set of (1y). equals F,(F)/G,(E). In the description of
the moduli space as T*Jac(X), the involution ¢y is scalar multiplication
by —1 on the fibers of T*Jac(X) — Jac(X).

In contrast, (g leaves ® unchanged, but replaces the holomorphic
structure D” by its inverse. In the cotangent bundle description, (g is
the lift of inversion

Jac(X) — Jac(X)
L— L
to T*Jac(X') which fixes the parallelism
T*Jac(X) — T} Jac(X) = V* = V.

The differential of inversion induces the composition of this map with
the map ¢y above given by scalar multiplication by —1 on the cotangent

fibers.
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The fixed points of inversion form the 2-torsion subgroup
Jacy(X) — Jac(X)

corresponding to
1
(iL) /L CV/L

which is isomorphic to (Z/2)?** where k is the genus of X. Thus the
fixed point set of (g acting on Hom(7, C*) is the subset Hom(m, R*) of

Hom(m, C*) «— T*Jac(X)
corresponding to

TJ*ac(X)}JaCQ(X) = (Z/2)2k x V.
4.3. Involutions. The involution ¢y is holomorphic with respect to I,
but anti-holomorphic with respect to J. The fixed point set of t = —1
in the C*-action is holomorphic with respect to I, but is a purely real
subset with respect to J. Hence this fixed point set is Hom(m, U(1))
which embeds into M as a holomorphic submanifold by [EZ3).
Similarly, the involution ¢k is holomorphic with respect to I and anti-
holomorphic with respect to J. The fixed point set of (g is Hom (7, R*)
which is holomorphic with respect to 1.
The common fixed point set of ¢y and (g is the intersection

Hom(7, U(1)) N Hom(w,R*) = Hom(m, £I)

which identifies with the 2-torsion subgroup Jacy(X) of the Jacobian.
(This is also the fixed point set of the composition ¢y otg.) In particular
Hom(7, R*) corresponds to Higgs pairs (D", ®) where the holomorphic
line bundle (£, D") has order two in the Jacobian. Its identity com-
ponent Hom(m,R™) corresponds to Higgs bundles whose underlying
holomorphic structure is trivial.

The holomorphic structure of the Higgs pair corresponding to an R*-
representation is trivial. If p : # — R™ is a nontrivial real character,
then there exists a global holomorphic section to the corresponding flat
line bundle but no global parallel section. This holomorphic section
arises as follows. Under the identifications

Hom(m, R*) —%5 Hom(m,R) = H'(X;R)

p corresponds to a harmonic 1-form ¢. On the universal covering, ¢
lifts to an exact 1-form which is the differential of a harmonic function
f X — R satisfying:

(4.3.1) fovy—f=logp(v).
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There exists a holomorphic function F : X — C with Re F = f
which necessarily satisfies [3J]). (The function F' is unique up to
an additive purely imaginary constant.) Then exp F' is a holomorphic
function on X which defines a nonvanishing holomorphic section of the
corresponding flat line bundle.

This holomorphic section is nonvanishing for the following general
reason. Since every flat line bundle has degree zero, a nonzero holo-
morphic section has no zeroes. Compare the discussion in Gunning [25],
pp-237-238.

The function f arose earlier in the construction of the harmonic
metric in Lemma

In general the direct product decomposition of Lie groups C* =
U(1) x R induces a decomposition of Betti moduli spaces

Hom(m, C*) = Hom(7, U(1)) x Hom(m, R™).
The corresponding decomposition of Dolbeault moduli spaces
Higgs(E)/Gi(E) = Jac(X) x H'(X;R)

associates to a Higgs pair the underlying holomorphic structure and the
class of the logarithmic differential of the harmonic metric in H'(X; R).

5. HYPERKAHLER GEOMETRY ON THE MODULI SPACE

Theorem 3] and Corollaries EET.H and establish bijections
between the three moduli spaces

(CH**, HY%)/HY%,Z), T*Jac(X)

which are isomorphisms of real Lie groups. The first two — Betti and
de Rham — were isomorphic as complex Lie groups. We henceforth
will only work with the de Rham and Dolbeault moduli spaces.

The complex structure J on the de Rham moduli space and the
complex structure I on the Dolbeault space are quite different. Using
the isomorphism S,, we superimpose these structures on a single object
which we call M. The interaction between these structures leads to a
rich hyperkdhler geometry and group actions on M.

5.1. The quaternionic structure. In connection coordinates 7 €
H'(X) and Higgs coordinates (U, ®) € V & V, the complex structure
I on M is:

n s * 1
(5.1.1) (U, D) — (10, id).
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The formula in connection coordinates may be derived as follows. Let
(U, ®) € V@V be the Higgs coordinates of n. By definition of I, the
Higgs coordinates of I(n) are (iW,i®) so ([EEZT) implies:

I(n) = (%) — (@0) + (i®) + (i®)
=0 4+ ¥ +i® —i®
= %0 — +U — %P — %P

U+ U+ P+ P)

= — % (—
= —%1.
Using the equivalence S, with the de Rham moduli space, the natural
complex structure on the de Rham moduli space ([22Z8) defines the
complex structure J on M:
J .

’I’] | — ’L’I’]
(5.1.2) (U, D) — (Zi), —Z\i/)
To derive the expression in Higgs coordinates, decompose 7 as in (f22.1)
above. Then:

J(n) =in =iV — iV +i® + iP

= (i®) — (i®) + (—i¥) + (—i¥)

so that the Higgs coordinates of J(n) are (i®, —iV¥). Let K := I.J. In
coordinates:

(5.1.3) N k]
(\117 (b) — (_5)7 \I])
These complex structures I, J satisfy
I?=J% = -1, 1J=—-JI

and I, J, K define a left action of the algebra of quaternions H on
H'(X). Here H is the R-algebra with basis 1, I, J, K with multiplica-
tion satisfying:

(5.1.4) P=7r=K=-1

1J=—-JI=K, JK=-KJ=1, Kl=-IK=J.

Furthermore every purely imaginary unit quaternion v = u;l 4+ uyJ +
ug (where ur,us,ux € R satisfy u? + u* + u% = 1) satisfies u? =
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—1, obtaining a whole S? of complex structures. Opposite complex
structures are related by the antipodal map:

S? — 2
(5.1.5) U — —u.

5.2. The Riemannian metric. The real part of the Hermitian form
(,) on V defined in (B3] and the real part of the corresponding Her-

mitian form on V' define a Riemannian metric g on M:

g((\Ifl, @1), (\Ifg, (I)Q)) = R,e<\1]1, \I]2> —+ Re<q)1, (I)2>

(5.2.1) 9(n1,m2) :/ UIRASIPY
D'
The Riemannian metric is invariant under the complex structures I, J, K:

g(m,n2) = g, Ina) = g(Jm, Jne) = g(Kmr, Knp)

and more generally g(umn;,uns) = g(n1, 1) for u € S Thus, for each
u € S?, the Riemannian metric ¢ is Hermitian with respect to u, that
is, of type (1, 1) with respect to u.

Each purely imaginary unit quaternion u € S? determines a real-
symplectic structure, or Kahler form w,:

(5.2.2) wy (M, 1m2) = g(uni, m2).

w, is the real-symplectic structure associated to a Kahler structure H
for which the associated Riemannian structure is g, with respect to the
complex structure u:

ImH = w,
ReH =g.

The general definition of a hyperkéahler structure is a quadruple
(9,1, J. K)

where ¢ is a Riemannian metric and [, J, K are integrable almost com-
plex structures satisfying the quaternion identities (ELI4), for which g
is Kéahlerian with respect to each of them.

A hyperkahler structure also determines complex-symplectic struc-
tures. For each fixed u € S?, there is a family of complex-symplectic
structures which are holomorphic with respect to u. Namely, extend u
to a positively oriented orthonormal frame (u,u,us), and define:

(5.2.3) Q(ul,uz) = Wy, Wy,

where the Kéhler forms w,, are defined in (E2ZZ). Then €, 4, is C-
bilinear with respect to the complex structure u. Furthermore every
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other positively oriented orthonormal frame (u, ), u}) is obtained by
rotation:

uy = cos(0)uy — sin(60)usy
uhy = sin(f)uy + cos(f)usg

for some 6 € R and
Q(u’l,ué) = 626Q(U17u2).

The unit vector us is determined by w and wu; as the cross-product
u X uy. Thus these complex-symplectic structures are parametrized by
orthonormal pairs (u, u1). Since the tangent space to S% at v € S? is the
orthogonal complement v C R?, the complex-symplectic structures
are parametrized by the unit tangent bundle T} S?. Left-multiplication
by u preserves u and defines an integrable almost complex structure
on S2%. In §611 we describe how this complex manifold identifies with
the complex projective line P! and the corresponding line bundle is
the holomorphic tangent bundle of P'. It has degree 2 and is denoted
O(2). In g0 these complex-symplectic structures on the moduli space
unify into one single holomorphic exterior 2-form on the twistor space
which takes values in a line bundle induced from O(2).

5.3. Complex-symplectic structure. An alternative approach to
hyperkéhler geometry is to begin with a complex-symplectic manifold
and refine the complex-symplectic structure to a hyperkahler struc-
ture. Suppose that (M, J, Q) is a complex-symplectic manifold, that is,
(M, J) is a complex manifold and €2 is closed nondegenerate complex-
valued exterior 2-form of type (2,0) with respect to J. A hyperkdh-
ler structure refining (J,€)) consists of another complex structure [
which is anti-linear with respect to J and for which the symmetric
form defined by

(5.3.1) g(a, ) := ReQ(a, IB)

is Kahlerian with respect to J and I.

This approach can be succinctly described in terms of classical Lie
groups as follows. Let C?* be the standard 2n-dimensional complex
symplectic vector space. The complex symplectic group Sp(2n,C) is a
subgroup of the automorphsims of C?*. The stabilizer of the standard
Hermitian structure on C?" is the compact symplectic group

Sp(2n) = Sp(2n,C) N U(2n)

the maximal compact subgroup of Sp(2n, C).
A reduction of structure group for the tangent bundle of a 4n-
dimensional real manifold from GL(4n,R) to Sp(2n,C) consists of a



42 GOLDMAN AND XTIA

pair (€2, J) where J is an almost complex structure and €2 is a complex-
valued nondegenerate exterior 2-form on M which is J-bilinear. This
reduction of structure group is integrable, that is, corresponds to a
complex-symplectic structure on M if and only if J is integrable and
Q) is closed.

A further reduction of structure group from Sp(2n,C) to its max-
imal compact subgroup Sp(2n) consists of another complex structure
I which is J-anti-linear, and such that (B237]) defines a positive defi-
nite metric Hermitian with respect to I. Such a reduction of structure
group gives tensor fields g, I, J, K etc. which satisfy the above identi-
ties. For further examples and discussion of hyperkahler geometry, we
refer the reader to Besse [, Dancer [9], Hitchin [29], Hitchin-Karlhede-
Lindstrom-Rocek [31], Joyce [B5], or Salamon [4T].

Relation to the moduli spaces. These objects relate to the J-holomorphic
complex-symplectic structure 2 on the de Rham moduli space defined

in 2 By the definitions Z2Z1), B24)), ZT) of €2, 1, g respec-
tively,

g(n1,m2) = Re Q(In1,m2).
Thus

(532) Q= Q(—I,K) = —wy + z'wK

in the notation of (LZ3), with real and imaginary parts discussed in

ZZ3).
Similarly the I-holomorphic complex-symplectic structure 27« on
the Dolbeault moduli space ([B34) is:

(5.3.3) Q. = 8k

in the notation of (2Z3). We indicate the proof of (E333). The pro-
jections onto Hodge components are:

FX) — HOL(X) HX) — HOL(X)
1 . 1 .
77'—>§(77—Z*77) nH5(n+Z*n)-

The (0,1)— and (1,0)— components of ) = 2iIm(n) and ¢ = 2 Re(n)
respectively, are:

1—wx n— 1

Bl

U = 5 Z(n—ﬁ—i*n—l—i*ﬁ)
1+ n+10 1 . .
o = 5 772—77 = Z(n—l—ﬁ—i—z*n—l—z*n).
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Applying [(EZT) to B34

Qp=(m1,m2) = 2{(771 Amy— T A1)
+(771/\’é*77]2—771/\’é*?’]g)+(—i*771/\772+i*771/\772)
+ (k11 A *1m2 — *7) /\*772)}

Taking real parts and imaginary parts, (L33) follows. The Kéhler form
on T*Jac(X) is wy.

5.4. Quaternionization. The hyperkahler structure identifies the vec-
tor space V @ V with the tensor product (over C)

VH :H®CV

Here the quaternion algebra H is a complex vector space where the
action of 7 is left-multiplication by I € H. This quaternionic action
extends to Vg, making Vi a left H-module.

Identify V @ V with Vi as follows: Let @ : V — V be the anti-
isomorphism given by the identity map on Vg. The R-linear automor-
phism

(T, ®) =" (—a 1 (D), a( D))

of V @ V is anti-linear and satisfies J? = —1. The given complex
structures I and J define a left H-action on V & V. The resulting map

is an isomorphism of left H-modules.

The two complex structures +1 are special, since the R-span of L is
invariant under each of these structures. For those two complex struc-
tures, Vig/ L contains the complex torus V/L as a compact holomorphic
submanifold. However, for all other complex structures v € S?, the re-
sulting complex manifold is Stein:

Theorem 5.4.1. Let u € S%. Suppose that u # +£1. Then the complex
manifold (Vig/L, J,) is biholomorphic to (C*)* where k = dime (V).

Proof. The lattice L spans V over R, and V is [-invariant. Denote by
C, the subalgebra R1 + Ru generated by u. Since u # +I, the two
unit quaternions I and u generate H. Thus V generates Vi over the
subalgebra C, C H. Thus the R-linear map

CrV — Wy

(x +yi) @ v — (x + yu)v
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is surjective. It is an isomorphism because
dimg (C ®g V) = 4k = dimg V.
As abelian groups, V =L ® R, so
VE=2CergVEC®L
Since L is free abelian of rank 2k,
Vu/L= (C® L)/L
= (C®L)/ (Z ® L)
=(C/z )
> (C)® L= (C)*
as desired U

Il

6. THE TWISTOR SPACE

A hyperkahler structure is equivalent to a holomorphic construction
which embodies all the complex and complex-symplectic structures,
due to Hitchin-Karlhede-Lindstrom-Rocek [31].

For each unit purely imaginary quaternion u € S2, left-multiplication
by u describes a complex structure on Vi /L. The collection of complex
manifolds (Vi/L,u) unifies in a single holomorphic fibration II; over
S?, where S? identifies with the complex projective line P! by stere-
ographic projection (EITl). The corresponding holomorphic fibration

7 22, Pl is the twistor space of M.

In this section we explicitly describe this fibration in the case and
use it to describe Simpson’s C*-action on M.

We realize P! as a space of complex structures on H by stereographic
projection. The twistor space results, as well as a closed holomorphic
exterior 2-form €2 on Z. This exterior 2-form defines the holomorphic
complex symplectic structure on the fibers of 117, taking values in the
pullback IT3O(2) of the line bundle O(2) from P'. Differentiably Z
is the product bundle Vg /L x P!, but holomorphically it is nontrivial.
The rational curves [, = {[v]} x P! define a family of holomorphic
sections of Z, the twistor lines, whose normal bundles are isomorphic
to O(1). Finally the antipodal map « on P! lifts to an anti-holomorphic
involution on Z which satisfies compatibility relations with the twistor
lines and Q. The basic result (Theorem 3.3 of [31]) is that the collection
(I1z, {l,},Q, &) is equivalent to a hyperkéhler structure. We describe
these objects explicitly in this special case (Theorem 7).

Finally the C*-action is described in terms of the twistor construc-
tion.
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6.1. The complex projective line. We briefly review the geometry
of P!. For more details see §§1-2 of Hitchin’s article in [32].

Points in P! correspond to complex lines (1-dimensional linear sub-
spaces) in C2. Cover P! by two affine patches A, Ay with coordinate
charts:

c Y A, c X2 A,
CHCE}C(C? §»—>CE}CC2

where (£ = 1 on the intersection C* ~ A; N As,.

Stereographic projection. The unit sphere S? of purely imaginary unit
quaternions, with its complex structure defined in §5.11 identifies with
P! as follows. We embed C C H as the subalgebra generated by I.
The two affine patches A;, Ay C P! map affinely into the multiplicative
subgroup H* of nonzero quaternions by:

A, — H”
() — 1+ CK
and
Ay — H*
PP E) — E+ K

respectively. Use these maps to conjugate I € H to purely imaginary
unit quaternions in S?:

IV = (1+ CK)I(1+CK)™
(6.1.1) I = (E+ K)I(E+K)™" = (- K)' (€ - K).

where (,¢ € C. These two maps combine to define a map P! — 52
because:

Lemma 6.1.1. [f&C =1, then I = I
Proof. Since ( € C=R1+RI,
I1+(K=1+K(=(("'"+K)(=(E+K)X

SO

(1+CK) ' =) ¢+ K)™!
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and
IV = (14 CK)I(1+CK)™
= (E+E)CI(Q) T (E+K)™
= (E+K)I(E+ K)™!
=17,

O

Evidently ]0(1) =1, ]0(2) = —1, and 1M (1) = I®(1) = J. Explicitly,
I C(l), ]g(z) are stereographic projections:

1-¢C. 2 21
1+¢C¢ 1+¢¢ 1+¢¢
1-¢ . 2 21
[ - 126 2Rl ) 2
14+&€ 1+&€ 1+&€
(This differs slightly from formulas (3.70) and (3.71) of [31]. The for-
mulas in [31] relate to ours by replacing ¢ by (. In our convention,

stereographic projection is a holomorphic map from P! to S? with the
orientation of S? given by the outward normal vector.)

K

(6.1.2)

The antipodal map. Stereographic projection relates the antipodal map
5? — S? defined in (EIH) to the map P' =+ P! induced by the anti-
linear involution of C2:

C2i>(c2

Nyl
22 21
In terms of the atlas, it is given by:
Q) < v (=0)
E(E) = pD (=)
for £, € C and in particular
P (0) <%= v®(0).
Lemma 6.1.2. The antipodal map takes the a complex structure to its
opposite. That is, if ¢ € C is nonzero, then

74

— 7@ _ _ @
-1 T I_f - _IC
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Proof.
1, = (- K) I = R)
_ 1 -1 1
= e - I )
L
= e+l (1-¢"K)I(1+( K)
_ 1 . —1\ 77 -1
1
1
1
= oy (SR - ()
= -1
as claimed. ]

Line bundles. For each d € Z there is a holomorphic line bundle O(d)
of degree d over P!, unique up to isomorphism. Every holomorphic line
bundle over P! is isomorphic to some O(d).

Explicitly, the total space of O(d) is defined in the above atlas as
the identification space of the disjoint union

()1 (e 22)

under the equivalence relation defined by

(6.1.3) (2, 0M(Q), 2) ~ (£%2,9P(€))

where (¢ = 1. A section s of O(d) determines a pair (s, ) of maps
C — C such that s(¢™(¢)) corresponds to (™M (¢), sM(¢)) in Ay xC
and s(¢@(€)) corresponds to (¥ (¢), s (£)) in Ay x C. By L3,
the pair (s, s®) must satisfy:

(6.1.4) sD(() =¢%P(¢)

whenever (¢ = 1. Conversely any pair (s, s®?)) satisfying (GIA)
corresponds to a section of O(d)
The trivial rank two bundle

C? x P — P!
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contains the (tautological) subbundle O(—1) whose fiber over [v] € P!

is the line Cv C C2. The hyperplane bundle over P! is its dual O(1): the

fiber over Cv consists of linear functionals on C,. A linear functional
c* % C

defines a section of O(1) by assigning to [v] € P! its restriction to Cu.
Every holomorphic section of O(1) arises from such a linear functional
on C2. A nonzero holomorphic section has a single zero of order 1,
corresponding to the kernel of a. For example, the linear functional

21
— 22
zZ2

determines the section o of O(1) having

SO =1, sP(=¢

This section is holomorphic on A; and has a single simple zero at
P@(0) € Ay.

The canonical line bundle T*P! has degree —2 and is isomorphic to
O(—2); the holomorphic 1-form

d = —€d

is holomorphic on A; with a double pole at { = oo (or more accurately,
¢ =0in Ay). In the atlas, this section is given by holomorphic functions

() =1

s@(€) =¢7
where the local nonvanishing sections over A; and A, are d¢ and —d¢§
respectively.

The inverse of the canonical bundle, the tangent bundle TP' = O(2),
has holomorphic section

(6.1.5) § = a% = - 26%
with a double zero at £ = 0. In coordinate charts,
00(¢) =1
0% (e) = &
This section corresponds to the section —0? = —0 ® o of O(2) =

O(1) @ O(1).
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Antiholomorphic line bundles. Given any holomorphic vector bundle
E — M, the conjugate vector bundle £ — M is defined as the holo-
morphic vector bundle with opposite complex structure on the fibers.
Fiberwise complex-conjugation defines an isomorphism of smooth vec-
tor bundles between E and E which is antiholomorphic. A Hermitian
structure on C? defines Hermitian structures on any O(d) which in-
duces isomorphisms

O(d) = O(~d).

Lemma 6.1.3. Suppose that d € Z is even. Then the antipodal map
a of P! lifts to an antiholomorphic isomorphism

0(d) % 0(d).

Proof. In the coordinate atlas define

(2.0M(Q) = (2,42 (=0))

(w, P (€)) = (@, (=9)).
Suppose that z,( € C defines a point (z,w(l)((’)) in C x A;, whose
image &(z, ¢(1)(C)) corresponds to
(6.1.6) (-6, ¥9(-8) ) € C x A
where (¢ = 1. On the other hand, (z, w(l)((’)) corresponds to the point

(€42, ¥P(€)) in Cx A,. This point maps under & to ((£42), M (=£)),
which equals (6&1.6) when d is even. O

When d = 2, the image (&)*d( = —d¢ is the image of the section
defined above under the differential of .

6.2. The twistor space as a smooth vector bundle. The triviality
of the vector bundle C?* @ O(1) as a smooth real vector bundle may be
seen as follows. Isomorphism classes of bundles over P* with structure
group G are classified by the homotopy class of their clutching function
Ay NAy — G, which identifies with an element of m(G) (see for ex-
ample Steenrod [47]). Namely, a fiber bundle over a contractible space
is trivial, and writing a trivialization over A; in terms of a trivializa-
tion over Ay defines a map A; N Ay — G, whose homotopy class is a
complete invariant of the isomorphism type as a smooth fiber bundle
with structure group G. Since A; N A, is homotopy-equivalent to S*,
isomorphism classes of G-bundles are classified by m (G).

The invariant of the line bundle O(1) is a generator a € w1 (U(1)).
The invariant of C* @ O(1) is the image of

a® - ®a e m(UL)x- - xU(L))
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under the homomorphism

m (U(1) x -
|

Z2k

X U(1)) — m(U(2k))
|
7z

induced by the inclusion of diagonal matrices U(1) x --- x U(1) in
U(2k)). The isomorphism 7 (U(2k)) — Z is induced by

det : U(2k) — U(1).

Thus the invariant of C**® (1) as a complex vector bundle equals 2k«
where « denotes a generator of m ( U(Qk)) 2 7. The isomorphism type
as a real vector bundle is the image of 2ka under the homomorphism

m(U(2k)) —— m(O(4k))
| H
Z

— 72

which is evidently zero.

6.3. A holomorphic atlas for the twistor space. The twistor space
of the quaternionic vector space Vg is defined as the product Z =
Vi x P! with coordinate projection:

7 = Vig x P! 2% P,
The complex structure on Z is the unique complex structure such
that II; is a holomorphic vector bundle, and the complex structure
on the fiber over [v] € P! is the complex structure defined by left-
multiplication by the purely imaginary unit quaternion corresponding
to [v]. We shall see that the twistor space Z of Vi is the total space
of the holomorphic vector bundle C* @ O(1), and describe the struc-
tures (holomorphic symplectic structures, real structure) on this space
explicitly in terms of the atlas {(Ay, M), (Ay,®)} in this and sub-

sequent sections.
Represent complex vectors v € C?* by the notation:

(6.3.1) v= [q}

p

where the components are vectors q, p € C*. Thus a general quaternion
vector in HF is:

q+pJ =xi+yil +xJ +y K

where q = x; + 4y; and p = xy + iy, for real vectors xq,Xo, y1,ys € RF.
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For (,¢ € C,v € C?!, define

f(l)
C2k ¢ Hk

o= i = gt = -k p)

and

f(2)
(C2k 3 Hk

o= 1] — e K@ e = - 1))

For each &, ( € C, the maps fél), f, (2), are R-linear isomorphisms.
Hence if we define charts

F
Czk XAl —>Hk XAl

F®2
C%* x Ay —— HF x A,

FOv,¢) = (£ (v), v V(0))
(6.3.2) FO(v, ) = (f&(v),v@(€)),

—

we have
FO (v, p () = F (ev, 9 @(€)),

thus, obtaining a holomorphic rank 2k vector bundle
I1; : 7 — P

The fiber of Z over 1V (¢) is H* with the complex structure Ic(l). We
denote the fiber II' (4 (0)) by Z oo

Lemma 6.3.1. Let & = 1. Then fél)(v) = féz)(gv).
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Proof.

Wy L
fov) = 1+C§(1+<K)(q+pJ)
_ &
EE+1
1 —1 F
- 1+§§(1+£ K)¢€(q +pJ)
__ 1 F—1\ &
- £§+1(1+K§ )E&(a+pJ)
1 -
=£§+1(£+K)£(q+pJ)

= & (¢ev)

(1+&¢'K)(a+pJ)

O

Thus {FM, F®} is an atlas for a holomorphic vector bundle Z of rank
2k over P'. Lemma implies that this vector bundle is C* @ O(1),
a direct sum of 2k copies of O(1).

Finally, the complex structure on the fiber ZC is [ él) and ]0(2) if { = 0.
Lemma 6.3.2. Let (,£ € C,(¢ =1. Then

) =10 W), (P> = 17 £ ().

Proof.
D(iv) = 1+ O™ (1 + CK) (iq + ipJ)
=(1+¢) "1+ ¢K)I(a+pJ)
u+<©14”u+<qu+mD
(1)
(V)
and similarly for f€(2). O

6.4. The twistor lines. By (632) and Lemma B3] each v € C?
defines a nowhere vanishing holomorphic section of [, called the twistor
line corresponding to v. The normal bundle to [, is isomorphic to the
vector bundle 1T itself, that is, to C* @ O(1).

Here is how the the twistor lines appear in the holomorphic atlas.
Write

Vo = qo + poJ
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with qo, pg € C*. The twistor line [, (@b(l)((’)) intersects the fiber ZC at

1) q(l)(O] (1) )
where q(V(¢), pM(¢) € C* are defined by

641 poig] = i)

Similarly, the twistor line [, ( (& )) intersects Zg 1 at
(2
q (5)} )
F
( L)@ (5) (5)
where

643 poid] = )

Conversely, the twistor line containing

FO( 2] 000) e

of 1 |p+idal
(g aig) o)

and the twistor line containing

ro (8620 ) e myia)

@ 1 [§P+ZQ] ) )
E <1+§§ §€q—1ip|’ ) ).

6.5. The Real structure on the twistor space. The antipodal map
P! -2, P! lifts to the twistor space Z preserving the fibration and the
twistor lines. In terms of the product fibration in the coordinate charts,
the lift & to Z is given by:

F(D([g},w(l)(g)) 2 F(2><{;2§p],¢(2)(—§_))

where £ = 1 and

(6.5.1) F<1>(m,w<1>(o)) & F<2><[_Z.Z‘_’],¢<2>(o)).

intersects Zo at

intersects Zoo at
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Lemma and the anti holomorphicity of a imply that a is an
antiholomorphic involution of Z.

6.6. Symplectic geometry of twistor space. The complex-symplectic
structures defined in (22Z3)) fit together giving a holomorphic exterior
2-form on the complex manifold €2 on Z taking values in the holomor-
phic line bundle IT; O(2) where II; denotes the twistor fibration.

Let u € S?. There is a family of complex-symplectic structures on
Vi which are holomorphic with respect to u, which are parametrized by
a unit vector u; € 1,52 Namely (BE23) defines a complex-symplectic

structure Q,; u,), where u; € ut and us = u X uy. Let u be Iél) or

15(2). Define uq (respectlvely usz) as ‘]C ’JE( (respectively Kél),Kg)),

where:
= (1+CK)J(1+(K)™
= (1+ CK)K(1+ CK)™
=+ K)J(E+K)™
(6.6.1) =+ K)K(E+K)™!
analogously to the definitions (GI.TI) of [, Cl and I @)

Evidently (J\", K{") = (J,K) and (J{® ,K(2) (—J, K). Define,
for (, & € C,

)
QC

(1+ CE)Q(Jél),Kél))

(]‘ + gg)Q(J(z)J(éQ))

Qf
Corresponding to ¢ (0) € A; and ¥ (0) € A, are
QY =Qur), QY =Q k)

respectively.
Lemma 6.6.1. Let o, 8 be tangent vectors and (,€ € C.

QY (0, 8) = Q) (1= (K)o, (1 - CK)P)

7 (@.0) = Qe (€~ K)o, (€ — K)B)
Proof. First recall the metric g as defined in (B221]). For any a, 3,

g((1+CK)e, B) = g(a, (1 = ¢(K)B)
9((E+ K)o, B) = g(a, (€ — K)B)
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since g(ha, 3) = g(a, —h(3) for any purely imaginary quaternion h € H.

QM (a,8) = (1+¢C) (g(Jé”a, B) +ig(Ka, 6))
— (14¢0) (g(u T CR)I(1 4 CK) )

+ig((1+ (K)K(1+(K) 'a, ﬁ))

=g((1+¢K)J(1 = (K)o, B) +ig((1 + CK)K (1 — CK)a, B)
=g(J(1 = ¢(K)a, (1 = ¢K)B) +ig(K(1 — (K)a, (1 - CK)p)
= Q) (1 = CK)a, (1 - CK)B)

and similarly for Qf)(a, 3). O

Corollary 6.6.2. If (¢ = 1, then Q) = £2Q(.

Proof. Since { =K = {(1—(K), and € ) is holomorphic with respect
to I,

QP (o, B) = Quxo (€ — K)o, (€ — K)B)
= Q010 ((1 = CK)a, (1 - CK)P)
=208 (o, )
as desired. O

Thus {QY, Q@1 defines a IT;O(2)-valued exterior 2-form §2 on Z.
Letting ¢ denote the meromorphic section of O(—2) defined in (E.I.35),
we see that Q ® I13,6 is a (scalar-valued) exterior 2-form on Z.

Corollary 6.6.3. €2 is holomorphic.
Proof. € is holomorphic in the fiber directions since Qél)(l él)(a)7 B) =
iﬂél)(a,/@) on H* x A;. Now
2 (a.8) = Qo) (1 = ¢K)ar, (1= CK)B)
= Qur) (o, )
+ ¢ Q) (Ko, B) + Qo (o, K))
+ C Qu(Ka, K3)

= Q@ 8) — 2Cwi(a, B) + Qryrla, B),
that is,
(6.6.2) Q) = Q) — 20wr + QL)



56 GOLDMAN AND XTIA

so QW is holomorphic with respect to C.
Similarly, 922)(15(2) (), ) = iﬂéz)(oz, B) on HF x A,, and

(6.6.3) QP = Qx) — 26wr + EQu k).
0

(Our formulas (66.2),([E6.3]) differ slightly from formula (3.87) of [31],
due to our differing conventions; see the discussion after (G1.2).)

Lemma 6.6.4. Let & be the real structure on Z and 2 the O(2)-valued
holomorphic exterior 2-form defined above. Then

(@)= -Q.
Proof. The action of & on the coefficient bundle O(2) is defined in
Lemma BET3 Now

) = Qur) = -0 = -9
Let £¢ = 1. Applying (G52,

1 _ 200

0

6.7. The lattice quotient. We have described the essential structures
for the twistor space Z — P! of the quaternionic vector space V.
Namely, Z ~ H* x P! with the complex structure which restricts to
the fiber over [v] € P! by the corresponding complex structure defined
by (EIZ). The coordinate charts F@ defined in (G32) trivialize the
holomorphic vector bundle Z over the affine patches A;, A, of P!,
The twistor space for the hyperké&hler manifold Vi /L is the quotient

7 = Z/L with the fibration Z 12, P induced from IT;. Denote the
fiber Hgl(w)(g)) by Z: and the fiber Hgl(w(z)(())) by Z., similar
to ZC and Z... The complex structure on Z, the complex IT;0(2)-
valued exterior form 2 and the real structure a are all invariant under
translations in L, and therefore induce corresponding structures on the
quotient Z = Z/L.

The collection of twistor lines [, is invariant under the action of L;
if v € L, then

lv+'y =1+

Thus the twistor lines in Z define twistor lines in Z, namely holomor-
phic sections with normal bundle isomorphic to C* @ O(1).

In summary we obtain the theorem of Hitchin-Karlhede-Lindstrém-
Rocek [31]:
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Theorem 6.7.1. The twistor space Z is a complex manifold with holo-

morphic fibration Z Uz, Pl Purthermore there ewists a holomor-
phic 115,0(2)-valued exterior 2-form § on Z inducing a nondegenerate
complex-symplectic structure on each fiber of 1. There exists a family
of holomorphic sections I, of Il; each with normal bundle isomorphic
to C?** @ O(1). There exists a real structure & on Z covering the an-

tipodal map_IP’1 = P preserving each twistor line l, and satisfying
()" Q2 =—-Q.

_ In terms of the coordinate atlas, L acts on Z as follows. On the fiber
Zy, the action of v € L is:

(6.7.1) F(1)< [g] ,¢<1>(0)> s F(1)< [QJEV] w(ﬂ(g))

Applying ([B5.1), the action of v € L on the opposite fiber Z, is:

F(z)( m ,W’(O)) s F<2>< [p _qw] ,W’(O))

Applying (E4T]) and (EZ2), the action of v € L on the other fibers

. F(1)< m ’¢(1)(§)) Ty F<1>( {quzga} ,@b(”(é))
ro [ i) ro([16] voie)

6.8. Functions and flows. The holomorphic C*-action on the fiber
Zy = T*Jac(X) discussed in 88 extends to a holomorphic C*-action on
Z. This C*-action covers a holomorphic C*-action on P!, where the
action of A € C* is defined by:

V() — »P ()
P (&) — Y@ (ALY,

The C*-action on Z preserves the foliation by twistor lines. Since the
fiber Zj is a cross-section for this foliation, (E41])) implies:

Proposition 6.8.1. The C*-action is described as:

F(1)< {g} 7¢(1)(C)) A F(l)( 11J;I|A5‘22 q + ¢ \ﬁljla; 5] 71#(1)0@)

Ap
m Ay and

F<2>< m ,W’(f)) N F<2><

p

—1 [A2H€)? S\ — A2-1 =
A e+ AT B p] ’W)(A‘lf))
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in Ao. In particular if || = 1, then

F(l)( m 7¢<1)(§)> R F(l)( [fp] ,w(l)(ké))

Proof. The point represented by

o[ ) e

lies on the same twistor line as

1) 1 {q—iCP] 1) )
F (1+\g|2 p+icq) ¥ O

which maps under A € C* to FM(vy, M (0)) where

vy e [QA} _ ! [ q—i(p }
e T T+ (M +ica)]|

The twistor line containing F') (V)\, w(l)(O)) intersects the the fiber Z¢

at
(AC)PA
FO( [T ?( P M) )
( |:p>\ _ Z(AOQ,\ >¢ ( C)
The other claims follow similarly. O

As A — 0, the orbit converges to a point in M which is fixed by the
C*-action and hence lies in the critical set of the Hitchin map (B33]).
The circle action inside the C*-action is Hamiltonian for the sym-
plectic structure w;. The Hamiltonian potential function is the energy

function defined in (B33):
Ht/L % R
[a+pJ]— %p~p.
Compare ([B36). In contrast:

Theorem 6.8.2. ¢ is a Kdhler potential for the metric g for the com-
plex structures

e’ J = cos(#)J + sin(0) K.
Let (M, g,J) be a Kéhler manifold, that is, M is a manifold with
complex structure J and Riemannian metric g which is Kahlerian with

respect to J. Recall that a Kdhler potential a function M 7, R such
that

—%d(df e} J) = wy.
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Here df denotes the exterior derivative, and df o J denotes the 1-form
(essentially the Hodge x-operator applied to df) obtained by composi-
tion

™ L 1TMm LR

The notation w; was introduced in (EZZ). The proof divides into
several lemmas:

Lemma 6.8.3. For every u € S?, the function
H* 2 R
1, _
a+p/r—(a-q+p-p)
1s a Kdhler potential for the Riemannian metric
g=dq-dq+dp-dp
on HF.

Proof. The rotation group SO(3) acts transitively on S? and isomet-
rically on (H*,g). Thus, by symmetry we may assume that u = I.
Now

1, _
p=5la-a+p-p)
dp:%(q-dq+q~dq+p-dp+p~dp)
(dpo[):%(—iq~dq+iq~dq—ip~dp+ip~dp)
=%(—q-dq+q~dq—p~dp+p-dp)
and
d(dpo[):%(_dq-dq+dq-dq—dp-d[3+d|3-dp)
= wr
as claimed. O

If u is a complex structure, then a function M Y Ris w-plurtharmonic
if d(dip ou) = 0. The sum of a Kéhler potential with a pluriharmonic
function is again a Kahler potential. Theorem follows from by
adding to p (the Kéhler potential of Lemma [EX3) the pluriharmonic
function — defined in Lemma below.
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Lemma 6.8.4. For each 6 € R, the function
HF/L % R
q+pJr—q-q—p-p
is e!? J-pluriharmonic.

Proof. From the definition of J,

dpoJ =dq
dqo J = —dp
dpoJ = —dq
dqo J = dp.

Now
Y=q-4—p-p)
dip=q-dg+q-dq—p-dpOp - dp
(de 619) — (6—i9q . dC_] + eiéq X dq o e—iép X d[_)—l—lf_ief) . dp)
(dpoeoJ)=(e"q-dp+e”’q-(—dp) — e “p-(—dq) + ¢ “p-dg
=d(e™p-q+¢’p-q)
is closed, that is, d(dp o (e!?J)) = 0, as claimed. O

The function ¢ is not a Kéahler potential for any of the other complex
structures in the hyperkéahler family.

7. THE MODULI SPACE AND THE RIEMANN PERIOD MATRIX

Here we explicitly compute these moduli spaces in terms of classical
invariants, such as the Riemann surface. We return to the original
point of view, involving the fundamental group and the Betti moduli
space.

7.1. Coordinates for the Betti moduli space. Under the direct
product decomposition of Betti moduli spaces

Hom(, C*) = Hom(r, U(1)) x Hom(mr, R*)
p— (pus pr)

the representation p decomposes into a unitary part p, and a positive
real part pr by:

pu(y) = ok pr(7) = |p(y)]-
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Using the real analytic isomorphism R™ 1%, R we identify
Hom(7m, R") — Hom(m,R) — H'(X,R) ~ R?*

Let Ay, By, ..., Ak, Bx € 7 be generators for the presentation (21).
In terms of this set of generators, a representation p € Hom(w, C*) is
determined by an arbitrary 2k-tuple

(p(Al)> s >p(Bk)) € (C*)2k
The unitary part p, is then given by

p(A1) p(Bi) ok
e e U(1
Qoty TotEa)) <
and the positive-real part by

(Io(AD)l, -, |p(Br)]) € (RT)*

which we identify with the real vector
(log |o(Ay)], . log |p(By)]) € R

Under the conformal structure, p, corresponds to a point in Jac(X) =
V/L, where V = C* is a complex vector space and L is the lattice in
C* spanned by Z* and the columns of the period matrix II. The real
part pgr (the Higgs field) corresponds to a point in the real symplectic
vector space H1(X;R) = R%*: the effect of the conformal structure is a
linear C* action generated by a complex structure Ji depending on II.

7.2. Abelian differentials and their periods. The homology classes
corresponding to the generators Ay, ..., By € m determine a symplectic
basis (also denoted Aq, ... By) of Hi(X;Z), that is, a basis satisfying

Aj-Al:Aj-AlZO
Aj - Bi=—B;- A =4

with respect to the intersection form on H;(X;Z).
If ¢, are 1-forms on X, then

(7.2.1) /X¢A¢:i(//4j¢/3jw—/3j¢/j4j¢)-

Choose a basis wy, . . ., wy, of the Hermitian vector space V = H10(X)
with Hermitian inner product (B3l). We record this basis as a column

vector of 1-forms
w1

Wk
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If wi,...,w; is another basis w’, then the corresponding vectors satisfy
W =Uw

where U € GL(k,C) is an invertible k& x k matrix. If w is a unitary
basis, then w’ is unitary if and only if U € U(k) is a unitary matrix.

The period matriz for w is defined as the k x 2k matrix [A B},
where the k x k-matrices A, B are defined by:

(722) AjJ 2:/ Wy, Bj,l 2:/ Wy .
Ay By

Applying (CZT]) to a nonzero holomorphic 1-form « and its conjugate
[ implies A and B are each invertible. If w’ is another basis, related
to w by w’ = Uw, then the period matrix [A’ B’} for W' relates to the
period matrix for w by:

A’ B]=U[A B].

Assume w is a unitary basis; then dim(X) = 1 and unitarity imply:

0= /wj/\wl
X

—Z.(S]'J: /Cdj/\(dl
X

Applying ([CZ)) yields:

0=AB' - BA'
(7.2.3) —il = AB' — BAT.
The normalized basis of abelian differentials &}, ..., o, is the basis

such that

/ Wy = 0j41.
A

J

It is obtained from the original basis w of abelian differentials by:
W =A"w
where A is defined in (LZ2). The corresponding period matriz

Hi,j = / W;.
B.

is given by
NI=A"'B
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and (CZ3) implies the Riemann bilinear relations:
I =11

m-1I 1 —t

=——— =—(A"H(A-D >0
= SATAT

That is, IT is a k£ X k symmetric matrix whose imaginary part is positive
definite.

Starting with a symmetric £ x k& complex matrix II with positive
definite imaginary part, the matrix [A B] corresponding to a unitary

basis can be recovered. Namely, let /2 Im(II) denote the unique pos-
itive definite symmetric square-root of 2 Im(II) and let U € U(k) be an
arbitrary unitary matrix. Then

A = U(v/2Im(ID) "

1

B = U(y/2Im(I)) ' II

Im(1T)

defines [A B}, which is unique up to the choice of U.

7.3. Flat connections. Consider flat connections D on a trivial line
bundle over X. Write
D=Dy+v+¢

where Dg is the flat connection arising from the trivialization, and
1 is purely imaginary and ¢ is real. Furthermore, applying a gauge
transformation, write

Y= —-U

¢=0+ P
where ¥ € V and ® € V. The corresponding vectors q, p € C* satisfy

k k
W:qu@j:@T-q, @zijwj:wT-p
7=1 j=1

where

Uil p1

a=:1: pP=1:

dk k
The Higgs pair consists of the holomorphic structure D" = D{+q'® and
the Higgs field ® = pfw. Corresponding to q,p € C* is the connection
is D = Dy + n where

n= (qT@ _ qu) +@T-q) _ wT.q + (wT-p ‘I’CDT'I_))

To simplify the following calculations, henceforth let w be the normal-
ized basis of abelian differentials, so that A =1 and B = I1.
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If D is a flat unitary connection, then D = Dy + 1) where 1) is purely
imaginary, and by applying a gauge transformation may assume that
) =¥ — ¥ where ¥ € H%(X). The corresponding vector q € C* is
defined by

k
V=3 g =g
j=1

and
w:@T-q—wT@:%Im(@T-q).

with corresponding periods

¥ = 2ilm(q)
A

k
w = 2¢Im ( Z qjl:lj,l) .
B et
In the notation
Ja ¥ S, ¥

a: b:

I [0
the periods are:
a = 2iIm(q)
b = 2iIm(IT - q) = 2i( Re(IT) - Im(q) — Im(I) - Re(q)).

The lattice L in C* consists of q such that the periods a, b € 27iZ, that
is,
Im(q) € 7ZF, Re(Il) - Im(q) — Im(T1) - Re(q) € 7Z*
which is equivalent to:
q € wIm(I) " {Z* + 1Z*}.

Thus L is equivalent (by 7 Im(II)~* € GL(k, C)) to the lattice Z*+I1Z*
spanned by the 2k columns of [T, IT]. Therefore Jac(X) is the quotient
of CkF by Z* + T1Z*}. (See, for example, Gunning [24] 26],§2.5.)

7.4. Higgs fields. The space Hom(m,RT) of positive real characters
inherits structure from the conformal structure of X through the period
matrix II. For p € Hom(m, C*, write

1

1
o = 510g|P(Aj)|, Gj = §log|P(BJ)|'
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We determine the corresponding flat R*-connection with holonomy
(@, 5).

After applying a gauge transformation, the 1-form ¢ € H'(X;R)
decomposes as ¢ = ® + &, where ® € H'(X) is a holomorphic 1-
form. The vector p € C* corresponding to ® is defined by

k
@zijwj =uw'p.
j=1

which has periods

1
aj=5 [ ¢=Re [ @ =Re(p)

] k
ﬁj:§/Bj¢:Re/BjCI):Re(;Hj,lpl))'

Thus

a = Re(p)

B = Re(Il) - Re(p) — Im(II) - Im(p)
with inverse mapping

Re(p) = a

Im(p) = Im(II) " (Re(Il) - o — J3).

EﬁEEﬂ — {Reﬂ(kﬂ) —IISL(H)} m
5l e ] 1ty
7.5. The C*-action in terms of the period matrix. We describe

the C*-action explicitly as follows. We break p into its real and imagi-
nary parts:

As matrices,

and

p = Re(p) +¢Im(p)
Scalar multiplication p —— ip is:

)] = [ - [ ] [ie)])

Multiplying the Higgs field ® by ¢ transforms the periods «, 5 by:

5] — 3]
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where |,
"= [Rf(kn) —Irg(ﬂ)] [—%k %} [Im(H)ERe(H) —Im(()ﬂ)_l}

(7.5.1)
_ { — Im(IT)~! Re(IT) Im (1) ! }
— Re(T) Im(IT) ! Re(IT) — Im(IT) ~ Re(IT) Im(IT)~* | -

Then the C*-action is given by
Re(A)Igr, + Im(A)Jn
for A € C*.

7.6. Effect of the Period Matrix on Moduli Space. The C*-
action on Hom(7, C*) fixes the unitary projection and acts as above
on the Higgs field. That is, A € C* maps

= (pur ) = (e ((REOVE+ L)) o)) ).

where J is defined by (Z5J).

The unitary projection Hom(w, C*) — Hom(m, U(1)) associates to
a Higgs line bundle the underlying holomorphic line bundle. It can
be described purely in terms of the C*-action as follows. Let p €
Hom(m, C*). Then as A — 0, the orbit A - p approaches p,. In par-
ticular this structure defines the foliation of Hom(7w, C*) by copies of
Hom(m, RT) = HY(X;R).

Moreover the complex-symplectic structure (J, §2) defined by (ZZ1)
arises from the complex-orthogonal structure on C*. By (2Z9) (com-
pare also ((.3.2)), the imaginary part of € is a real-symplectic structure
—wg under which the decomposition

Hom(7, C*) = Hom(m, U(1)) x Hom(m, R*)

is a Lagrangian product (a real bipolarization). The C*-action is the
extra piece of structure to determine the Dolbeault moduli space (ex-
pressed in terms of the complex structure 7). As Hom(w, U(1)) is wgk-
Lagrangian, wg identifies the tangent space with the normal space,
which in turn identifies with H'(X;R). This real-symplectic space
inherits a Hermitian structure from the complex structure Jr, which
defines a complex structure on Hom(7, U(1)). With this complex struc-
ture, Hom(m, U(1)) identifies with Jac(X'). Thus the full structure of
the Dolbeault moduli space of Higgs bundles arises from the dynamics
of the C*-action and the natural structures of the Betti moduli space
which depend only on the fundamental group of ..
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