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Abstract. For acompact Riemann surfa&eof genusy > 1, Hom(m (X),
PU(p, q))/PU(p, q) is the moduli space of flat Y, ¢)-connections orX .
There are two invariants, the Chern classd the Toledo invariantassoci-

ated with each element in the moduli. The Toledo invariant is bounded in the
range—2min(p,q)(g—1) < 7 < 2min(p, q)(g—1). This paper shows that
the component, associated with a fixed 2(max(p,q) —1)(g — 1) (resp.

T < —2(maz(p,q) — 1)(g — 1)) and a fixed Chern class is connected
(The restriction o impliesp = q).

Mathematics Subject Classification (1991%D20, 14H60

1. Introduction and results

Let X be a smooth projective curve ov@with genugy > 1. LetPGL(n, C)
and PUp, q) be GL(n, C) and Up, ¢) modulo their respective centers. The
deformation space

CNp = Hom™ (11 (X), PGL(n,C))/PGL(n,C)

is the space of equivalence classes of semi-simple(REL)-representa-
tions of the fundamental group (X). This is the PGIn, C)-Betti moduli
space on¥X.

Since PUp, ¢) € PGL(n,C), CNp contains the space

NB(p, q) = Hom" (71 (X), PU(p, q))/PU(p, q).-

* E. Markman was partially supported by NSF grant number DMS-9802532
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The spaceVi(p, ¢) will be referred to as the P, ¢)-Betti moduli space.
One may assume > ¢ > 0 without loss of generality.

The Betti moduli spaces are of great interest in geometric topology
and uniformization. Goldman analyzéds (1, 1) and determined the num-
ber of its connected components [7]. A theorem of Corlette, Donaldson,
Hitchin and Simpson gives a homeomorphisnCg¥; to two other mod-
uli spaces—the PGz, C)-de Rham and the PGk, C)-Dolbeault moduli
spaces, respectively [4,5,10,14]. The Dolbeault moduli spaces are moduli
of semi-stable Higgs bundles. Hitchin subsequently considafedl, 1)
from the Higgs bundle perspective and determined its topology [10]. The
cases when the structure groups beir(g,l0) and PU2,1) are treated in
[21,22]. Gothen obtained partial results for the structure group@ .3y
and Sp4, R) [8]. Other related results have been obtained in [19, 20].

Each elementiVg(p, ¢) is associated with a Chern clasand a Toledo
invariantr which is bounded as [6,17,18]

—2q(g—1) <7 <29(g—1).
The main result presented here is the following:

Theorem 1.1. The locus inNg(p, ¢), associated with a fixed > 2(p —
1)(g — 1) (resp.7 < —2(p — 1)(¢ — 1)) and a fixed Chern class, is
connected.

Remark 1.2.The hypothesis > 2(p—1)(g — 1) and the fact thal < 7 <
2q(g — 1) imply p = q.

Section 2 reviews the homeomorphism between thdnGC)-Betti
space and the moduli space of Higgs bundles. Section 3 recalls the char-
acterization of Up, ¢)-Higgs bundles and their Toledo invariant. Section 4
concerns th&*-action on the moduli space of(, p)-Higgs bundles and
introduces the locus of Binary hodge-bundles, a distinguished component of
the C*-invariant locus. The main result of Sect. 4 (Proposition 4.6) implies
that any point in the components (with> 2(p — 1)(g — 1)) of the moduli
can be deformed to a binary hodge bundle. In Sect.5, we prove that the
locus of binary hodge bundles is irreducible (Proposition 5.1). Theorem 1.1
follows from Propositions 4.6 and 5.1.

After the completion of this paper, S. Bradlow, O. Garcia-Prada and P.
Gothen announced that all moduli spaces of fla{R\y)-structures with
fixed Chern class and Toledo invariant, are connected [3].
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version. Eugene Z. Xia thanks the National Center for Theoretical Sciences, Taiwan for
hospitality.
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2. TheGL(n, C)-Higgs bundles

Let I" be the central extension
1 —7Z—T—mX)—1

asin [1,10]. Eachh € Hom(I", GL(n,C)) acts onC" via the standard rep-
resentation of Gln, C). The representatiomis called reducible (resp. irre-
ducible), if its action orC™ is reducible (resp. irreducible). A representation
p is called semi-simple if it is a direct sum of irreducible representations.

Definition 2.1.

CMp = {o € Hom(I,GL(n,C)) : o is semi-simplg/GL(n, C).
Mp(p,q) = {oc € Hom(I',U(p,q)) : o is semi-simple/U(p, q).

It is immediate that

(CNB :(CMB/Hom(Wl(X),(C*)
NB(p,q) = Mp(p, q)/Hom(m (X), U(1)).

Therefore counting the components\d§ (p, q) is the same as counting the
components oM g(p, q).

Let £ be a rankip + ¢) complex vector bundle ovek with 0 <
deg(F) < p + q. Denote byf? the canonical bundle oX. A holomorphic
structured on E induces holomorphic structures on the bundles(Ehdnd
End E) ® £2. A Higgs bundle is a paif£3, ¢), whered is a holomorphic
structure ont and® € H(X, EndEj) ® £2). Such ad is called a Higgs
field. We denote the holomorphic bundig by V.

Define the slope of a vector bundiéto be

s(V) = deg(V)/rank(V).

For a fixed®, a holomorphic sub-bundlé” C V' is said to beb-invariant if
S(W) c W & £2. AHiggs bundleg(V, @) is stable (semi-stable) I C V
being®-invariant implies

s(W) < (L)s(V).

A Higgs bundle is called poly-stable if it is a direct sum of stable Higgs
bundles of the same slope [10, 15].

The Dolbeault moduli spacEM is the coarse moduli space of semi-
stable rank + ¢) Higgs bundles onX [10-12,15]. The closed points of
CM parameterize th&-equivalent classes of semi-stable Higgs bundles.
Moreover everyS-equivalence class has a poly-stable representative.
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3. TheU(p, p)-Higgs bundles

Definition 3.1. Let M be the subset @M consisting of equivalent classes
of Higgs bundles, whose poly-stable representatiep) satisfies the fol-
lowing two conditions:

(1) V is a direct sum:
V=Vp®Vpy,
whereVp, Vg are of ranksp andg, respectively.
(2) The Higgs field decomposes into two maps:

&1 :Vp — Vo ® 12,
By: Vg — Vp@ Q.
Hence eacliV, @) = (Vp & Vi, ®) € M is associated with two invariants,
dp = deg(Vp) anddg = deg(Vp). The Toledo invariant is defined to be
2deg(Vp ®V3) _ qup — pdg
P+q p+q

and the Chern class i + dg. The subset ofM, consisting of classes with
fixeddp anddyg, is denoted by\M 4, 4,)-

T = ,

Remark 3.2.Whenp = ¢, the labeling of the summand$ and Vg may
seem ambiguous. However, we will introduce assumption (1) below, which
implies thatdp > dg. Thus, wherp = ¢, Vp is distinguished as the sum-
mand of larger degree.

Theorem 3.3.

(1) The moduli spaceSM p andCM are homeomorphic.

(2) The reducible representations @M z correspond to the poly(semi)-
stable, but not stable, points.

(3) The subspac#1  is homeomorphic tav.

(4) The space\ 4, 4, is homeomorphic tdf(_4, ).

Proof. The proof of (1) and (2) can be found in [4] (the main idea is present
in [5,10] and the most general version of this celebrated result is in [14]).
For (2) and (3), see [14, 21]. See also the last few sections of [15] for general
real forms. O

Part (3) characterizes isomorphism classes of semi-stdble/lJHiggs
bundles asthose, which are fixed under the involutia®®) — (V, —®) and
the involution ofl” conjugating? to —@ has eigenvalue 1 with multiplicity
g. In particular,M is a closed subset of the quasi-projective varigy,
and we may endowM with the reduced induced subscheme structure.

By Theorem 3.3 (4), we assume, for the rest of the paper that

0<7<2(g-1).
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Lemma 3.4. Suppose > 2(p — 1)(g — 1). Then(Vp @ Vg, (91, P2)) €
M(ap.dy) IMplies

Dy Vp — VQ ® £2
is generically surjective.

Lemma 3.4 was first obtained for integeby Gothen [8].

Proof. Notice that the assumpti@ip—1)(g—1) < 7 < 2¢(g—1) implies
p = ¢. Since(Vp @V, @) is semi-stable andis positive $; # 0. Suppose
@, is not generically surjective with a non-trivial kerng]. We want to
produce a destabilizing Higgs subbundle, namgls & W @ 21 &),
whereW is as in the following canonical factorization &f :

0— w2 v v —o
nl e
0+ W & Vo2&~ W, +—0
In the above diagram, the rows are exact, (&hk = rank(1/;) andy has

full rank at a generic point ok Letd; = deg(V;), r; = rank(V;). SinceV;
is @-invariant, semi-stability implies
d _dp+dg
o 2p
Sinceyp has full rank genericallyleg(WW;) > d2 = dp — d;. Hence,
deg(Vp & W1 ® 271) = dp + deg(W1) — 2ra(g — 1)

ri(dp + dg) —ory(g — 1).

> 2dp —
2 2

This implies

dp+d
2dp — UL 9y (g - 1)

s(VpoWi @2 —s(V) >

p+re
_dp—}—dQ
2p
This, together with the facts + ro = p andr = dp — dg, gives us
_ T—2r9(g—1)
Vpae W ® (2 h_swvy>—==4 =/
s(Vp@ W@ @) —s(V) > — 2~

Sincer; > 1, we havery < p. The assumptiom > 2(p — 1)(g — 1) then
implies thatVp & W; ® 2! destabilized/. 0

For the rest of the paper, we assume
T>2(p—1)(g-1). 1)
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4. TheU(p, p)-Hodge bundles

Definition 4.1 (See [15])A Hodge bundle oX is a Higgs bundl€ £, @)
of the following form:

ando = (qbk, ceey (;51) with:
¢ B — Bl @ 0.
The integerk is called the length of the Hodge bundle, ¢).

There is aC*-action onCM:

C* x CM — CM
(t,E, &) — (E,td).

The space of equivalence classes of semi-stable Hodge bundles is the set of
fixed points of this action (See Lemma 4.1 of [15]).

Remark 4.2.If (E,®) is a stable Higgs bundle, which is a fixed point of
the C*-action, then it admits aniquedecomposition of7, realizing it as a
Hodge bundle (Lemma 4.1 in [15]). Hence, the decompaosition is canonical
if (£, ) is poly-stable.

A stable Hodge bundlgF, #) admits a unique realization as d7Jq)-
Higgs bundle, for a unique pair of non-negative integers;). Let £ =
@®F_,E' be the unique decomposition 6F, #) and¢; : £ — E*~! the
corresponding decomposition of the Higgs field. E&t'd be the direct sum
of the summands with odd index. We defiB&"°" similarly. The stability
of (E,®) implies, that there exists at most one automorphjsof E, up
to a C*-factor, which conjugate® to —&. Such an automorphisryi is
given by multiplying £°4 by ¢ € C* and multiplying E°"*" by —a. Set
Vp = E°¥ andVy = £, Then(Vp @ Vo, ®) is a U(p, ¢)-Higgs bundle,
with p = rank(Vp) andg = rank(V(). Recall our convention, thatjf = ¢,
thenVp is the summand of larger degree (Remark 3.2). This follows from
assumption (1) by Lemma 3.4. Otherwiseg(E°") > deg(£°) and
Lemma 3.4 implies thab : E*V*" — E°dd @ (2 is injective. This would
contradict the fact thak? is in the kernel ofp.

In Sect. 4.1 we describe tl{&" -action on the tangent space of a Hodge
bundle. In Sect. 4.2 we introduce the locus of Binary Hodge bundles and
characterize it in terms of th&*-action.
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4.1. The infinitesimaC*-action

The infinitesimal deformations of a Higgs bundié, ¢) are calculated by
the first conomology of the compleX, below

EndE) % EndE)® 02
(in degree® and1). When(E, @) is a Hodge bundle, HK,) decomposes
into weight spaces of the natur@f-action. Next, we analyze this decom-
position. Let

p: C* — Aut(E') and
a : C"— Aut($2)

be the representations with weighitand 1 respectively. We denote hy
also its natural extension to tensor products of #ieand by« the action
on HomE", E7) ® {2 vial ® a. Set

p = L.

Thenu andp both have weighf—i on Hom(E?, E7). OnHom(E*, BT ®2),

u has weightj — i andp has weightj — i + 1. Observe that the Higgs field
@, of a Hodge bundle, has weightl with respect tq: and it isp-invariant.
Consequently, the differential of the complé is p-invariant and the
complex decomposes as a direct sum

k+1
K. = P K, )
w=—k
whereK Y is the complex
min{k,k—w} min{k,k—w+1}
B HomE, E*v) g G  HomE, ET o).
i=max{0,—w} t=max{0,1—w}

For example &, * is the complex supported in degree zero by the vector
bundle Hon{E*, EY). The complexi!—* is
Hom(E*~!, E%) @D Hom(E*, E') ™ Hom(E* E° © 2),  (3)
(a,b) = ¢rob—(a®1)ogy.

Lemma 4.3. The representatiop : C* — Aut(H!(K,)) is the infinitesi-
mal C*-action, on the tangent space at the fixed pgit®), arising from
the C*-action (F, ¢) — (F, ty) on the moduli of Higgs bundles.
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Proof. Denote byK, ; the complex corresponding to deformations of the
Higgs pair(E,t~1®). There ardwo natural isomorphisms of complexes

i+ HY(K.) — H'(K.,) and (4)
(Lt7Y) : HY(K,) — HY(K,,)
The firstis the evaluation of the representaticat¢. The second is the iden-
tity on the vector bundle in degréeand multiplication byt —! on the vector
bundle in degred. The automorphismu; of E sendsd to t~'&. Hence,
(E,®)and(E,t~ ') are equivalent Hodge bundles. In other words, Hodge
bundles areC*-invariant. The isomorphism (4) is the natural identification
of the two cohomological calculations of the same tangent space. The auto-
morphismp; of K, is the composition
o = (LtTH o
The lemma follows. O
Denote byK{ve" the sum of the even weight sub-complexedGt

Lemma 4.4. Assume thatE, @) is stable. Then the infinitesim&l(p, q)-
deformations of a Hodge bundi&, ®) are parameterized bi! (K¢ven).

Proof. This is the infinitesimal counterpart of the characterization of the
U (p, ¢) moduli space as the fixed point set of the involution

(E,®) — (E,—9).

4.2. Binary Hodge bundles

The C*-action onCM preservesM 4, 4, [15,21]. LetCH c CM and
H(dp,do) C M(dp.a,) b the corresponding sets of Hodge bundles.

Definition 4.5. Suppos¢E, ) = (Vp & Vq, (P1,P2)) € M(ap,4,)- ThEN
(Vp & Vi, (®1,P2)) is a binary Hodge bundle ib, = 0. That is a binary
hodge bundle is &(p, ¢)-Hodge bundle of length. Denote by3 ) the
set of binary Hodge bundles.

dp,do

Bip.a,) 1s @ closed subset oM 4, 4,,)- It may be endowed with the
reduced induced subscheme structure. The closednég 0f ) follows
from Lemma 4.8 below. Lemma 4.8 characteri#gs, 4,y as the union of
all connected components of the fixed locudf; ., 4,,), which are minimal
with respect to a partial ordering by the weight invariant (5). We show later
thatB4,, 4,,) is irreducible (Proposition 5.1).

The rest of this section is dedicated to proving the following proposition.
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Proposition 4.6. Under the assumption (14, 4., intersects every con-
nected component 8¥ 4,, 4,,)-

The proposition follows from Lemmas 4.7 and 4.8. We will follow the
general outline of Simpson’s proof of the connectedness of the moduli space
CM (see[16]). Simpsonintroduced an algebraic version of a standard Morse
theoretic technique. The spaCe\1, as well as its subvarietyt ;4 4,,), are
quasi-projective varieties. They fit into the following set-up. kete a
quasi-projective variety upon whidh* acts algebraically. Assume thats
a very ample line-bundle o¥i with a linearization of the action. Then there
is a finite dimensional invariant subspdce- H°(Y, L), giving rise to aC*-
equivariant embedding — PV *. Denote by = &V, the decomposition
into weight subspaces, so that C* acts byt® onV,,. Let Z be the closure
of Y in PV*. Denote byZs the intersectiorZ NPV;. The fixed locus o
is the union of the locZ. In particular, a connected componéfit of the
fixed locus ofZ, comes with an invariant; a weight

p(Z") (5)

suchthat?’ is contained irvag(Z,). Assumey € Y is notafixed point. Then
the closure of th&€*-orbit of y in Z has two fixed pointgg := lim; o ty
andy., := lim;_, ty. Moreover, the invariants qfy andy,, satisfy the
strict inequality3(yo) < B(y0). Thus, connected components of the fixed
locus are partially ordered. Moreover,jfis not a fixed point, taking the
limit lim;_, ty amounts tdlowing down to a lower connected component
of the fixed locus of .

Assume, furthermore, thédim; .o tx exists inY for all z € Y. Then
the process of flowing down can be used to study the connectedn¥ss of
More precisely, we have the following lemma, which is a trivial variation
on Lemma 11.8 in [16]:

Lemma 4.7 (Lemma11.8in[16])Supposé’ is a quasi-projective variety,
upon whichC* acts algebraically andim;_,( tz exists inY forall x € Y as
above. Supposg C Y is a subset of the fixed point set@f, and suppose
that for any fixed point: ¢ U, there existy + x such thatim;_, ., ty = x.
ThenU intersects every connected componerit of

Proof. Supposé&’ is a connected component Bfnot intersectind’. Let
[ be the smallest integer such thég is non-empty. Choose € Yﬁ’. By
hypothesis, there exists+ x in Y, such thatim;_, ., ty = . On the other
hand,z’ := lim;_,o ty is also inY”, say inY,.. Sincey is not a fixed point,
a < (. This contradicts the minimality of. a

It is known thatlim;_,o(F, t®) always exists inCM and is a Hodge
bundle [15]. The same holds fa¥t 4, 4,,) SinceM 4, 4,,) is closed iINCM
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and isC*-invariant. Proposition 4.6 follows from Lemma 4.7, with =
Map.do) @NdU = By, 4,), and Lemma 4.8. The latter is the analogue of
Lemma 11.9 of [16].

Lemma 4.8. SupposéE, @) € Hq, 4,) is poly-stable with lengtl > 1.
Then there exist§F', ¥) € Mq,, 4, satisfying

lim (F, %) = (B,®) and
(F,0) % (B, ).

Proof. Assume first that £, @) is stable. Then it is a smooth point of
Mip.agy)- Lemma 4.9 below implies that negative weights occur in the
weight decomposition of the tangent spaceM,, 4,,) at (E,®). Take a
C*-orbit R in Mg, 4,,), With (E,®) in its closure, such that the tangent
line to R at (E, @) has negative weight. Then any po(i#, ¥) in R would
satisfy the conditions of the Lemma.

Next, we reduce the proof to the stable case. Suppbs®) = (Vp &
Vo, ®) is a poly-stable representative, of length> 1, of an equivalence
classint (4, 4,). Then(E, @) is of the form(Vi @ V), &) & (Vp @V, ),
where(Vy @ V,, #') is a stable Hodge bundle of length> 1. Lemma 3.4
implies that®, is generically an isomorphism. Hence, the same holds for
¢ and®]. Lemma 4.9 below implies the existence of a gdi¥, ¥’), not
equivalent to(Vp @ Vp), #'), such thatim; oo (F', t¥') = (Vp © V), ¥').
Take(F,¥) := (F',¥") & (Vi @ V5, 9"). Then

. 1 / / " " g\
lim (F,t9) = lim (F',00') @ (V£ © V5, 9") = (B, 9).

Moreover, the graded objects(( £, ®)) andgr((F, ¥)) are notisomorphic.
Hence,(E, ®) and(F,¥) are not equivalent. 0

Let (E, @) be a stable hodge bundle corresponding taa, t)-bundle
(Vp @ Vi, ). Since(E, ?) is fixed by theC*-action, the tangent space
T(e.a)Map.dy) is @ representation of*. Denote by[T(E7¢)M(dP7dQ)}‘
the sum of negative weight spaces of this representation. Lemma 4.9 below
is used in the proof of Lemma 4.8.

Lemma 4.9. Let (E, @) be a stable hodge bundle corresponding td (@,
p)-bundle(Vp & Vg, ®). Assume tha®, : Vp — Vg ® 2 is an injective
homomorphism. Assume further that the lerigthits Hodge decomposition
is > 2. Then[T(g,¢)M(4p,4,))~ does not vanish.

Proof. Note that we exclude the binary Hodge bundles which correspond
to the case of = 1. There are two cases, hamely wheis even and when
k is odd.
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Case 1:k > 2is odd

It suffices to prove that l—{K.)l—’C does not vanish. Our assumptions imply
that ¢o;y1 : E**1 — E? is generically an isomorphism. In particular,
roi+1 = ro;, Wherer; is the rank of E*. Stability of the Hodge bundle
(E, @) implies:
s(E°®EY) < s(BE) < s(E*'aEN.

Lemma 4.10. At least one of the two cases holds:

s(EY) < s(E*Y) or (6)

s(EY) < s(E"). (7)
Proof. Assume otherwise. Thes( E°) > s(E*~1) ands(E') > s(EF).
Using the fact thaty = r; andr_; = ri, we get:
s(EY) + s(EY) < s(EF1) + s(EF)

2 - 2

This contradicts the stability dfF, ®). 0

s(E°® E') = =s(E* 1o EF).

We will use Lemma 4.10 to prove that H<, ) ! * does not vanish. The— k&
weight space is equal to the first cohomology K} ~*) of the complex (3).
H!(K1~*) vanishes foi < 0 andi > 2. We get the inequality

dimHY(K)YF > (K1),

Consequently, it suffices to prove that the Euler charactengtic! —*) is
negative

x(Hom(E*~1, E%)) + x(Hom(E*, E')) — x(Hom(E*, E° ® 2)) < 0.

(8)

Consider first the casg E') < s(E*). The Euler characteristig(Hom

(EF, EY))isriri[s(EY) — s(E*F) +1 — g]. It follows thaty (Hom(E*, E'))
is negative. Composition with,

Hom(EF1, E%) %%  Hom(E*, E° ® )

is generically an isomorphism by our assumptionfgnConsequently, the
difference of their Euler characteristics is negative
x(Hom(E*~*, E%)) — x(Hom(E*, E° © 2)) =
rork[s(Hom(E*~1, E%)) — s(Hom(E*, E° © 2))] < 0.

Equation (8) follows.
The case(E°) < s(EF~1) is similar. Use composition with, instead.
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Case 2k is even

Then the compleX(;* is simply the vector bundle Hofi*, E°) supported
in degree). Stability implies

s(E%) < s(BE) < s(E).
If follows that
dim H' (K,) ™% > —x (K, *) = —x(Hom(E*, EY)) > 0.

This completes the proof of Lemma 4.9. a

5. Connectedness of the locus &f(p, p)-binary Hodge bundles

In this section, we show thd,,, 4,) is irreducible for fixeddp anddg,
thus, proving Theorem 1.1.

Proposition 5.1. If 7 > 2(p — 1)(g — 1), thenBq,, 4,,) is irreducible.

Recall that the assumption of Lemma 3.4 implies ¢ (See Remark 1.2).
Key to the proof of Proposition 5.1 is the alternative descriptiof@f, 4,
provided by Lemma 3.4. Suppo§Ep & Vi, ®) is a binary Hodge bundle.
Then we obtain the length(2g — 2) + dg — dp quotient sheafVy, f :
Vo — Vo/(®@1(Vp) ® 271)). Conversely, for each length(2g — 2) +
dg — dp quotient sheafE, f : E — F'), we obtain a binary Hodge bundle
(ker(f) ® 2 @ E, ®q), where

D1 ker(f) @2 — E® 2

is the natural inclusion. In this way, Lemma 3.4 provides the following al-
ternative description of the moduli spag;,, 4, of binary Hodge bundles:
By 4,) Parameterizes a family of equivalence classes of péity : E —

F') ofarankp vector bundle? of degreelg and alengttp(2g—2)+dg—dp
quotient sheaf : £ — F on X. The irreducibility ofB(dP’dQ) is an easy
consequence of this description.

Proof. (of Proposition 5.1) We construct an auxiliary irreducible vari@ty
and a Zariski open subsél3® C (2. The subset)s® maps surjectively
onto By, 4,)- The schemé); is a relative Quot scheme over a subget
of a Quot schemé); of vector bundles. We recall the construction /of
following Seshadri [13].

The spacé34,, 4, Is a subset of the moduli space of Higgs pairs. The
family of Higgs bundles parameterized yM is bounded [15]. Hence,
there exists an ample line bundleon X with the following propertyEvery
Hodge bundle in the family of Hodge bundles parameterizeB Ry 4,



The moduli of flat PUg, p)-structures with large Toledo invariants 107

admits a representativel’p @ Vg, @) with vanishing first cohomology
HY(X, Vo ® L) = 0. Let H(m) := x(Vo ® L™) be the Hilbert poly-
nomial of rankp vector bundles of degreég. Seta = H(1) and let

Q1 = QUOtgg,lL—l/X/cc be the Grothendieck scheme parameterizing the

quotient sheaves af?_, L~! with Hilbert polynomial H# [9]. The scheme
@1 contains an irreducible and smooth quasi-projective vatttefined
by

R={W € Q, : Wis locally free and H(TV) = 0}

([13] Chapter Ill Proposition 23). By our choice &f every Higgs pair in
Bap.d,) is represented by a paivg @ Vp, ®), such that/, is realized in
R as a quotient ofs¢_, L~ 1.
Let
F— XXxR

be the universal quotient bundle @f_, L~'. Then there exists a relative

Quot scheme
—dp+dg+2p(g9—1

Q2 = Quot gy Y™
parameterizing quotient sheaves Bfsupported as length-dp + dg +
2p(g — 1) subschemes of a fiber of x R — R [9]. By construction
and Lemma 3.4¢), parameterizes a family of Higgs bundles that contains
representatives of all classesiy,, 4,)-

The morphisn), — R factors through a surjective morphism

h:Qy — Rx X(-dptde+2p(g—1))

whereX (™) stands for then-symmetric product o . A quotient sheaf”

is sent toz 4, - x, wherel, is the length of the stalk of" at the pointz.

rzeX
Each fiber ofh is isomorphic to the product of infinitesimal Quot schemes

Q(¢, (’)fx)) of length/ quotients of the stalk at of the trivial rankp vector

bundle. Consider the Zariski open subsche@é ““ of Q5 parameterizing
pairs of quotient sheavés?_, L~ — W, W — F), whereF is supported
on a subschem® C X as a freeD p-module of rankl. The restriction of
h to QJ7°° is a smooth morphism. The sche®é"*“ is irreducible because

R, the symmetric product ok, and each fiber of are irreducible;"

is dense inQ,, because each fiber afin Q" is dense in the fiber iR,
(Lemma 5.2).

Finally, the semi-stable condition is open. Hence, the subscligjhe
of (2, parameterizing the semi-stable Higgs bundles, is open and, conse-
quently, irreducible. Proposition 5.1 follows from the fact thEt admits
a surjective morphism ontS4,, 4,,)- 0
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Lemma 5.2. The Quot schem@(¢, Ofw)), of length? quotients of the stalk
at x of the trivial rankp vector bundle, is irreducible.

Proof. The Lemma must be well known. We could not find a reference,
so we include a short proof. Let be the maximal ideal of and A the
ring (’)(x)/mg. Any quotient sheaf irQ(, Ofx)) is also a quotient of the
free A-module of rankp. It is a direct sum of at mogt cyclic A-modules
(Nakayama’'s Lemma and the classification of modules over the discrete
valuation ringQ,,). Thus, the isomorphism class of a quotient sheaf is
determined by a partition dfas a sum op non-negative integers.

LetG := GL(p, A) be the group of automorphisms of the fréenodule

of rankp. The groupG acts onQ (¢, O, ). LetQ(¢, Of’x))(f) be the orbit of

quotient sheaves that are frdemodules of rank. It suffices to prove that
the orbitQ (¥, Oﬁr))(ﬁ) is dense iQ(¢, 07, ).

The proofis by induction op. If p = 1, thenQ (¥, O(lx)) Q(¢, (’)(1@)(4)
is a point. Let(¢1, {o,...,¢,), {; > 0, be a partition of. We show that the
orbitQ(¢, O, )12 isin the closure of) (¢, O, ))(Z). If some of the/;
are zero, the proof reduces to the case of a smallkkssume that none of the
¢; vanishes. Let be a local parameter and consider the linear combination
n(t) := ¥ +tp, t € C, of the twop x p matrices

. 10--- 00
0 ... 0
=] 0z20-- 0 and o= | U
: : : 10
0 --- 0 o1 0 0---01 Oé
00 ---00%

Whent = 0,7(0) is equal ta) and its cokernel is a quotient sheaf in the orbit
Q, Of(”x))“lv@?v--vfp). If + + 0, then row reduction leads to the expression

of the columry)(t), as a linear combination of the firgt- 1 columns (mod

2:

pr p1 — k— 1
T](t)p = Tﬂ(t)l — Z [( t1> (@erZ £; )] T](t)k

k=2

_1\P!
t+ <t) 'zz-ep,

where{ey, ..., e} is the standard basis ()Tp . Consequently, if + 0 and
tP # (—1)P, the cokernel ofy(t) is in Q(¢, Op ). O

+
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