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Abstract: SupposeX is a compact Riemann surface with gerus- 1. Each class

[6] € Hom(m1(X), PGL(2, R))/ PGL(2, R) is associated with the first and second
Stiefel-Whitney classes1([o]) andw2([c]). The set of representation classes with a
fixed w1 # 0 has two connected components. These two connected components are
characterized bw2 being 0 or 1. For each fixed; £ 0, we prove that the component,
characterized by, = 0, contains an open dense set diffeomorphic to the total space
of a vector bundle of rankg— 2 over a once punctured algebraic torus of dimension

g — 1. The other component, characterizedidby = 1, contains an open dense set
diffeomorphic to the total space of a vector bundle of ragik-2 over an algebraic torus

of dimensiong — 1.

1. Introduction
Let X be a compact Riemann surface of gepus 1, and
Hom(w1(X), PGL(2, R))

the space of homomorphisms from(X) to PGL(2, R). The group PGI2, R) has two
connected components and is isomorphic tq5Q@).

The space Horfr1(X), PSL(2, R)) has 4 — 3 connected components and these
components are distinguished by the Euler clef§9,10,18]. To obtain more detailed
information on these representation spaces, Hitchin made use of the complex structure
on X. By studying the space of rank-2 Higgs bundles a¥ehe showed that theg2- 2
connected components (corresponding to non-zero Euler classes) of

Hom(m1(X), PSL(2, R))/ PSL(2, R)

are complex vector bundles over symmetric product¥ ¢9].
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Leta € HY(X, Z,) and define
PW, = {0 € Hom(r1(X), PGL(2, R)) : w1(o) = a}.

For any two non-zero classesp € HX(X, Z,), PW,, is homeomorphic ta® Wpg [19].
Fix a non-zero class and defineP W to be PW,. ThenPW has two connected com-
ponents distinguished by the two Stiefel-Whitney classes%itXHZ,) [19].

This paper is a study of the topology of the space

Hom(z1(X), PGL(2, R))/ PGL(2, R),

in particular the componern® W/ PGL(Z,R). Each representatiom € PW may be
lifted to an elemené = 7*(c) € Hom(X, SL(2, R)), where

T:X — X

is a chosen unramified double coverlofLet PW’ be the subset aP W such that €

P W’ implies thato is irreducible and is a semi-simple but non-central representation.
In particular, PW’ is open and dense iRW. For a precise description dfW’, see
Sect. 2.

Theorem 1.1. The spaceP W’/ PGL(2, R) has two connected compone®€), and

P Q1. The componenk Qp is the total space of a vector bundle of ra2k— 2 over an
once punctured compact algebraic torus of dimengion 1. The componenP Q1 is
the total space of a vector bundle of raRk — 2 over an algebraic torus of dimension
g—1

The precise description of these two components is given in Sect. 3 and 6.

Corollary 1.2. The spacélom(rr1(X), PGL(2, R)) has22*+1 4 4¢ —5connected com-
ponents.

A representation is called parabolic if it is reducible but not semi-simple. The set
PW \ PW’ consists of representations of three types:

1. TheR* representations.
2. The parabolic representations
3. The representations that lift to parabolic representations*by

Together these points form a subvarietyroi .

2. The Pull-Back Representations ofr1(X)

Let X be a compact Riemann surface of gegus- 1 andG an algebraic group. A
representationr € Hom(rr1(X, x), G) defines a flaG-bundle P over X. Let

SL_(2,R) = {g € GL(2, R) : det(g) = —1},
SL;(2,R) = SL(2, R) Ui SL(2, R)_,
SLy; (2, R) = SL;(2, R) Ui SL; (2, R).

Then SL:(2, R) is a subgroup of SE2, C) and has two connected components. The
projectivization of both SL(2, R) and SL.; (2, R) is PGL(2, R).
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The obstruction classes &f give rise to the obstruction class maps
o, : Hom(mi (X, x), G) — H'(X, 7,_1(G)).

In particular, if G is GL(2, R), PGL(2, R) or SL;(2, R), theno; is the first Stiefel—
Whitney classav; [17,19]. The class; is the second Stiefel-Whitney class whenG
is PSL(2, C) and the Euler classwhenG is PSL(2, R) [6,17].

Fix a pointx € X. Choose a set of generatd¥s= {a;, bl-};?:_o1 for the fundamental
groupm1(X, x) and definerR to be the formal expression

g—1
l_[ aibiai_lbi_l.
i=0

Thenm1(X, x) is generated by with the relationR = 1. LetI" be the central extension
of m1(X, x) by ¢ with R = ¢ andc? = 1. This gives the exact sequence

0—Zy)—T —mX,x) — 1

Let M be the space Hoqlr, SL(2, C)) which has two connected components de-
pending on whether goes tol or —I [2,6,9]. Denote the two components B
and M1, respectively. Noté/ is the space Hoifry (X, x), SL(2, C)). The spaceV =
Hom(T", SL(2, R)) has 4 — 3 connected components consistinngj}fg:_zizg [6,9]
and is a subset of Hoffi, SL(2, C)). Eache € Hom(T", SL(2, C)) acts onC? via the
standard representation of &, C).

Definition 2.1. A representatiom is irreducible if its action onC? is irreducible, and
is semi-simple if it is a direct sum of irreducible representations.

Identify H2(X, Z,) with Z, and H(X, Z) with Z. Let J»(X) be the space of central
representations:

J2(X) = Hom(ry(X, x), (£1}) = 75°.
Define

PM = Hom(m1(X, x), PSL(2, C)),
PM; = wy (i) C PM,
PN = Hom(m1(X, x), PSL(2, R)),
PN; =e7Y(j) c PN.

The space/>(X) is a group and acts on thé;’s and N;’s. The quotients are precisely
the PM;’s and P N;’s (the projective representations).

Remark 2.2.We shall use the superscriptandss to denote the irreducible and semi-
simple subspaces. For examplé¢; and M** denote the subspaces of irreducible and
semi-simple subspaces #f, respectively.

Definition 2.3.
W = {o € Hom(T", SL; (2, R)) :
o(ag) €iSL_(2,R) and o (S \ {ao}) C SL(2, R)},
Wo={oeW:a()=1},
Wi={oceW:o()=-1}.
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The subspace®, and W, are the ones associated with the second Stiefel-Whitney
classwy being 0 and 1, respectively. The group(X) N W acts onW. Denote by
PW, PWp, PW1q the respective quotient spaces. The g8i§y and P W, are connected
[19]. ~
There exists a double covérof X with covering map [1]
T:X — X

such thatr1 (X, %) is generated by = {a;, Bi}fz_ll_g with

7 (ag) = ag,
7.(bo) = bo,

and fori > 0,
7.(@;) = ag me(@-i)ao = aj.
(bi) = ag ‘me(b_i)ao = bi.
The double cover admits afixed point free involutiathat isr -invariant, i.e, the diagram
b
x i
commutes. Composition of representatiens P W with the induced map
7y s (X, %) — m1(X, x)

defines a map y
7*: PW — Hom(m1(X, %), PSL(2, R)).

Proposition 2.4. The image oft* consists of representatiodgssatisfyinge(6) = 0.

Proof. Let P = 7*(P). ThenP admits an involution:

T*

D

L T
L—— T

X " X

Sinceo (ag) € i SL_(2, R), the associated flat principal bundieis not orientable.
Hencetr* must reverse orientations dh Sincet preserves orientations o, but t*
reverses orientations ap,

e(5) =17(e(6)) = e(t7(5)) = —e(5).
This impliese(6) =0. O

Corollary 2.5. The representatiofr may be further lifted to a representation in
Hom(w1(X, X), SL(2, R)).
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Proof. The obstruction to lifting is the mod-2 reduction of the Euler cla@s) which
is zero by Proposition 2.40

Let Fp be the groupr.(m1(X, X)) which has index 2 int1(X, x) and letFy =
m1(X, x) \ Fp. Consider the following homomorphisms of groups

(X, %) 2 Fo - (X, x).

These homomorphisms are injective. Therefore, a representatianW induces a
representation

& :m1(X, %) — SL2,R).

This defines a map
7% W — Hom(zw1(X, %), SL(2, R)).

The mapr* is equivariant with respect to the action of P@LR), thus, descends to a
map
7 W/PGL2, R) — Hom(m1(X, X), SL(2, R))/ PGL(2, R).

Definition 2.6.
W?* = {0 € W : o isirreduciblg,
W" ={oc € W* : n*(0) is irreduciblg,
W ={o € W :2%(0) is semi-simple and o (a3) # +1} U W,
PW* = (J2(X) N W)H\W?,
PW' = (Jo(X) N WH\W'.

The subspaces associated with being0 and1 are denoted by the subscrifiand 1.
Proposition 2.7. The subspac®’ is open and dense iw.

Proof. The spacéV* is smooth and open and denséin The subvariety¥* \ W’ has
real codimension at least 1 Ii%*. HenceW’ is open and dense i* and is, therefore,
open and dense iW. O

Corollary 2.8. The subspac® W' is open and dense iRW.

Proposition 2.9. The projectiont™* is a 2-to-1 map oW’ and the two points in each
fibre differ by a central representation.

Proof. Leto1, op € W’ such that
6 =m*(01) = 7 (02).

Then
& o m4(do) = o1(af) = 02(ah).

Case (1) Suppose(ad) = o (ad) # £1. Then there are exactly two elemestd e
SL(2, R) such that
(+A)? = 01(a0)® = 01(ag).
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Hence
o2(ag) = £A = £o(ap).

Hence the inverse image 6f by 7* has two points and these two points differ by a
central representation.
Case (2) Letoy, 0 € W”. Theng is irreducible. Hence

o1 |F0: 02 |F0
is irreducible. Led € Fo. Thenag ‘dag € Fo. This implies

al(aaldao) = az(aaldao).

Hence
o2(a0)o1(ag Ho1(d) = o2(d)oz(a)or(ag ).
That is,az(ao)al(agl) intertwineso1|r,. Sinceo1| g, is irreducible, by Schur’s lemma,
o2(ao)a1(ag ) is in the center of SI2, R). Thus,o2(a0) = +01(ag). O
Corollary 2.10. The mapr* is 1-to-1 onPW'.

Corollary 2.11. 1. The mapr* is 2-to-1 onW’/ PGL(2, R) and the two points in each
fibre differ by a central representation.
2. The mapr* is 1-to-1 onP W’/ PGL(2, R).

3. The Prym Variety over X

Consider the given complex structure &rand denote byX its canonical bundle. The
projections induces a complex structure ghand the free involution preserves this
structure. Any holomorphic bundie over X pulls back to a holomorphic bundieover
X such thatr*(E) = E. In particular,t*K = K, whereK is the canonical bundle on
X. Let Div9(X) denote the group of all degree zero divisors)riThe Jacobi variety
J (X) is the space of holomorphic line bundles owewith degree zero [1].

For any holomorphic line bundIE over X, =*L is a holomorphic line bundle over
X. Hencer induces a homomorphism

T* J(X) — J(X).
If D € DivO(X), thenr~1(D) € Div9(X). The resulting homomorphism
7* : Divo(X) — Div°(X)
together with the basic epimorphisnsatisfy the commutative diagram [1]:
Div®(X) —— DivO(X)

g L

Xy — X
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On the other hand, iD € Div°(X), thenz (D) € Div®(X). Hencer also induces
a homomorphism (the norm map)

Nm : Div®(X) — Div%(X).
The mapNm descends to a homomorphism
Nm : J(X) — J(X)

and the diagram
Div®(X) 5 Div®(X)

s [
& Mmoo

commutes [1]. ~ ~
For D € Div’(X), t}(D) is in Div%(X). Hencer induces automorphisms* on
the groupDiv®(X) andJ (X) such that the diagram

Div®(X) —— DivO(X)

Iz s
X — I®

commutes.
Let

P={(LeJX):t%L)=—L)},
S={LelX) :t*L)=L}

Remark 3.1.1. The spacs is an abelian variety of dimensign
2. The identity componerf of P is, by definition, the Prym Varietyrym (X, t).
3. The subgroups of 2-torsions & X) andJ (X) are precisely/>(X) and J>(X).

The groupP contains the subgroufp(X) N P and the quotient is denoted by

PP = (J2(X) N P)\P.

Proposition 3.2. 1. The kernel of the map* : J(X) —> J(X) has two points, namely
the trivial bundle 1 and a two torsioff,.

PN (X)) = 228,

. P has four connected components aPi is connected.

. P containsKer(Nm) as a subgroup of index 2.

. If degL’) = 2 such thatr*L’ = L/, then there exist&; such thatL? = L’ and
t*(L1) = L1 ® T, whereT € Ker(Nm) \ Po.

aa bhwN
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Proof. For 1,23 and 4, see~[1,11]. Suppose @ég = 2. Then it is immediate that
there existd.1 such that.? = L’. Sincer*(L) = L/,

(T* (L) =" LH=1"L)=L =LE

Hence, _ ~ _
(L) =L1QT

for someT e Jo(X). In addition, since
T=L1®(t*(Ly)*
and degL1) = 1,T € Ker(Nm) \ Py[1]. O

4. Stable Holomorphic Pairs and the Self-Dual Equation

This section briefly reviews the rank-2 gauge theory over Riemann surfaces. The main
results are due to Corlette, Hitchin and Donaldson. See [2-5, 9] for details. For general
smooth projective varieties, see [13-16].

4.1. The complex cas&.he maximum compact subgroups of @L.C) and SL(2, C)
are U2) and SU2) with fundamental groups isomorphic #. Let P¢ be a principal
GL(2, C) bundle over a compact Riemann surface with first Chern elgg%°) being
either O or 1. Let be the associated vector bundle.

Fix a Hermitian metrich on V. This corresponds to a reduction Bf to a U2)
principal bundleP overX. Choose a (@) (i.e. compatible withh) connectionDg on V
such that the curvaturg(Dy) is central [2,9]. In addition, in the case of(P¢) = 0,
we chooséh to be the constant metric 1 aith = d. Denote byG¢ the SL(2, C) gauge
group onP¢ andg the SU2) gauge group orP. The gauge groug preserves. Let

ad(P) = P xad su(2), ad(P¢) = P¢ xad sl(2, C),

where Ad is the adjoint representation.

The difference of any two connections @tf or P is a 1-form. Hence, with the
choice of Do, one may identifyQl(X, ad(P¢)) and Q1(X, ad(P)) with the space of
connections of the fixed determinant gdg) on P¢ and P, respectively. An element
® of QLO(X, ad(P©)) is called aHiggs field Given® € QL0(X, ad(P)) andA €
Ql(X, ad(P)), one may construct connectiofs, andD:

Dpy=Do+A, D=Dog+ A+ (P+ D",

whered®* denotes the adjoint b with respect to the metrik._

The (0, 1) part of Do determines a holomorphic structusg on V [7]. Again, let
A € QY(X, ad(P)), i.e. D4 is compatible withi:. Thendy, the(0, 1) part of D4, defines
a holomorphic structure ov. Similarly, given a holomorphic structuseon V with

det(d) = det(dp).
there exists a uniqu& € Q1(X, ad(P)) such thatD, is compatible with: and
94 = 9.
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Hence the metrié determines a one-to-one correspondence between the @E)@Xfe
ad(P)) and the space of holomorphic structuresowith determinant equal to dek).

Higgs fields are sections of the bundle EMI® K, where Eng V is the bundle of
trace free complex linear transformationslofandk is the canonical bundle oK. A
holomorphic structuré on V induces on EnglV a holomorphic structure which, when
combined with the inherent holomorphic structurefongives a holomorphic structure
(which we shall also cal) on End V ® K. A Higgs field® is holomorphic if

9d =0.

Whend is holomorphic, we sagh, ®) is aHiggs bundleA pair (D 4, ®) isholomorphic
if
5Aq> =0.
Therefore, the set HC of holomorphi® 4, ®) pairs corresponds bijectively to the set
Hig of Higgs bundlegd, ®).

The complex gauge groug“ acts on Hig naturally. Sincé c G¢, G acts on the
Higgs fields. Hencg acts on HC. The grou@® is much larger thag; hence, one can
expect the space HG to be much larger than the space Hi§. The key issue of this
analysis is to establish an equivalence between the stable Higgs bundlegdt Higl
the irreducible pairs in HGJ satisfying Hitchin’s self-duality equation.

A holomorphic subbundlé of (V, 9) is ®-invariant if

®(L)C LK.

A Higgs bundle(d, @) is stable(semi-stablgif L being®-invariant implies
degL) < (5)% deg V).

A Higgs bundle igpoly-stableif it is a direct sum of stable Higgs bundles of the same
degree. Denote by Higand Hig* the space of stable and poly-stable Higgs bundles on
X. The action ofG¢ preserves Hijand Hig*; hence, one may define the moduli spaces

HS — HigS/gC7 HSS — HigSS/gC'

The spacé{®* is a coarse moduli space parameterizifigequivalence classes of poly-
stable Higgs bundles whil&* is a fine moduli space of stable Higgs bundles [9,12].
Denote byH}, Hi, Hy' . H3® the components of stable and poly-stable Higgs bundles
associated witla1(P¢) being 0 and 1, respectively.

A pair (D4, @) isirreducibleif the connectionD4 + ® + ®* is irreducible. A pair
(D4, @) is semi-simpléf D4 + ® + ®* is a direct sum of irreducible connections of
the same degree. A holomorphic pal?4, @) is calledself-dualif it satisfies Hitchin’s
self-duality equation [9]:

1
F(Da) + [®, @] = Etr(F(Do))I.
Let YM* andY M** denote the spaces of irreducible and semi-simple self-dual pairs.

The action ofG preserves both the properties of irreducibility and self-duality; hence,
one may define the moduli spaces

VM =YM* /G, VM =YM*/G.
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Hitchin showed that eadfi® orbit in H* contains a Higgs bundi@, ®) such that its
corresponding paifD 4, ®) is a self-dual pair with
3= 0.
Moreover the Higgs bundlé, @) is unique up taG-equivalence. In other words, the
two moduli space${® andY M® are diffeomorphic. Furthermore, given any self-dual

pair in Y M*, the connection
D =Dy + ®+ o*

is flat and irreducible for; = 0 and descends to a flat P&, C) connection for, = 1.

From now on, we shall always assuii¢o have a holomorphic structure and wrigfor

do and(V, @) for a poly-stable Higgs bundle instead@f ®). We call the connection

D, so constructed from a Higgs bundl¥, @), the connection associated withi, ®).
The 2-torsion subgrougp(X) acts onH** by

L(V,o)=(LQV,d).

Theorem 4.1 Hitchin [9,12)).
H = M./ PSL2,C),
HI®T = M /PSL(2, C),
J2(X)\HS = PME/PSL(2,C),
J2(XO\H = PMSS/PSL(2, C).
Denote byg the identification maps of these spaces.

It is straightforward to generalize the notion of stability, semi-stability and poly-
stability to Higgs bundlegV, ®) with ¢1(V) equal to any integer. Defin®!* to be
the moduli space of-equivalence classes of poly-stable Higgs buride®) with
c1(V) =c.

Let (Ly, Dr) be a holomorphic line bundle of degréevith a connectionD; . The
line bundleL,; defines an isomorphism between the space of holomorphic bundles of
a fixed first Chern classwith the space of holomorphic bundles with first Chern class
c+2d:

Li®
Ve — Ves24.

Moreover ifV has a connectioP, then the projective bundl€® (V), D) and(P(Ly ®
V), Dp ® D) are isomorphic. Define

U=LsQYV,
wherec1(V) is either 0 or 1. Then
URU*=(Lyi®V)®(Ls® V) =V V¥,

and
EndgU ® K =EndhV ® K.

HenceL, defines an isomorphism

V., ®) 5 (L@ V., ®)

which isG¢-equivariant, hence, defines an isomorphism fif# to H? , ;.
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Corollary 4.2. The component§{}® and J2(X)\H;* are homeomorphic ta’’/
PSL(2, C) and PM}’/ PSL(2, C), respectively it = ¢ mod 2

Fix the Hermitian metrid = =*(h) on X.

Definition 4.3. Construct the above moduli spaces on the double cavand denote
thesq objects by a. For examplefr = 7*(h) is the pull-back Herrpitian metric ol
and#*¢ is the coarse moduli space of poly-stable Higgs bundleX on

The involutiont induces a pull-back action* on 5.
Proposition 4.4. The involutiont* commutes witlg.

Proof. Sincer preserves and the complex structure éf all the the operations involved
in the identification magg commute withe*.

One can see this locally by choosing an acyclic cégr V;} on X symmetric with
respect tar in the sense that

wU) = Vi
(Vi) = U
(7,»0\2-: 0.

Such a cover is possible becausdoes not fix any point and preserves the complex
structure onX. O

4.2. The real caseNow we turn our attention to the subsets?¢f and?{** that corre-
spond toN*/ PGL(2, R) andN**/ PGL(2, R).

We say a Higgs bundleV, ®) satisfies theeality conditionor is areal Higgs bun-
dle[9] if

1. There is a holomorphic line bundlesuch that

V=La (L tadetV)),

2. & = Py H oy, where

®1: L — L l@detV)® K,

®,: L l@det(V) — L®K,

0 b

c 0)°
whereb andc¢ are holomorphic sections of the bundle$ ® K ® det(V)~! and
L2 ® K ® det(V), respectively.

i.e.® is of the form:
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For such a Higgs bundig/, @), the line bundle. inherits a Hermitian metrig; from
h. Let D be the connection associated i ®). The metrich; defines a bundle isomor-
phism betweerd andZ 1. This induces an anti-holomorphic linear transformation

f:V— VedetV)?

S ur, ug) = (uz, ug).
In addition,D commutes withy'. Thus,D is a flat connection on the projective subbundle
PE c P(V) fixed by f. Moreover,(PE, D) is a flat PSI(2, R)-bundle and the Euler
class of PE equals 2de@.) — deqgV).
Let R#:* be the subset oi{** of poly-stable real Higgs bundle with Euler class
andR#; the subset oR7{}* of stable real Higgs bundles.

Theorem 4.5 Hitchin [9]). The moduli spaceR#}* is homeomorphic toN}*/
PSL(2, R), and

L (XO\RH) = PN /PSL(2, R).
The subspaceBR#; and Jo(X)\R#; are diffeomorphic tav;/ PSL(2, R) and PN}/
PSL(2, R), respectively.

Corollary 4.6. Tensoring with a line bundlé; of degreed gives a one-to-one corre-
spondence between the real Higgs bundleX ifiwith Euler class and the real Higgs
bundles in}’ ,, with Euler class.

5. Stability

This section is a study of stability criteria of real Higgs bundles.
Proposition 5.1. Suppose

V =L1® Ly, with d =degL1) = degL2).

Then the bundles; and L, are the only two holomorphic subbundlesiobf degreel
ifand only if L1 # Lo.

Proof. If Ly = Ly, thents @ (1 —¢)s generates a line subbundleWffor all ¢ € [0, 1],
wheres is a meromorphic section df; [8].

Supposd.; # L. Let H C V be a holomorphic line bundle of degréeThen H
corresponds to a holomorphic sectigmf the bundle

H'@V=HlQL oH1®L,

such thatp has no zero. Thus
© =019 @2,

whereg; is a section off ~1 ® L, andg» of H~1 ® L». Sinceyp has no poles, neither
do g1 andg,. However

degH ' ® L1) =degH ' ® Lo) =0,

S0 g1 is either identically zero or has no zero. The same is true ggith

If 91 = 0, thengp, has no zero anéll = L.

If 92 =0, thenp1 has no zero anéll = L1.

If neitherg1, p2 has any zero, theH = Ly andH = L. This is the case af; = L».
O
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Proposition 5.2. Suppos&V, ®) is a Higgs bundle oix andV = z*(V). In addition,
suppose o )
V=L1®L2
with B _
degL1) = deqglLy) =d
(L) = Lo

(L) =1L

L1 #* 1:2.

Then(V, ®) is stable.

Proof. Supposed C V. ThenH = n*(H) C V. Hence, by Proposition 5.5 = L1
or H = Ly ordegH) < d. On the other hand, sinag'(H) = H, it must be the case
that degH) < d. This impliesV is a stable holomorphic bundle. Hendg ) is stable
forany®. O

6. The Flat PGL(2, R) Structures
SupposeV, @) is a Higgs bundle oX. Then(V, ®) pulls back to
(V,®) =a*(V, D).

Proposition 4.4 indicates that one needs to determine the set of stable Higgs bundles of
the form(V, ®) on X such thatr*(V, ®) € R”Hﬁf and detV) is det( V).
The pull-backVy = 7*(Vo) is a holomorphic bundle o and detVp) is a line
bundle onX. Suppose dedo) = 1. Then degVp) = 2. By Proposition 3.2, there exists
a line bundlel; and a 2-torsion line bundI such that

L% =detVp), t"(Ly)=L1®T.

Definition 6.1.

Qo={(L,b):LeP, L?#1beH(X, LK)},

Q1 ={(L®L1,b):LeP, beH X, [°QT ® K)},

Q=0QuU Q1.
The groupJ/>(X) NP acts onQ:
(2X)NP) x Q — Q,
(L', (L,b)) — (L' ® L., b).

The quotients are denoted ByQg, P 01, P Q, respectively.

Proposition 6.2. The spaces” W/ PGL(2, R) and PW;/PGL(2, R) are diffeomor-
phic to P Qg and P Q1, respectively.
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Proof. Case 1w, = 0. Leto € W/ PGL(2, R). Theno corresponds to an element in
Hg. Let

o =m"(0).
By Proposition 24 and Theorem 4&,s an SL2, R) representation and corresponds
to an element iiR?#y’, hence, to a poly-stable Higgs bundle, ®) such that:

)

a*(V)y=vV=LaL?

o O
O S

T (P) =P =D Py = (
with
degL) = 0.

§incer preserves the degree of any diviset, preserves the degree af Suppose
L? + 1. By Proposition 5.1, either

™) =1L ™) =L"1
~ ~ Or ~ ~
(L H=L"1 (L H =1L.

This implies, after normalizing, the following dichotomy:

1.
™) =L, (L YH=L1,
TH(d1) = Dq, (D) = Do,
(b)) =b, @ =¢
2.

™(b) =¢, @) =b.

Let E C V be the flat SI2, R)-bundle fixed by the anti-holomorphic mgp Let D
be the connection associated with, ®). ~ o

With the solutions to Eq. I,* preserves orientations @ therefore, the paifE, D)
descends to a flat §2, R)-bundle(E, D) (w1(E) = 0) of X. Noteb € HO(X, L2® K)
andé € HO(X, L2 @ K) with L € S. Alternatively, (V, ®) is a lift of a pair(V, ®)
that satisfies the reality condition. Note

TV, ®) =7*(V @ T, D).

Hence the descent fronV, ®) is not unigue. However these two Higgs bundles differ
by a 2-torsion; hence, the projectivized bundles are the same.

With the solutions to Eq. 2;* reverses orientations ofi. Hence the paitE, D)
descends to a flat $S(2, R)-bundle (E, D) on X. The two equations o, L~1 are
precisely the condition foE to be inP.
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The groupP has four connected components. gt e J(X) such thatL,Z7 =T,.
LetL, = 7*(Ly,). Then

L2=m*(Ly?=7*(L2) =7*(Ty)) = 1

In other words ., is a 2-torsion inS, hence, it is also ifP.
SupposeV i~s a rank-2 ~holomorphic~bun5:ile axi with det(V) = 1 such thatV =
n*(V)=L& L whereL ¢ P.ThenL ® L, € P and
VRL)=VRL,=(L®L)®L®L,)™ "
However,
det(V ® L,) =T, # 1.
Therefore ifL € P and ) o
V=n*(V)=L® L1

then either deiV) = 1 or de{V) = T,. Since detV) cannot jump on connected
components ofP, it must be the case that only two componentsPoinduce vector
bundlesV on X with det(V) = 1. Denote these two componerR§. The components
P\ Py willinduce bundles/ with determinant;,. Hence only the Higgs bundles induced
by P, correspond to Si(2, R) representations.

Remark 6.3.The points inQg correspond to points in the space of SI2, R) repre-
sentation classes.

Let
Oy ={(L,b): L Py L?#1,beHAX, L?K)).
By Corollary 2.11, this construction describes a 2-to-1 map
IT: Wy/PGL(2,R) — Q.

Note the 2-torsions ifP; are excluded because they correspond to the reducible repre-
sentation classdgs ] with G(acz)) = £/, hence, are not iV, by definition.
To showlIT is onto, let(L, b) € Qy and

V=LelL?

- 0 b
?= (r*(é) 0>'

The involutiont* on V preserves the subspaEec V but reverses orientations dn
Let < * > be the order two group generateddyand define the quotients

V= ‘7/ <1 >,
=P <1*>,
E=E/<t">.
SinceL # L~1, by Proposition 5.2(V, ®) is a stable Higgs bundle ovét. Moreover

(V, ®) and E are pull-backs of V, @) and E by 7 *, respectively. LetD be the con-
nection associated wittV, ®). Then(E, D) is a flat SL(2, R)-bundle and:-* reverses
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orientations onE. Hence(E, D) is a flat SL;(2, R)-bundle onX. Hence the mapl
is onto. Note the fibre ofl at the point(V, ®) consists of the two pointsV, ®) and
(VT o).

Case 2:wp = 1. The proof is similar to the proof ofase 1. A representation class
o € Wi/ PGL(2, R) corresponds to an element#. Hence

o =n"(o)

is an SL(2, R) representation. By Proposition 4.5 and Corollary &.6prresponds to a
poly-stable Higgs bundl€V, ®) such that:

V) =V=01@V1=01 QL& L1 ® L,

o

n*<¢)=&>=&>1@&>2=<2 ”),

with deg'L) = 0. Suppose
l~,1®l~, ;éi,1®l~,_1.
By Proposition 5.1, either

(L1®L) =L01®L (L1®L) =Li®L™?t
or
(L@l =L1oL™? (L@l H=L1eL.

This implies, after normalizing, the following dichotomy:

. i@l =ii@l, v"(li@i =1L,
T*(P1) = ®1, (D) = ®y,
*(b) =b, (%) =

2,
LRl =1L Y (L1 L™ H=L1®L,
T*(P1) = ®y, T (D2) = @y,
t*(b) =¢, T*(%) = b.

Equation 1 has no solution. Sinée= 7*(V), the equality
(L@l =L1®L
would imply the existence af’ € V with
[1®L=n*L).

Since degl ® L) = 1, the degree of’ would have beeg. This is not possible.

With the solutions to Eq. Z;* reverses orientations on the @L.R)-bundleE C V.
Let D be the connection associated witi, ). Then the pai(E, D) descends to an
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SL; (2, R)-bundle(E, D) on X. The bundle further descends to a flat projective bundle
(P(E), D)onX.
SinceT is a 2-torsion irP,

(T =T1=T.

HenceT € S. SinceS is an abelian variety, there exists € S such that

This implies

Hence for eaclL € P,
T(L®Ly®L) =Ll el
(Lol tel)=(L®L)® L1
Hence the solution§ to Eq. 2 give ppintsgm. Note, by Proposition 3.2 ¢ Po. Thus
tpere does not exidt € P such thatL? ® T = 1. This implies that there does not exist
L € P such that L _ L _
L®L,®Li=(L®L) L.
This gives a 2-to-1 map
I: Wi/PGL(2,R) — Q.
Similar to Case 1, there are only two component®dhat induce vector bundlés
such that o L L
V)=V =L1®L®L)®L1® (L2 L)L,
with det(V) = det(Vp). Denote these two componeris and define
Qy={(L®Lb):LeP.beH (X, [?’QT @ K)}.
Let(L,b) € Q; and
V=L1®(U2®9L)®L1®(L® L)%,

~ 0 b
?= (r*(lb 0)'

The involutiont* on V preserves the subspaBec V but reverses orientations dn
Let < t* > be the order two group generated tiyand define quotient sets
V=V/<t*>,
=P <1*>,
E=E/<t">.

By Proposition 5.2(V, ) is a stable Higgs bundle ovar. Moreover(V, ®) andE are
pull-backs of(V, ®) andE by 7 *, respectively. SinceE, D) is an SL(2, R)-bundle and
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T* reverses orientations af, (E, D) is an SL;(2, R)-bundle onX. The bundlgE, D)
descends to a flat projective bundle(E), D) (PGL(2, R)-bundle) onX. Hencell is
onto. Finally, by Corollary 2.11,

PQ = (Jo(X) N PI\Q = (o(X) N WI\W'/PGL2,R) = PW//PGL(2,R). O

Let Q" = Qy U Q). Proposition 6.2 actually provides an explicit identification of
W'/ PGL(2, R) with Q'. This is stronger than needed to obtain Theorem 1.1. Since

P(V®L)=P(V)
for any line bundlel’, an alternative approach is to look at the equation
WV, ®) = (VR L, ).

For the componenP W’/ PGL(2, R), this leads to the system of equations:

™) =L 1L, (L HY=LeL

TH(P1) = P2, TH(D2) = Py,

() =¢, ™)  =b.
The solutions to this system of equations correspond to th@ &L) connections that
project down to flat PG(2, R) connections.

The quotientP P is homeomorphic to a compact complex torus with complex dimen-
siong — 1. If w, = 0, then above eadti] € PP\ {[1]} is the vector spaceHX, L2K).
By the Riemann-Roch formula,

WO(L?K) —h%(L™%) =1— (2¢ — 1) + deg L?K).
This implies
WO(LPK)=1—(2g - 1) +[22g—1) — 2] =2g — 2.
Hence the total dimension is
hO(L?K) + dim(PP) = 3¢ — 3.

Note if L is a 2-torsion, then®(L2K) = 2g — 1. L
Supposevz = 1. Again there is nd P ~such t~hatL~2 ® T = 1. This implies that
above anyL] € PP, the vector space X, L2 ® T ® K) is of dimension

WI°TQK) =1—(2g—1) +[2Q2g—1) —2]=2g — 2.
Again, the total dimension is
W(L?®T ® K) + dim(PP) = 3g — 3.

Finally, by Corollary 2.8 W' is open and dense inW. ThereforeP W’/ PGL(2, R)
is open and dense iAW/ PGL(2, R). This proves Theorem 1.1.
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