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Abstract: SupposeX is a compact Riemann surface with genusg > 1. Each class
[σ ] ∈ Hom(π1(X), PGL(2, R))/ PGL(2, R) is associated with the first and second
Stiefel–Whitney classesw1([σ ]) andw2([σ ]). The set of representation classes with a
fixed w1 6= 0 has two connected components. These two connected components are
characterized byw2 being 0 or 1. For each fixedw1 6= 0, we prove that the component,
characterized byw2 = 0, contains an open dense set diffeomorphic to the total space
of a vector bundle of rank 2g − 2 over a once punctured algebraic torus of dimension
g − 1. The other component, characterized byw2 = 1, contains an open dense set
diffeomorphic to the total space of a vector bundle of rank 2g−2 over an algebraic torus
of dimensiong − 1.

1. Introduction

Let X be a compact Riemann surface of genusg > 1, and

Hom(π1(X), PGL(2, R))

the space of homomorphisms fromπ1(X) to PGL(2, R). The group PGL(2, R) has two
connected components and is isomorphic to SO(2, 1).

The space Hom(π1(X), PSL(2, R)) has 4g − 3 connected components and these
components are distinguished by the Euler classe [6,9,10,18]. To obtain more detailed
information on these representation spaces, Hitchin made use of the complex structure
onX. By studying the space of rank-2 Higgs bundles overX, he showed that the 2g − 2
connected components (corresponding to non-zero Euler classes) of

Hom(π1(X), PSL(2, R))/ PSL(2, R)

are complex vector bundles over symmetric products ofX [9].
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Let α ∈ H1(X, Z2) and define

PWα = {σ ∈ Hom(π1(X), PGL(2, R)) : w1(σ ) = α}.
For any two non-zero classesα, β ∈ H1(X, Z2), PWα is homeomorphic toPWβ [19].
Fix a non-zero classα and definePW to bePWα. ThenPW has two connected com-
ponents distinguished by the two Stiefel–Whitney classes in H2(X, Z2) [19].

This paper is a study of the topology of the space

Hom(π1(X), PGL(2, R))/ PGL(2, R),

in particular the componentPW/ PGL(2, R). Each representationσ ∈ PW may be
lifted to an element̃σ = π∗(σ ) ∈ Hom(X̃, SL(2, R)), where

π : X̃ −→ X

is a chosen unramified double cover ofX. Let PW ′ be the subset ofPW such thatσ ∈
PW ′ implies thatσ is irreducible and̃σ is a semi-simple but non-central representation.
In particular,PW ′ is open and dense inPW . For a precise description ofPW ′, see
Sect. 2.

Theorem 1.1. The spacePW ′/ PGL(2, R) has two connected componentsPQ0 and
PQ1. The componentPQ0 is the total space of a vector bundle of rank2g − 2 over an
once punctured compact algebraic torus of dimensiong − 1. The componentPQ1 is
the total space of a vector bundle of rank2g − 2 over an algebraic torus of dimension
g − 1.

The precise description of these two components is given in Sect. 3 and 6.

Corollary 1.2. The spaceHom(π1(X), PGL(2, R)) has22g+1+4g−5connected com-
ponents.

A representation is called parabolic if it is reducible but not semi-simple. The set
PW \ PW ′ consists of representations of three types:

1. TheR
∗ representations.

2. The parabolic representations
3. The representations that lift to parabolic representations byπ∗.

Together these points form a subvariety ofPW .

2. The Pull-Back Representations ofπ1(X̃)

Let X be a compact Riemann surface of genusg > 1 andG an algebraic group. A
representationσ ∈ Hom(π1(X, x), G) defines a flatG-bundleP overX. Let

SL−(2, R) = {g ∈ GL(2, R) : det(g) = −1},
SLi (2, R) = SL(2, R) ∪ i SL(2, R)−,

SL±i (2, R) = SLi (2, R) ∪ i SLi (2, R).

Then SLi (2, R) is a subgroup of SL(2, C) and has two connected components. The
projectivization of both SLi (2, R) and SL±i (2, R) is PGL(2, R).
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The obstruction classes ofP give rise to the obstruction class maps

on : Hom(π1(X, x), G) −→ Hn(X, πn−1(G)).

In particular, if G is GL(2, R), PGL(2, R) or SLi (2, R), theno1 is the first Stiefel–
Whitney classw1 [17,19]. The classo2 is the second Stiefel–Whitney classw2 whenG

is PSL(2, C) and the Euler classe whenG is PSL(2, R) [6,17].
Fix a pointx ∈ X. Choose a set of generatorsS = {ai, bi}g−1

i=0 for the fundamental
groupπ1(X, x) and defineR to be the formal expression

g−1∏
i=0

aibia
−1
i b−1

i .

Thenπ1(X, x) is generated byS with the relationR = 1. Let0 be the central extension
of π1(X, x) by c with R = c andc2 = 1. This gives the exact sequence

0 −→ Z2 −→ 0 −→ π1(X, x) −→ 1.

Let M be the space Hom(0, SL(2, C)) which has two connected components de-
pending on whetherc goes toI or −I [2,6,9]. Denote the two components byM0
andM1, respectively. NoteM0 is the space Hom(π1(X, x), SL(2, C)). The spaceN =
Hom(0, SL(2, R)) has 4g − 3 connected components consisting of{Nj }2g−2

j=2−2g [6,9]

and is a subset of Hom(0, SL(2, C)). Eachσ ∈ Hom(0, SL(2, C)) acts onC
2 via the

standard representation of SL(2, C).

Definition 2.1. A representationσ is irreducible if its action onC2 is irreducible, and
is semi-simple if it is a direct sum of irreducible representations.

Identify H2(X, Z2) with Z2 and H2(X, Z) with Z. Let J2(X) be the space of central
representations:

J2(X) = Hom(π1(X, x), {±I }) ∼= Z
2g
2 .

Define

PM = Hom(π1(X, x), PSL(2, C)),

PMi = w−1
2 (i) ⊂ PM,

PN = Hom(π1(X, x), PSL(2, R)),

PNj = e−1(j) ⊂ PN.

The spaceJ2(X) is a group and acts on theMi ’s andNi ’s. The quotients are precisely
thePMi ’s andPNi ’s (the projective representations).

Remark 2.2.We shall use the superscriptss andss to denote the irreducible and semi-
simple subspaces. For example,Ms andMss denote the subspaces of irreducible and
semi-simple subspaces ofM, respectively.

Definition 2.3.

W = {σ ∈ Hom(0, SLi (2, R)) :
σ(a0) ∈ i SL−(2, R) and σ(S \ {a0}) ⊂ SL(2, R)},

W0 = {σ ∈ W : σ(c) = I },
W1 = {σ ∈ W : σ(c) = −I }.
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The subspacesW0 andW1 are the ones associated with the second Stiefel–Whitney
classw2 being 0 and 1, respectively. The groupJ2(X) ∩ W acts onW . Denote by
PW, PW0, PW1 the respective quotient spaces. The setsPW0 andPW1 are connected
[19].

There exists a double coverX̃ of X with covering map [1]

π : X̃ −→ X

such thatπ1(X̃, x̃) is generated bỹS = {ãi , b̃i}g−1
i=1−g with

π∗(ã0) = a2
0,

π∗(b̃0) = b0,

and fori > 0,
π∗(ãi) = a−1

0 π∗(ã−i )a0 = ai,

π∗(b̃i) = a−1
0 π∗(b̃−i )a0 = bi.

The double cover admits a fixed point free involutionτ that isπ -invariant, i.e, the diagram

X̃
τ−−−−→ X̃yπ

yπ

X
id−−−−→ X

commutes. Composition of representationsσ ∈ PW with the induced map

π∗ : π1(X̃, x̃) −→ π1(X, x)

defines a map
π∗ : PW −→ Hom(π1(X̃, x̃), PSL(2, R)).

Proposition 2.4. The image ofπ∗ consists of representationsσ̃ satisfyinge(σ̃ ) = 0.

Proof. Let P̃ = π∗(P ). ThenP̃ admits an involution:

P̃
τ∗−−−−→ P̃y y

X̃
τ−−−−→ X̃.

Sinceσ(a0) ∈ i SL−(2, R), the associated flat principal bundleP is not orientable.
Henceτ ∗ must reverse orientations oñP . Sinceτ preserves orientations oñM, but τ ∗
reverses orientations oñP ,

e(σ̃ ) = τ ∗(e(σ̃ )) = e(τ ∗(σ̃ )) = −e(σ̃ ).

This impliese(σ̃ ) = 0. ut
Corollary 2.5. The representatioñσ may be further lifted to a representation in
Hom(π1(X̃, x̃), SL(2, R)).
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Proof. The obstruction to lifting is the mod-2 reduction of the Euler classe(σ̃ ) which
is zero by Proposition 2.4.ut

Let F0 be the groupπ∗(π1(X̃, x̃)) which has index 2 inπ1(X, x) and letF1 =
π1(X, x) \ F0. Consider the following homomorphisms of groups

π1(X̃, x̃)
π∗−→ F0

i−→ π1(X, x).

These homomorphisms are injective. Therefore, a representationσ ∈ W induces a
representation

σ̃ : π1(X̃, x̃) −→ SL(2, R).

This defines a map
π∗ : W −→ Hom(π1(X̃, x̃), SL(2, R)).

The mapπ∗ is equivariant with respect to the action of PGL(2, R), thus, descends to a
map

π∗ : W/ PGL(2, R) −→ Hom(π1(X̃, x̃), SL(2, R))/ PGL(2, R).

Definition 2.6.

Ws = {σ ∈ W : σ is irreducible},
W ′′ = {σ ∈ Ws : π∗(σ ) is irreducible},
W ′ = {σ ∈ Ws : π∗(σ ) is semi-simple, and σ(a2

0) 6= ±I } ∪ W ′′,
PWs = (J2(X) ∩ W)\Ws,

PW ′ = (J2(X) ∩ W)\W ′.

The subspaces associated withw2 being0 and1 are denoted by the subscripts0 and1.

Proposition 2.7. The subspaceW ′ is open and dense inW .

Proof. The spaceWs is smooth and open and dense inW . The subvarietyWs \ W ′ has
real codimension at least 1 inWs . HenceW ′ is open and dense inWs and is, therefore,
open and dense inW . ut
Corollary 2.8. The subspacePW ′ is open and dense inPW .

Proposition 2.9. The projectionπ∗ is a 2-to-1 map onW ′ and the two points in each
fibre differ by a central representation.

Proof. Let σ1, σ2 ∈ W ′ such that

σ̃ = π∗(σ1) = π∗(σ2).

Then
σ̃ ◦ π∗(ã0) = σ1(a

2
0) = σ2(a

2
0).

Case (1). Supposeσ1(a
2
0) = σ(a2

0) 6= ±I . Then there are exactly two elements±A ∈
SL(2, R) such that

(±A)2 = σ1(a0)
2 = σ1(a

2
0).
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Hence
σ2(a0) = ±A = ±σ(a0).

Hence the inverse image ofσ̃ by π∗ has two points and these two points differ by a
central representation.

Case (2). Let σ1, σ2 ∈ W ′′. Thenσ̃ is irreducible. Hence

σ1 |F0= σ2 |F0

is irreducible. Letd ∈ F0. Thena−1
0 da0 ∈ F0. This implies

σ1(a
−1
0 da0) = σ2(a

−1
0 da0).

Hence
σ2(a0)σ1(a

−1
0 )σ1(d) = σ2(d)σ2(a0)σ1(a

−1
0 ).

That is,σ2(a0)σ1(a
−1
0 ) intertwinesσ1|F0. Sinceσ1|F0 is irreducible, by Schur’s lemma,

σ2(a0)σ1(a
−1
0 ) is in the center of SL(2, R). Thus,σ2(a0) = ±σ1(a0). ut

Corollary 2.10. The mapπ∗ is 1-to-1 onPW ′.

Corollary 2.11. 1. The mapπ∗ is 2-to-1 onW ′/ PGL(2, R) and the two points in each
fibre differ by a central representation.

2. The mapπ∗ is 1-to-1 onPW ′/ PGL(2, R).

3. The Prym Variety over X̃

Consider the given complex structure onX and denote byK its canonical bundle. The
projectionπ induces a complex structure oñX and the free involutionτ preserves this
structure. Any holomorphic bundleE overX pulls back to a holomorphic bundlẽE over
X̃ such thatτ ∗(Ẽ) = Ẽ. In particular,τ ∗K̃ = K̃, whereK̃ is the canonical bundle on
X̃. Let Div0(X) denote the group of all degree zero divisors onX. The Jacobi variety
J (X) is the space of holomorphic line bundles overX with degree zero [1].

For any holomorphic line bundleL overX, π∗L is a holomorphic line bundle over
X̃. Henceπ induces a homomorphism

π∗ : J (X) −→ J (X̃).

If D ∈ Div0(X), thenπ−1(D) ∈ Div0(X̃). The resulting homomorphism

π∗ : Div0(X) −→ Div0(X̃)

together with the basic epimorphismu satisfy the commutative diagram [1]:

Div0(X)
π∗−−−−→ Div0(X̃)yu

yu

J (X)
π∗−−−−→ J (X̃)
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On the other hand, if̃D ∈ Div0(X̃), thenπ(D̃) ∈ Div0(X). Henceπ also induces
a homomorphism (the norm map)

Nm : Div0(X̃) −→ Div0(X).

The mapNm descends to a homomorphism

Nm : J (X̃) −→ J (X)

and the diagram

Div0(X̃)
Nm−−−−→ Div0(X)yu

yu

J (X̃)
Nm−−−−→ J (X)

commutes [1].
For D̃ ∈ Div0(X̃), τ−1(D̃) is in Div0(X̃). Henceτ induces automorphismsτ ∗ on

the groupDiv0(X̃) andJ (X̃) such that the diagram

Div0(X̃)
τ∗−−−−→ Div0(X̃)yu

yu

J (X̃)
τ∗−−−−→ J (X̃)

commutes.
Let

P = {L̃ ∈ J (X̃) : τ ∗(L̃) = −L̃},
S = {L̃ ∈ J (X̃) : τ ∗(L̃) = L̃},

Remark 3.1.1. The spaceS is an abelian variety of dimensiong.
2. The identity componentP0 of P is, by definition, the Prym VarietyPrym(X̃, τ ).
3. The subgroups of 2-torsions ofJ (X) andJ (X̃) are preciselyJ2(X) andJ2(X̃).

The groupP contains the subgroupJ2(X̃) ∩ P and the quotient is denoted by

PP = (J2(X̃) ∩ P)\P.

Proposition 3.2. 1. The kernel of the mapπ∗ : J (X) −→ J (X̃) has two points, namely
the trivial bundle 1 and a two torsionTη.

2. |P ∩ J2(X̃)| = 22g.
3. P has four connected components andPP is connected.
4. P containsKer(Nm) as a subgroup of index 2.
5. If deg(L̃′) = 2 such thatτ ∗L̃′ = L̃′, then there exists̃L1 such thatL̃2

1 = L̃′ and
τ ∗(L̃1) = L̃1 ⊗ T̃ , whereT̃ ∈ Ker(Nm) \ P0.
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Proof. For 1, 2, 3 and 4, see [1,11]. Suppose deg(L̃′) = 2. Then it is immediate that
there exists̃L1 such thatL̃2

1 = L̃′. Sinceτ ∗(L̃′) = L̃′,

(τ ∗(L̃1))
2 = τ ∗(L̃2

1) = τ ∗(L̃′) = L̃′ = L̃2
1.

Hence,
τ ∗(L̃1) = L̃1 ⊗ T̃

for someT̃ ∈ J2(X̃). In addition, since

T̃ = L̃1 ⊗ (τ ∗(L̃1))
−1

and deg(L̃1) = 1, T̃ ∈ Ker(Nm) \ P0 [1]. ut

4. Stable Holomorphic Pairs and the Self-Dual Equation

This section briefly reviews the rank-2 gauge theory over Riemann surfaces. The main
results are due to Corlette, Hitchin and Donaldson. See [2–5,9] for details. For general
smooth projective varieties, see [13–16].

4.1. The complex case.The maximum compact subgroups of GL(2, C) and SL(2, C)

are U(2) and SU(2) with fundamental groups isomorphic toZ2. Let P c be a principal
GL(2, C) bundle over a compact Riemann surface with first Chern classc1(P

c) being
either 0 or 1. LetV be the associated vector bundle.

Fix a Hermitian metrich on V . This corresponds to a reduction ofP c to a U(2)

principal bundleP overX. Choose a U(2) (i.e. compatible withh) connectionD0 onV

such that the curvatureF(D0) is central [2,9]. In addition, in the case ofc1(P
c) = 0,

we chooseh to be the constant metric 1 andD0 = d. Denote byGc the SL(2, C) gauge
group onP c andG the SU(2) gauge group onP . The gauge groupG preservesh. Let

ad(P ) = P ×Ad su(2), ad(P c) = P c ×Ad sl(2, C),

where Ad is the adjoint representation.
The difference of any two connections onP c or P is a 1-form. Hence, with the

choice ofD0, one may identify�1(X, ad(P c)) and�1(X, ad(P )) with the space of
connections of the fixed determinant det(D0) on P c andP , respectively. An element
8 of �1,0(X, ad(P c)) is called aHiggs field. Given8 ∈ �1,0(X, ad(P c)) andA ∈
�1(X, ad(P )), one may construct connectionsDA andD:

DA = D0 + A, D = D0 + A + (8 + 8∗),

where8∗ denotes the adjoint of8 with respect to the metrich.
The (0, 1) part of D0 determines a holomorphic structure∂̄0 on V [7]. Again, let

A ∈ �1(X, ad(P )), i.e.DA is compatible withh. Then∂̄A, the(0, 1) part ofDA, defines
a holomorphic structure onV . Similarly, given a holomorphic structurē∂ onV with

det(∂̄) = det(∂̄0),

there exists a uniqueA ∈ �1(X, ad(P )) such thatDA is compatible withh and

∂̄A = ∂̄ .
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Hence the metrich determines a one-to-one correspondence between the space�1(X,

ad(P )) and the space of holomorphic structures onV with determinant equal to det(∂̄0).
Higgs fields are sections of the bundle End0 V ⊗ K, where End0 V is the bundle of

trace free complex linear transformations ofV , andK is the canonical bundle onX. A
holomorphic structurē∂ onV induces on End0 V a holomorphic structure which, when
combined with the inherent holomorphic structure onK, gives a holomorphic structure
(which we shall also call̄∂) on End0 V ⊗ K. A Higgs field8 is holomorphic if

∂̄8 = 0.

When8 is holomorphic, we say(∂̄, 8) is aHiggs bundle.A pair(DA, 8) isholomorphic
if

∂̄A8 = 0.

Therefore, the set HC of holomorphic(DA, 8) pairs corresponds bijectively to the set
Hig of Higgs bundles(∂̄, 8).

The complex gauge groupGc acts on Hig naturally. SinceG ⊂ Gc, G acts on the
Higgs fields. HenceG acts on HC. The groupGc is much larger thanG; hence, one can
expect the space HC/G to be much larger than the space Hig/Gc. The key issue of this
analysis is to establish an equivalence between the stable Higgs bundles in Hig/Gc and
the irreducible pairs in HC/G satisfying Hitchin’s self-duality equation.

A holomorphic subbundleL of (V , ∂̄) is 8-invariant if

8(L) ⊆ L ⊗ K.

A Higgs bundle(∂̄, 8) is stable(semi-stable) if L being8-invariant implies

deg(L) < (≤)
1

2
deg(V ).

A Higgs bundle ispoly-stableif it is a direct sum of stable Higgs bundles of the same
degree. Denote by Higs and Higss the space of stable and poly-stable Higgs bundles on
X. The action ofGc preserves Higs and Higss ; hence, one may define the moduli spaces

Hs = Higs/Gc, Hss = Higss/Gc.

The spaceHss is a coarse moduli space parameterizingGc-equivalence classes of poly-
stable Higgs bundles whileHs is a fine moduli space of stable Higgs bundles [9,12].
Denote byHs

0, Hs
1, Hss

0 , Hss
1 the components of stable and poly-stable Higgs bundles

associated withc1(P
c) being 0 and 1, respectively.

A pair (DA, 8) is irreducible if the connectionDA + 8 + 8∗ is irreducible. A pair
(DA, 8) is semi-simpleif DA + 8 + 8∗ is a direct sum of irreducible connections of
the same degree. A holomorphic pair(DA, 8) is calledself-dualif it satisfies Hitchin’s
self-duality equation [9]:

F(DA) + [8, 8∗] = 1

2
tr(F (D0))I.

Let YMs andYMss denote the spaces of irreducible and semi-simple self-dual pairs.
The action ofG preserves both the properties of irreducibility and self-duality; hence,
one may define the moduli spaces

YMs = YMs/G, YMss = YMss/G.
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Hitchin showed that eachGc orbit in Hs contains a Higgs bundle(∂̄, 8) such that its
corresponding pair(DA, 8) is a self-dual pair with

∂̄A = ∂̄ .

Moreover the Higgs bundle(∂̄, 8) is unique up toG-equivalence. In other words, the
two moduli spacesHs andYMs are diffeomorphic. Furthermore, given any self-dual
pair inYMs , the connection

D = DA + 8 + 8∗

is flat and irreducible forc1 = 0 and descends to a flat PSL(2, C) connection forc1 = 1.
From now on, we shall always assumeV to have a holomorphic structure and writeV0 for
∂̄0 and(V , 8) for a poly-stable Higgs bundle instead of(∂̄, 8). We call the connection
D, so constructed from a Higgs bundle(V , 8), the connection associated with(V , 8).

The 2-torsion subgroupJ2(X) acts onHss by

L.(V, 8) = (L ⊗ V, 8).

Theorem 4.1 (Hitchin [9,12]).

Hs
c

∼= Ms
c/ PSL(2, C),

Hss
c

∼= Mss
c / PSL(2, C),

J2(X)\Hs
c

∼= PMs
c/ PSL(2, C),

J2(X)\Hss
c

∼= PMss
c / PSL(2, C).

Denote byg the identification maps of these spaces.

It is straightforward to generalize the notion of stability, semi-stability and poly-
stability to Higgs bundles(V , 8) with c1(V ) equal to any integer. DefineHss

c to be
the moduli space ofGc-equivalence classes of poly-stable Higgs bundle(V , 8) with
c1(V ) = c.

Let (Ld, DL) be a holomorphic line bundle of degreed with a connectionDL. The
line bundleLd defines an isomorphism between the space of holomorphic bundles of
a fixed first Chern classc with the space of holomorphic bundles with first Chern class
c + 2d:

Vc
Ld⊗7−→ Vc+2d .

Moreover ifV has a connectionD, then the projective bundles(P (V ), D) and(P (Ld ⊗
V ), DL ⊗ D) are isomorphic. Define

U = Ld ⊗ V,

wherec1(V ) is either 0 or 1. Then

U ⊗ U∗ = (Ld ⊗ V ) ⊗ (Ld ⊗ V )∗ = V ⊗ V ∗,

and
End0 U ⊗ K = End0 V ⊗ K.

HenceLd defines an isomorphism

(V , 8)
Ld7−→ (Ld ⊗ V, 8)

which isGc-equivariant, hence, defines an isomorphism fromHss
c to Hss

c+2d .
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Corollary 4.2. The componentsHss
c and J2(X)\Hss

c are homeomorphic toMss
c′ /

PSL(2, C) andPMss
c′ / PSL(2, C), respectively ifc ≡ c′ mod 2.

Fix the Hermitian metric̃h = π∗(h) on X̃.

Definition 4.3. Construct the above moduli spaces on the double coverX̃ and denote
these objects by ã. For example,̃h = π∗(h) is the pull-back Hermitian metric oñV
andH̃ss is the coarse moduli space of poly-stable Higgs bundles onX̃.

The involutionτ induces a pull-back actionτ ∗ on H̃ss .

Proposition 4.4. The involutionτ ∗ commutes with̃g.

Proof. Sinceτ preserves̃hand the complex structure oñX, all the the operations involved
in the identification map̃g commute withτ ∗.

One can see this locally by choosing an acyclic cover{Ũi , Ṽi} on X̃ symmetric with
respect toτ in the sense that 



τ(Ũi) = Ṽi

τ (Ṽi) = Ũi

Ũi ∩ Ṽi = ∅.

Such a cover is possible becauseτ does not fix any point and preserves the complex
structure onX̃. ut

4.2. The real case.Now we turn our attention to the subsets ofHs andHss that corre-
spond toNs/ PGL(2, R) andNss/ PGL(2, R).

We say a Higgs bundle(V , 8) satisfies thereality conditionor is areal Higgs bun-
dle [9] if

1. There is a holomorphic line bundleL such that

V = L ⊕ (L−1 ⊗ det(V )),

2. 8 = 81 ⊕ 82, where

81 : L −→ L−1 ⊗ det(V ) ⊗ K,

82 : L−1 ⊗ det(V ) −→ L ⊗ K,

i.e.8 is of the form:
(

0 b

c 0

)
,

whereb andc are holomorphic sections of the bundlesL2 ⊗ K ⊗ det(V )−1 and
L−2 ⊗ K ⊗ det(V ), respectively.
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For such a Higgs bundle(V , 8), the line bundleL inherits a Hermitian metrich1 from
h. LetD be the connection associated to(V , 8). The metrich1 defines a bundle isomor-
phism between̄L andL−1. This induces an anti-holomorphic linear transformation

f : V −→ V ⊗ det(V )−1,

f (u1, u2) = (ū2, ū1).

In addition,D commutes withf . Thus,D is a flat connection on the projective subbundle
PE ⊂ P(V ) fixed byf . Moreover,(PE, D) is a flat PSL(2, R)-bundle and the Euler
class ofPE equals 2 deg(L) − deg(V ).

Let RHss
e be the subset ofHss of poly-stable real Higgs bundle with Euler classe

andRHs
e the subset ofRHss

e of stable real Higgs bundles.

Theorem 4.5 (Hitchin [9]). The moduli spaceRHss
e is homeomorphic toNss

e /

PSL(2, R), and
J2(X)\RHss

e
∼= PNss

e / PSL(2, R).

The subspacesRHs
e andJ2(X)\RHs

e are diffeomorphic toNs
e / PSL(2, R) andPNs

e /

PSL(2, R), respectively.

Corollary 4.6. Tensoring with a line bundleLd of degreed gives a one-to-one corre-
spondence between the real Higgs bundles inHss

c with Euler classe and the real Higgs
bundles inHss

c+2d with Euler classe.

5. Stability

This section is a study of stability criteria of real Higgs bundles.

Proposition 5.1. Suppose

V = L1 ⊕ L2, with d = deg(L1) = deg(L2).

Then the bundlesL1 andL2 are the only two holomorphic subbundles ofV of degreed
if and only ifL1 6= L2.

Proof. If L1 = L2, thents ⊕ (1− t)s generates a line subbundle ofV for all t ∈ [0, 1],
wheres is a meromorphic section ofL1 [8].

SupposeL1 6= L2. Let H ⊂ V be a holomorphic line bundle of degreed. ThenH

corresponds to a holomorphic sectionϕ of the bundle

H−1 ⊗ V = H−1 ⊗ L1 ⊕ H−1 ⊗ L2

such thatϕ has no zero. Thus
ϕ = ϕ1 ⊕ ϕ2,

whereϕ1 is a section ofH−1 ⊗ L1 andϕ2 of H−1 ⊗ L2. Sinceϕ has no poles, neither
doϕ1 andϕ2. However

deg(H−1 ⊗ L1) = deg(H−1 ⊗ L2) = 0,

soϕ1 is either identically zero or has no zero. The same is true withϕ2.
If ϕ1 ≡ 0, thenϕ2 has no zero andH = L2.
If ϕ2 ≡ 0, thenϕ1 has no zero andH = L1.
If neitherϕ1, ϕ2 has any zero, thenH = L1 andH = L2. This is the case ofL1 = L2.
ut



Moduli of Flat PGL(2, R) Connections on Riemann Surfaces 543

Proposition 5.2. Suppose(V , 8) is a Higgs bundle onX andṼ = π∗(V ). In addition,
suppose

Ṽ = L̃1 ⊕ L̃2

with 


deg(L̃1) = deg(L̃2) = d

τ ∗(L̃1) = L̃2

τ ∗(L̃2) = L̃1

L̃1 6= L̃2.

Then(V , 8) is stable.

Proof. SupposeH ⊂ V . ThenH̃ = π∗(H) ⊂ Ṽ . Hence, by Proposition 5.1,̃H = L̃1

or H̃ = L̃2 or deg(H̃ ) < d. On the other hand, sinceτ ∗(H̃ ) = H̃ , it must be the case
that deg(H̃ ) < d. This impliesV is a stable holomorphic bundle. Hence(V , 8) is stable
for any8. ut

6. The Flat PGL(2, R) Structures

Suppose(V , 8) is a Higgs bundle onX. Then(V , 8) pulls back to

(Ṽ , 8̃) = π∗(V , 8).

Proposition 4.4 indicates that one needs to determine the set of stable Higgs bundles of
the form(V , 8) onX such thatπ∗(V , 8) ∈ RH̃ss

0 and det(V ) is det(V0).
The pull-backṼ0 = π∗(V0) is a holomorphic bundle oñX and det(Ṽ0) is a line

bundle onX̃. Suppose deg(V0) = 1. Then deg(Ṽ0) = 2. By Proposition 3.2, there exists
a line bundleL̃1 and a 2-torsion line bundlẽT such that

L̃2
1 = det(Ṽ0), τ ∗(L̃1) = L̃1 ⊗ T̃ .

Definition 6.1.

Q0 = {(L̃, b̃) : L̃ ∈ P, L̃2 6= 1, b̃ ∈ H0(X̃, L̃2K̃)},
Q1 = {(L̃ ⊗ L̃1, b̃) : L̃ ∈ P, b̃ ∈ H0(X̃, L̃2 ⊗ T̃ ⊗ K̃)},
Q = Q0 ∪ Q1.

The groupJ2(X̃) ∩ P acts onQ:

(J2(X̃) ∩ P) × Q −→ Q,

(L̃′, (L̃, b̃)) −→ (L̃′ ⊗ L̃, b̃).

The quotients are denoted byPQ0, PQ1, PQ, respectively.

Proposition 6.2. The spacesPW ′
0/ PGL(2, R) and PW ′

1/ PGL(2, R) are diffeomor-
phic toPQ0 andPQ1, respectively.
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Proof. Case 1:w2 = 0. Letσ ∈ W ′
0/ PGL(2, R). Thenσ corresponds to an element in

Hs
0. Let

σ̃ = π∗(σ ).

By Proposition 2.4 and Theorem 4.5,σ̃ is an SL(2, R) representation and corresponds
to an element inRH̃ss

0 , hence, to a poly-stable Higgs bundle(Ṽ , 8̃) such that:

π∗(V ) = Ṽ = L̃ ⊕ L̃−1,

π∗(8) = 8̃ = 8̃1 ⊕ 8̃2 =
(

0 b̃

c̃ 0

)

with
deg(L̃) = 0.

Sinceτ preserves the degree of any divisor,τ ∗ preserves the degree ofL̃. Suppose
L̃2 6= 1. By Proposition 5.1, either




τ ∗(L̃) = L̃

τ ∗(L̃−1) = L̃−1
or




τ ∗(L̃) = L̃−1

τ ∗(L̃−1) = L̃.

This implies, after normalizing, the following dichotomy:

1. 


τ ∗(L̃) = L̃, τ ∗(L̃−1) = L̃−1,

τ ∗(8̃1) = 8̃1, τ ∗(8̃2) = 8̃2,

τ ∗(b̃) = b̃, τ ∗(c̃) = c̃;
2. 



τ ∗(L̃) = L̃−1, τ ∗(L̃−1) = L̃,

τ ∗(8̃1) = 8̃2, τ ∗(8̃2) = 8̃1,

τ ∗(b̃) = c̃, τ ∗(c̃) = b̃.

Let Ẽ ⊂ Ṽ be the flat SL(2, R)-bundle fixed by the anti-holomorphic map̃f . Let D̃
be the connection associated with(Ṽ , 8̃).

With the solutions to Eq. 1,τ ∗ preserves orientations oñE; therefore, the pair(Ẽ, D̃)

descends to a flat SL(2, R)-bundle(E, D) (w1(E) = 0) ofX. Noteb̃ ∈ H0(X̃, L̃2 ⊗K)

and c̃ ∈ H0(X̃, L̃−2 ⊗ K) with L̃ ∈ S. Alternatively,(Ṽ , 8̃) is a lift of a pair(V , 8)

that satisfies the reality condition. Note

π∗(V , 8) = π∗(V ⊗ Tη, 8).

Hence the descent from(Ṽ , 8̃) is not unique. However these two Higgs bundles differ
by a 2-torsion; hence, the projectivized bundles are the same.

With the solutions to Eq. 2,τ ∗ reverses orientations oñE. Hence the pair(Ẽ, D̃)

descends to a flat SLi (2, R)-bundle(E, D) on X. The two equations oñL, L̃−1 are
precisely the condition for̃L to be inP.
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The groupP has four connected components. LetLη ∈ J (X) such thatL2
η = Tη.

Let L̃η = π∗(Lη). Then

L̃2
η = π∗(Lη)

2 = π∗(L2
η) = π∗(Tη) = 1.

In other words,L̃η is a 2-torsion inS, hence, it is also inP.
SupposeV is a rank-2 holomorphic bundle onX with det(V ) = 1 such thatṼ =

π∗(V ) = L̃ ⊕ L̃−1, whereL̃ ∈ P. ThenL̃ ⊗ L̃η ∈ P and

π∗(V ⊗ Lη) = Ṽ ⊗ L̃η = (L̃ ⊗ L̃η) ⊕ (L̃ ⊗ L̃η)
−1.

However,
det(V ⊗ Lη) = Tη 6= 1.

Therefore ifL̃ ∈ P and
Ṽ = π∗(V ) = L̃ ⊕ L̃−1,

then either det(V ) = 1 or det(V ) = Tη. Since det(V ) cannot jump on connected
components ofP, it must be the case that only two components ofP induce vector
bundlesV on X with det(V ) = 1. Denote these two componentsP ′

0. The components
P\P ′

0 will induce bundlesV with determinantTη. Hence only the Higgs bundles induced
by P ′

0 correspond to SLi (2, R) representations.

Remark 6.3.The points inQ0 correspond to points in the space of SL±i (2, R) repre-
sentation classes.

Let

Q′
0 = {(L̃, b̃) : L̃ ∈ P ′

0, L̃
2 6= 1, b̃ ∈ H0(X̃, L̃2K̃)}.

By Corollary 2.11, this construction describes a 2-to-1 map

5 : W ′
0/ PGL(2, R) −→ Q′

0.

Note the 2-torsions inP ′
0 are excluded because they correspond to the reducible repre-

sentation classes[σ ] with σ(a2
0) = ±I , hence, are not inW ′

0 by definition.
To show5 is onto, let(L̃, b̃) ∈ Q′

0 and

Ṽ = L̃ ⊕ L̃−1,

8̃ =
(

0 b̃

τ ∗(b̃) 0

)
.

The involutionτ ∗ on Ṽ preserves the subspaceẼ ⊂ Ṽ but reverses orientations oñE.
Let < τ ∗ > be the order two group generated byτ ∗ and define the quotients

V = Ṽ / < τ ∗ >,

8 = 8̃/ < τ ∗ >,

E = Ẽ/ < τ ∗ > .

SinceL̃ 6= L̃−1, by Proposition 5.2,(V , 8) is a stable Higgs bundle overX. Moreover
(Ṽ , 8̃) andẼ are pull-backs of(V , 8) andE by π∗, respectively. LetD̃ be the con-
nection associated with(Ṽ , 8̃). Then(Ẽ, D̃) is a flat SL(2, R)-bundle andτ ∗ reverses
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orientations onẼ. Hence(E, D) is a flat SLi (2, R)-bundle onX. Hence the map5
is onto. Note the fibre of5 at the point(Ṽ , 8̃) consists of the two points(V , 8) and
(V ⊗ Tη, 8).

Case 2:w2 = 1. The proof is similar to the proof ofCase 1. A representation class
σ ∈ W ′

1/ PGL(2, R) corresponds to an element inHs
1. Hence

σ̃ = π∗(σ )

is an SL(2, R) representation. By Proposition 4.5 and Corollary 4.6,σ̃ corresponds to a
poly-stable Higgs bundle(Ṽ , 8̃) such that:

π∗(V ) = Ṽ = L̃1 ⊗ Ṽ1 = L̃1 ⊗ L̃ ⊕ L̃1 ⊗ L̃−1,

π∗(8) = 8̃ = 8̃1 ⊕ 8̃2 =
(

0 b̃

c̃ 0

)
,

with deg(L̃) = 0. Suppose
L̃1 ⊗ L̃ 6= L̃1 ⊗ L̃−1.

By Proposition 5.1, either



τ ∗(L̃1 ⊗ L̃) = L̃1 ⊗ L̃

τ ∗(L̃1 ⊗ L̃−1) = L̃1 ⊗ L̃−1
or




τ ∗(L̃1 ⊗ L̃) = L̃1 ⊗ L̃−1

τ ∗(L̃1 ⊗ L̃−1) = L̃1 ⊗ L̃.

This implies, after normalizing, the following dichotomy:

1. 


τ ∗(L̃1 ⊗ L̃) = L̃1 ⊗ L̃, τ ∗(L̃1 ⊗ L̃−1) = L̃1 ⊗ L̃−1,

τ ∗(8̃1) = 8̃1, τ ∗(8̃2) = 8̃2,

τ ∗(b̃) = b̃, τ ∗(c̃) = c̃;
2. 



τ ∗(L̃1 ⊗ L̃) = L̃1 ⊗ L̃−1, τ ∗(L̃1 ⊗ L̃−1) = L̃1 ⊗ L̃,

τ ∗(8̃1) = 8̃2, τ ∗(8̃2) = 8̃1,

τ ∗(b̃) = c̃, τ ∗(c̃) = b̃.

Equation 1 has no solution. SincẽV = π∗(V ), the equality

τ ∗(L̃1 ⊗ L̃) = L̃1 ⊗ L̃

would imply the existence ofL′ ∈ V with

L̃1 ⊗ L̃ = π∗(L′).

Since deg(L̃1 ⊗ L̃) = 1, the degree ofL′ would have been12. This is not possible.

With the solutions to Eq. 2,τ ∗ reverses orientations on the SL(2, R)-bundleẼ ⊂ Ṽ .
Let D̃ be the connection associated with(Ṽ , 8̃). Then the pair(Ẽ, D̃) descends to an
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SLi (2, R)-bundle(E, D) onX. The bundle further descends to a flat projective bundle
(P (E), D) onX.

SinceT̃ is a 2-torsion inP,

τ ∗(T̃ ) = T̃ −1 = T̃ .

HenceT̃ ∈ S. SinceS is an abelian variety, there existsL̃2 ∈ S such that

T̃ = L̃2
2.

This implies 


τ ∗(L̃2) = L̃2 = T̃ ⊗ L̃−1
2

τ ∗(L̃−1
2 ) = L̃−1

2 = T̃ ⊗ L̃2.

Hence for each̃L ∈ P,


τ ∗((L̃ ⊗ L̃2) ⊗ L̃1) = (L̃ ⊗ L̃2)
−1 ⊗ L̃1

τ ∗((L̃ ⊗ L̃2)
−1 ⊗ L̃1) = (L̃ ⊗ L̃2) ⊗ L̃1.

Hence the solutions to Eq. 2 give points inQ1. Note, by Proposition 3.2,̃T 6∈ P0. Thus
there does not exist̃L ∈ P such thatL̃2 ⊗ T̃ = 1. This implies that there does not exist
L̃ ∈ P such that

L̃ ⊗ L̃2 ⊗ L̃1 = (L̃ ⊗ L̃2)
−1 ⊗ L̃1.

This gives a 2-to-1 map
5 : W ′

1/ PGL(2, R) −→ Q1.

Similar to Case 1, there are only two components ofP that induce vector bundlesV
such that

π∗(V ) = Ṽ = L̃1 ⊗ (L̃2 ⊗ L̃) ⊕ L̃1 ⊗ (L̃2 ⊗ L̃)−1,

with det(V ) = det(V0). Denote these two componentsP ′
1 and define

Q′
1 = {(L̃ ⊗ L̃1, b̃) : L̃ ∈ P ′

1, b̃ ∈ H0(X̃, L̃2 ⊗ T̃ ⊗ K̃)}.
Let (L̃, b̃) ∈ Q′

1 and

Ṽ = L̃1 ⊗ (L̃2 ⊗ L̃) ⊕ L̃1 ⊗ (L̃2 ⊗ L̃)−1,

8̃ =
(

0 b̃

τ ∗(b̃) 0

)
.

The involutionτ ∗ on Ṽ preserves the subspaceẼ ⊂ Ṽ but reverses orientations oñE.
Let < τ ∗ > be the order two group generated byτ ∗ and define quotient sets

V = Ṽ / < τ ∗ >,

8 = 8̃/ < τ ∗ >,

E = Ẽ/ < τ ∗ > .

By Proposition 5.2,(V , 8) is a stable Higgs bundle overX. Moreover,(Ṽ , 8̃) andẼ are
pull-backs of(V , 8) andE byπ∗, respectively. Since(Ẽ, D̃) is an SL(2, R)-bundle and
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τ ∗ reverses orientations oñE, (E, D) is an SLi (2, R)-bundle onX. The bundle(E, D)

descends to a flat projective bundle(P (E), D) (PGL(2, R)-bundle) onX. Hence5 is
onto. Finally, by Corollary 2.11,

PQ = (J2(X̃) ∩ P)\Q = (J2(X) ∩ W)\W ′/ PGL(2, R) = PW ′/ PGL(2, R). ut
Let Q′ = Q′

0 ∪ Q′
1. Proposition 6.2 actually provides an explicit identification of

W ′/ PGL(2, R) with Q′. This is stronger than needed to obtain Theorem 1.1. Since

P(Ṽ ⊗ L̃′) = P(Ṽ )

for any line bundleL̃′, an alternative approach is to look at the equation

τ ∗(Ṽ , 8̃) = (Ṽ ⊗ L̃′, 8̃).

For the componentPW ′/ PGL(2, R), this leads to the system of equations:


τ ∗(L̃) = L̃−1 ⊗ L̃′, τ ∗(L̃−1) = L̃ ⊗ L̃′

τ ∗(8̃1) = 8̃2, τ ∗(8̃2) = 8̃1,

τ ∗(b̃) = c̃, τ ∗(c̃) = b̃.

The solutions to this system of equations correspond to the GL(2, C) connections that
project down to flat PGL(2, R) connections.

The quotientPP is homeomorphic to a compact complex torus with complex dimen-
siong−1. If w2 = 0, then above each[L̃] ∈ PP \{[1]} is the vector space H0(X̃, L̃2K̃).
By the Riemann-Roch formula,

h0(L̃2K̃) − h0(L̃−2) = 1 − (2g − 1) + deg(L̃2K̃).

This implies

h0(L̃2K̃) = 1 − (2g − 1) + [2(2g − 1) − 2] = 2g − 2.

Hence the total dimension is

h0(L̃2K̃) + dim(PP) = 3g − 3.

Note if L̃ is a 2-torsion, thenh0(L̃2K̃) = 2g − 1.
Supposew2 = 1. Again there is nõL ∈ P such thatL̃2 ⊗ T̃ = 1. This implies that

above any[L̃] ∈ PP, the vector space H0(X̃, L̃2 ⊗ T̃ ⊗ K̃) is of dimension

h0(L̃2 ⊗ T̃ ⊗ K̃) = 1 − (2g − 1) + [2(2g − 1) − 2] = 2g − 2.

Again, the total dimension is

h0(L̃2 ⊗ T̃ ⊗ K̃) + dim(PP) = 3g − 3.

Finally, by Corollary 2.8,PW ′ is open and dense inPW . ThereforePW ′/ PGL(2, R)

is open and dense inPW/ PGL(2, R). This proves Theorem 1.1.

Acknowledgement.Most of this research was carried out at the University of Maryland at College Park. I
thank Professor William Goldman, for his encouragement and for insightful discussions over the course of
this research. I thank Professors Kevin Corlette, Ron Donagi, Jonathan Poritz, Richard Schwartz and Scott
Wolpert for insightful discussions. I also thank Goldman and Poritz for proof-reading previous versions. I
thank the referee for detailed and helpful suggestions for improvement. Finally, I thank IHES for hospitality
and for providing an excellent research environment during the final revision of this paper.



Moduli of Flat PGL(2, R) Connections on Riemann Surfaces 549

References

1. Arbarello, E., Cornalba, M., Griffiths, P., Harris, J.:Geometry of Algebraic Curves Vol. I. Berlin–
Heidelberg–New York: Springer-Verlag, 1984

2. Atiyah, M., Bott, R.: TheYang–Mills Equations Over Riemann Surfaces. Philos. Trans. Roy. Soc. London,
Ser. A308, 523–615 (1982)

3. Corlette, K.: Flat G-bundles With Canonical Metrics. J. Diff. Geom.28, 361–382 (1988)
4. Donaldson, S.: Twisted Harmonic Maps and the Self-Duality Equations. Proc. London Math. Soc.55,

127–131 (1987)
5. Donaldson, S., Kronheimer, S.:The Geometry of Four-Manifolds. Oxford Mathematical Monographs,

1990
6. Goldman, W.: Topological Components of Spaces of Representations. Invent. Math.93, 557-607 (1988)
7. Griffiths, P., Harris, J.:Principles of Algebraic Geometry. New York: Wiley Interscience, 1978
8. Gunning, R.:Lectures on Vector Bundles Over Riemann Surfaces. Princeton, NJ: Princeton University

Press, 1967
9. Hitchin, N.: The Self-Duality Equations on a Riemann Surface. Proc. London Math. Soc.55, 59–126

(1987)
10. Milnor, J.: On the Existence of a Connection with Curvature Zero. Comment. Math. Helv.32, 215–223

(1958)
11. Mumford, D.:Prym Varieties I. Contributions to Analysis, London–New York: Academic Press, 1974,

pp.325–350
12. Nitsure, N.: Moduli Space of Semistable Pairs on a Curve. Proc. London Math. Soc.62, 275–300 (1991)
13. Simpson, C.: Constructing Variations of Hodge Structures UsingYang–Mills Theory and Applications to

Uniformization. J. of the AMS1, 867–918 (1988)
14. Simpson, C.: Hodge Bundles and Local Systems. Publ. Math. I.H.E.S.75, 6–95 (1992)
15. Simpson, C.: Moduli of Representations of the Fundamental Group of a Smooth Projective Variety. I.

Publ. Math. I.H.E.S.79, 47–129 (1994)
16. Simpson, C.: Moduli of Representations of the Fundamental Group of a Smooth Projective Variety. II.

Publ. Math. I.H.E.S.80, 5–79 (1994)
17. Steenrod, N.:The Topology of Fiber Bundles. Princeton, NJ: Princeton University Press, 1951
18. Wood, J.: Bundles with Totally Disconnected Structure Group. Comment. Math. Helv.51, 183–199 (1971)
19. Xia, E.: Components of Hom(π1, PGL(2, R)). Topology36No. 2, 481–499 (1997)

Communicated by R. H. Dijkgraaf


