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Abstract. For a compact Riemann surfaceX of genusg > 1, Hom(π1(X),
PU(p, q))/PU(p, q) is the moduli space of flat PU(p, q)-connections onX.
There are two invariants, the Chern classc and the Toledo invariantτ associ-
ated with each element in themoduli. The Toledo invariant is bounded in the
range−2min(p, q)(g−1) ≤ τ ≤ 2min(p, q)(g−1). This paper shows that
the component, associated with a fixedτ > 2(max(p, q)− 1)(g− 1) (resp.
τ < −2(max(p, q) − 1)(g − 1)) and a fixed Chern classc, is connected
(The restriction onτ impliesp = q).

Mathematics Subject Classification (1991):14D20, 14H60

1. Introduction and results

LetX be a smooth projective curve overCwith genusg > 1. Let PGL(n,C)
and PU(p, q) be GL(n,C) and U(p, q)modulo their respective centers. The
deformation space

CNB = Hom+(π1(X),PGL(n,C))/PGL(n,C)

is the space of equivalence classes of semi-simple PGL(n,C)-representa-
tions of the fundamental groupπ1(X). This is the PGL(n,C)-Betti moduli
space onX.

Since PU(p, q) ⊂ PGL(n,C), CNB contains the space

NB(p, q) = Hom+(π1(X),PU(p, q))/PU(p, q).
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The spaceNB(p, q) will be referred to as the PU(p, q)-Betti moduli space.
One may assumep ≥ q > 0 without loss of generality.

The Betti moduli spaces are of great interest in geometric topology
and uniformization. Goldman analyzedNB(1, 1) and determined the num-
ber of its connected components [7]. A theorem of Corlette, Donaldson,
Hitchin and Simpson gives a homeomorphism ofCNB to two other mod-
uli spaces—the PGL(n,C)-de Rham and the PGL(n,C)-Dolbeault moduli
spaces, respectively [4,5,10,14]. The Dolbeault moduli spaces are moduli
of semi-stable Higgs bundles. Hitchin subsequently consideredNB(1, 1)
from the Higgs bundle perspective and determined its topology [10]. The
cases when the structure groups being U(p, 1) and PU(2, 1) are treated in
[21,22]. Gothen obtained partial results for the structure groups SU(2, 2)
and Sp(4,R) [8]. Other related results have been obtained in [19,20].

Each element inNB(p, q) is associatedwith a Chern classc and a Toledo
invariantτ which is bounded as [6,17,18]

−2q(g − 1) ≤ τ ≤ 2q(g − 1).

The main result presented here is the following:

Theorem 1.1. The locus inNB(p, q), associated with a fixedτ > 2(p −
1)(g − 1) (resp.τ < −2(p − 1)(g − 1)) and a fixed Chern classc, is
connected.

Remark 1.2.The hypothesisτ > 2(p−1)(g−1) and the fact that0 ≤ τ ≤
2q(g − 1) imply p = q.

Section 2 reviews the homeomorphism between the GL(n,C)-Betti
space and the moduli space of Higgs bundles. Section 3 recalls the char-
acterization of U(p, q)-Higgs bundles and their Toledo invariant. Section 4
concerns theC∗-action on the moduli space of U(p, p)-Higgs bundles and
introduces the locus of Binary hodge-bundles, a distinguished component of
theC

∗-invariant locus. The main result of Sect. 4 (Proposition 4.6) implies
that any point in the components (withτ > 2(p− 1)(g − 1)) of the moduli
can be deformed to a binary hodge bundle. In Sect. 5, we prove that the
locus of binary hodge bundles is irreducible (Proposition 5.1). Theorem 1.1
follows from Propositions 4.6 and 5.1.

After the completion of this paper, S. Bradlow, O. Garcia-Prada and P.
Gothen announced that all moduli spaces of flat PU(p, q)-structures with
fixed Chern class and Toledo invariant, are connected [3].
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version. Eugene Z. Xia thanks the National Center for Theoretical Sciences, Taiwan for
hospitality.
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2. TheGL(n, C)-Higgs bundles

Let Γ be the central extension

1 −→ Z −→ Γ −→ π1(X) −→ 1

as in [1,10]. Eachρ ∈ Hom(Γ,GL(n,C)) acts onCn via the standard rep-
resentation of GL(n,C). The representationρ is called reducible (resp. irre-
ducible), if its action onCn is reducible (resp. irreducible). A representation
ρ is called semi-simple if it is a direct sum of irreducible representations.

Definition 2.1.

CMB = {σ ∈ Hom(Γ,GL(n,C)) : σ is semi-simple}/GL(n,C).
MB(p, q) = {σ ∈ Hom(Γ,U(p, q)) : σ is semi-simple}/U(p, q).

It is immediate that

CNB = CMB/Hom(π1(X),C∗)
NB(p, q) =MB(p, q)/Hom(π1(X),U(1)).

Therefore counting the components ofNB(p, q) is the same as counting the
components ofMB(p, q).

Let E be a rank-(p + q) complex vector bundle overX with 0 ≤
deg(E) < p+ q. Denote byΩ the canonical bundle onX. A holomorphic
structure∂ onE induces holomorphic structures on the bundles End(E) and
End(E) ⊗ Ω. A Higgs bundle is a pair(E∂ , Φ), where∂ is a holomorphic
structure onE andΦ ∈ H0(X,End(E∂) ⊗ Ω). Such aΦ is called a Higgs
field. We denote the holomorphic bundleE∂ by V .

Define the slope of a vector bundleV to be

s(V ) = deg(V )/rank(V ).

For a fixedΦ, a holomorphic sub-bundleW ⊂ V is said to beΦ-invariant if
Φ(W ) ⊂W ⊗Ω. A Higgs bundle(V, Φ) is stable (semi-stable) ifW ⊂ V
beingΦ-invariant implies

s(W ) < (≤)s(V ).

A Higgs bundle is called poly-stable if it is a direct sum of stable Higgs
bundles of the same slope [10,15].

The Dolbeault moduli spaceCM is the coarse moduli space of semi-
stable rank-(p + q) Higgs bundles onX [10–12,15]. The closed points of
CM parameterize theS-equivalent classes of semi-stable Higgs bundles.
Moreover everyS-equivalence class has a poly-stable representative.
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3. TheU(p, p)-Higgs bundles

Definition 3.1. LetM be the subset ofCM consisting of equivalent classes
of Higgs bundles, whose poly-stable representative(V, Φ) satisfies the fol-
lowing two conditions:

(1) V is a direct sum:
V = VP ⊕ VQ,

whereVP , VQ are of ranksp andq, respectively.
(2) The Higgs field decomposes into two maps:

Φ1 : VP −→ VQ ⊗Ω,

Φ2 : VQ −→ VP ⊗Ω.

Hence each(V, Φ) = (VP ⊕VQ, Φ) ∈M is associated with two invariants,
dP = deg(VP ) anddQ = deg(VQ). The Toledo invariant is defined to be

τ = 2
deg(VP ⊗ V ∗

Q)
p+ q

= 2
qdP − pdQ
p+ q

,

and the Chern class isdP +dQ. The subset ofM, consisting of classes with
fixeddP anddQ, is denoted byM(dP ,dQ).

Remark 3.2.Whenp = q, the labeling of the summandsVP andVQ may
seem ambiguous. However, we will introduce assumption (1) below, which
implies thatdP > dQ. Thus, whenp = q, VP is distinguished as the sum-
mand of larger degree.

Theorem 3.3.

(1) The moduli spacesCMB andCM are homeomorphic.
(2) The reducible representations inCMB correspond to the poly(semi)-

stable, but not stable, points.
(3) The subspaceMB is homeomorphic toM.
(4) The spaceM(dP ,dQ) is homeomorphic toM(−dP ,−dQ).

Proof. The proof of (1) and (2) can be found in [4] (the main idea is present
in [5,10] and the most general version of this celebrated result is in [14]).
For (2) and (3), see [14,21]. See also the last few sections of [15] for general
real forms. 
�

Part (3) characterizes isomorphism classes of semi-stable U(p, q)-Higgs
bundlesas those,whichare fixedunder the involution(V, Φ) �→ (V,−Φ)and
the involution ofV conjugatingΦ to−Φ has eigenvalue−1withmultiplicity
q. In particular,M is a closed subset of the quasi-projective varietyCM,
and we may endowM with the reduced induced subscheme structure.

By Theorem 3.3 (4), we assume, for the rest of the paper that

0 ≤ τ ≤ 2q(g − 1).
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Lemma 3.4. Supposeτ > 2(p − 1)(g − 1). Then(VP ⊕ VQ, (Φ1, Φ2)) ∈
M(dP ,dQ) implies

Φ1 : VP −→ VQ ⊗Ω

is generically surjective.

Lemma 3.4 was first obtained for integerτ by Gothen [8].

Proof. Notice that the assumption2(p−1)(g−1) < τ ≤ 2q(g−1) implies
p = q. Since(VP ⊕VQ, Φ) is semi-stable andτ is positive,Φ1 �≡ 0. Suppose
Φ1 is not generically surjective with a non-trivial kernelV1. We want to
produce a destabilizing Higgs subbundle, namely,(VP ⊕W1 ⊗ Ω−1, Φ),
whereW1 is as in the following canonical factorization ofΦ1:

0 −→ V1
f1−→ VP

f2−→ V2 −→ 0
Φ1

� ϕ
�

0←−W2
g2←− VQ ⊗Ω

g1←−W1 ←− 0

.

In the above diagram, the rows are exact, rank(V2) = rank(W1) andϕ has
full rank at a generic point ofX. Letdi = deg(Vi), ri = rank(Vi). SinceV1
isΦ-invariant, semi-stability implies

d1

r1
≤ dP + dQ

2p
.

Sinceϕ has full rank generically,deg(W1) ≥ d2 = dP − d1. Hence,

deg(VP ⊕W1 ⊗Ω−1) = dP + deg(W1)− 2r2(g − 1)

≥ 2dP − r1(dP + dQ)
2p

− 2r2(g − 1).

This implies

s(VP ⊕W1 ⊗Ω−1)− s(V ) ≥
2dP − r1(dP +dQ)

2p − 2r2(g − 1)

p+ r2

−dP + dQ
2p

.

This, together with the factsr1 + r2 = p andτ = dP − dQ, gives us

s(VP ⊕W1 ⊗Ω−1)− s(V ) ≥ τ − 2r2(g − 1)
p+ r2

.

Sincer1 ≥ 1, we haver2 < p. The assumptionτ > 2(p − 1)(g − 1) then
implies thatVP ⊕W1 ⊗Ω−1 destabilizesV . 
�
For the rest of the paper, we assume

τ > 2(p− 1)(g − 1). (1)
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4. TheU(p, p)-Hodge bundles

Definition 4.1 (See [15]).A Hodge bundle onX is a Higgs bundle(E,Φ)
of the following form:

E =
k⊕
i=0

Ei

andΦ = (φk, ..., φ1) with:

φi : Ei −→ Ei−1 ⊗Ω.

The integerk is called the length of the Hodge bundle(E,Φ).

There is aC∗-action onCM:

C
∗ × CM−→ CM
(t, E, Φ) �→ (E, tΦ).

The space of equivalence classes of semi-stable Hodge bundles is the set of
fixed points of this action (See Lemma 4.1 of [15]).

Remark 4.2.If (E,Φ) is a stable Higgs bundle, which is a fixed point of
theC

∗-action, then it admits auniquedecomposition ofE, realizing it as a
Hodge bundle (Lemma 4.1 in [15]). Hence, the decomposition is canonical
if (E,Φ) is poly-stable.

A stable Hodge bundle(E,Φ) admits a unique realization as a U(p, q)-
Higgs bundle, for a unique pair of non-negative integers(p, q). Let E =
⊕ki=0E

i be the unique decomposition of(E,Φ) andφi : Ei → Ei−1 the
corresponding decomposition of the Higgs field. LetEodd be the direct sum
of the summands with odd index. We defineEeven similarly. The stability
of (E,Φ) implies, that there exists at most one automorphismf of E, up
to a C

∗-factor, which conjugatesΦ to −Φ. Such an automorphismf is
given by multiplyingEodd by a ∈ C

∗ and multiplyingEeven by −a. Set
VP = Eodd andVQ = Eeven. Then(VP ⊕VQ, Φ) is a U(p, q)-Higgs bundle,
with p = rank(VP ) andq = rank(VQ). Recall our convention, that ifp = q,
thenVP is the summand of larger degree (Remark 3.2). This follows from
assumption (1) by Lemma 3.4. Otherwise,deg(Eeven) > deg(Eodd) and
Lemma 3.4 implies thatΦ : Eeven → Eodd ⊗ Ω is injective. This would
contradict the fact thatE0 is in the kernel ofΦ.

In Sect. 4.1 we describe theC∗-action on the tangent space of a Hodge
bundle. In Sect. 4.2 we introduce the locus of Binary Hodge bundles and
characterize it in terms of theC∗-action.
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4.1. The infinitesimalC∗-action

The infinitesimal deformations of a Higgs bundle(E,Φ) are calculated by
the first cohomology of the complexK• below

End(E) adΦ−→ End(E)⊗Ω

(in degrees0 and1). When(E,Φ) is a Hodge bundle, H1(K•) decomposes
into weight spaces of the naturalC

∗-action. Next, we analyze this decom-
position. Let

µ : C
∗ → Aut(Ei) and

α : C
∗ → Aut(Ω)

be the representations with weightsi and1 respectively. We denote byµ
also its natural extension to tensor products of theEi and byα the action
on Hom(Ei, Ej)⊗Ω via 1⊗ α. Set

ρ := µ · α.
Thenµandρboth haveweightj−ionHom(Ei, Ej). OnHom(Ei, Ej⊗Ω),
µ has weightj − i andρ has weightj − i+ 1. Observe that the Higgs field
Φ, of a Hodge bundle, has weight−1 with respect toµ and it isρ-invariant.
Consequently, the differential of the complexK• is ρ-invariant and the
complex decomposes as a direct sum

K• =
k+1⊕
w=−k

Kw
• , (2)

whereKw• is the complex

min{k,k−w}⊕
i=max{0,−w}

Hom(Ei, Ei+w) adΦ−→
min{k,k−w+1}⊕
i=max{0,1−w}

Hom(Ei, Ei+w−1⊗Ω).

For example,K−k• is the complex supported in degree zero by the vector
bundle Hom(Ek, E0). The complexK1−k• is

Hom(Ek−1, E0)
⊕

Hom(Ek, E1) adΦ−→ Hom(Ek, E0 ⊗Ω), (3)

(a, b) �→ φ1 ◦ b− (a⊗ 1) ◦ φk.
Lemma 4.3. The representationρ : C

∗ → Aut(H1(K•)) is the infinitesi-
malC∗-action, on the tangent space at the fixed point(E,Φ), arising from
theC

∗-action(F,ϕ) �→ (F, tϕ) on the moduli of Higgs bundles.
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Proof. Denote byK•,t the complex corresponding to deformations of the
Higgs pair(E, t−1Φ). There aretwonatural isomorphisms of complexes

µt : H1(K•)
∼=−→ H1(K•,t) and (4)

(1, t−1) : H1(K•)
∼=−→ H1(K•,t)

The first is the evaluation of the representationµ att. The second is the iden-
tity on the vector bundle in degree0 and multiplication byt−1 on the vector
bundle in degree1. The automorphismµt of E sendsΦ to t−1Φ. Hence,
(E,Φ) and(E, t−1Φ) are equivalent Hodge bundles. In other words, Hodge
bundles areC∗-invariant. The isomorphism (4) is the natural identification
of the two cohomological calculations of the same tangent space. The auto-
morphismρt ofK• is the composition

ρt = (1, t−1)−1 ◦ µt.
The lemma follows. 
�

Denote byKeven• the sum of the even weight sub-complexes ofK•.

Lemma 4.4. Assume that(E,Φ) is stable. Then the infinitesimalU(p, q)-
deformations of a Hodge bundle(E,Φ) are parameterized byH1(Keven• ).

Proof. This is the infinitesimal counterpart of the characterization of the
U(p, q) moduli space as the fixed point set of the involution

(E,Φ) �→ (E,−Φ).


�

4.2. Binary Hodge bundles

TheC
∗-action onCM preservesM(dP ,dQ) [15,21]. LetCH ⊂ CM and

H(dP ,dQ) ⊂M(dP ,dQ) be the corresponding sets of Hodge bundles.

Definition 4.5. Suppose(E,Φ) = (VP ⊕VQ, (Φ1, Φ2)) ∈M(dP ,dQ). Then
(VP ⊕ VQ, (Φ1, Φ2)) is a binary Hodge bundle ifΦ2 ≡ 0. That is a binary
hodge bundle is aU(p, q)-Hodge bundle of length1. Denote byB(dP ,dQ) the
set of binary Hodge bundles.

B(dP ,dQ) is a closed subset ofM(dP ,dQ). It may be endowed with the
reduced induced subscheme structure. The closedness ofB(dP ,dQ) follows
from Lemma 4.8 below. Lemma 4.8 characterizesB(dP ,dQ) as the union of
all connected components of the fixed locusofM(dP ,dQ), which areminimal
with respect to a partial ordering by the weight invariant (5). We show later
thatB(dP ,dQ) is irreducible (Proposition 5.1).

The rest of this section is dedicated to proving the following proposition.
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Proposition 4.6. Under the assumption (1),B(dP ,dQ) intersects every con-
nected component ofM(dP ,dQ).

The proposition follows from Lemmas 4.7 and 4.8. We will follow the
general outline of Simpson’s proof of the connectedness of themoduli space
CM (see [16]).Simpson introducedanalgebraic versionofastandardMorse
theoretic technique. The spaceCM, as well as its subvarietyM(dP ,dQ), are
quasi-projective varieties. They fit into the following set-up. LetY be a
quasi-projective variety upon whichC∗ acts algebraically. Assume thatL is
a very ample line-bundle onY with a linearization of the action. Then there
is a finite dimensional invariant subspaceV ⊂ H0(Y, L), giving rise to aC∗-
equivariant embeddingY ↪→ PV ∗. Denote byV = ⊕Vα the decomposition
into weight subspaces, so thatt ∈ C

∗ acts bytα onVα. LetZ be the closure
of Y in PV ∗. Denote byZβ the intersectionZ ∩ PV ∗

β . The fixed locus ofZ
is the union of the lociZβ. In particular, a connected componentZ ′, of the
fixed locus ofZ, comes with an invariant; a weight

β(Z ′) (5)

such thatZ ′ is contained inPV ∗
β(Z′). Assumey ∈ Y is not a fixedpoint. Then

the closure of theC∗-orbit of y in Z has two fixed pointsy0 := limt→0 ty
andy∞ := limt→∞ ty. Moreover, the invariants ofy0 andy∞ satisfy the
strict inequalityβ(y0) < β(y∞). Thus, connected components of the fixed
locus are partially ordered. Moreover, ify is not a fixed point, taking the
limit limt→0 ty amounts toflowing down to a lower connected component
of the fixed locus ofZ.

Assume, furthermore, thatlimt→0 tx exists inY for all x ∈ Y . Then
the process of flowing down can be used to study the connectedness ofY .
More precisely, we have the following lemma, which is a trivial variation
on Lemma 11.8 in [16]:

Lemma 4.7 (Lemma11.8 in [16]).SupposeY is a quasi-projective variety,
uponwhichC∗ acts algebraically andlimt→0 tx exists inY for all x ∈ Y as
above. SupposeU ⊂ Y is a subset of the fixed point set ofC

∗, and suppose
that for any fixed pointx �∈ U , there existsy /= x such thatlimt→∞ ty = x.
ThenU intersects every connected component ofY .

Proof. SupposeY ′ is a connected component ofY not intersectingU . Let
β be the smallest integer such thatY ′

β is non-empty. Choosex ∈ Y ′
β . By

hypothesis, there existsy /= x in Y ′, such thatlimt→∞ ty = x. On the other
hand,z′ := limt→0 ty is also inY ′, say inY ′

α. Sincey is not a fixed point,
α < β. This contradicts the minimality ofβ. 
�

It is known thatlimt→0(E, tΦ) always exists inCM and is a Hodge
bundle [15]. The same holds forM(dP ,dQ) sinceM(dP ,dQ) is closed inCM



104 E. Markman, E.Z. Xia

and isC
∗-invariant. Proposition 4.6 follows from Lemma 4.7, withY =

M(dP ,dQ) andU = B(dP ,dQ), and Lemma 4.8. The latter is the analogue of
Lemma 11.9 of [16].

Lemma 4.8. Suppose(E,Φ) ∈ H(dP ,dQ) is poly-stable with lengthk > 1.
Then there exists(F, Ψ) ∈M(dP ,dQ) satisfying

lim
t→∞(F, tΨ) ∼= (E,Φ) and

(F, Ψ) �∼= (E,Φ).

Proof. Assume first that(E,Φ) is stable. Then it is a smooth point of
M(dP ,dQ). Lemma 4.9 below implies that negative weights occur in the
weight decomposition of the tangent space toM(dP ,dQ) at (E,Φ). Take a
C

∗-orbit R inM(dP ,dQ), with (E,Φ) in its closure, such that the tangent
line toR at (E,Φ) has negative weight. Then any point(F, Ψ) in R would
satisfy the conditions of the Lemma.

Next, we reduce the proof to the stable case. Suppose(E,Φ) = (VP ⊕
VQ, Φ) is a poly-stable representative, of lengthk > 1, of an equivalence
class inH(dP ,dQ). Then(E,Φ) is of the form(V ′

P⊕V ′
Q, Φ

′)⊕(V ′′
P ⊕V ′′

Q, Φ
′′),

where(V ′
P ⊕ V ′

Q, Φ
′) is a stable Hodge bundle of lengthk > 1. Lemma 3.4

implies thatΦ1 is generically an isomorphism. Hence, the same holds for
Φ′

1 andΦ
′′
1. Lemma 4.9 below implies the existence of a pair(F ′, Ψ ′), not

equivalent to(V ′
P ⊕ V ′

Q, Φ
′), such thatlimt→∞(F ′, tΨ ′) = (V ′

P ⊕ V ′
Q, Φ

′).
Take(F, Ψ) := (F ′, Ψ ′)⊕ (V ′′

P ⊕ V ′′
Q, Φ

′′). Then

lim
t→∞(F, tΨ) = lim

t→∞(F ′, tΨ ′)⊕ (V ′′
P ⊕ V ′′

Q, Φ
′′) = (E,Φ).

Moreover, the gradedobjectsgr((E,Φ))andgr((F, Ψ))are not isomorphic.
Hence,(E,Φ) and(F, Ψ) are not equivalent. 
�

Let (E,Φ) be a stable hodge bundle corresponding to a U(p, q)-bundle
(VP ⊕ VQ, Φ). Since(E,Φ) is fixed by theC∗-action, the tangent space
T(E,Φ)M(dP ,dQ) is a representation ofC

∗. Denote by[T(E,Φ)M(dP ,dQ)]−
the sum of negative weight spaces of this representation. Lemma 4.9 below
is used in the proof of Lemma 4.8.

Lemma 4.9. Let (E,Φ) be a stable hodge bundle corresponding to aU(p,
p)-bundle(VP ⊕ VQ, Φ). Assume thatΦ1 : VP → VQ ⊗ Ω is an injective
homomorphism.Assume further that the lengthk of itsHodgedecomposition
is≥ 2. Then[T(E,Φ)M(dP ,dQ)]− does not vanish.

Proof. Note that we exclude the binary Hodge bundles which correspond
to the case ofk = 1. There are two cases, namely whenk is even and when
k is odd.
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Case 1:k > 2 is odd

It suffices to prove that H1(K•)1−k does not vanish. Our assumptions imply
that φ2i+1 : E2i+1 → E2i is generically an isomorphism. In particular,
r2i+1 = r2i, whereri is the rank ofEi. Stability of the Hodge bundle
(E,Φ) implies:

s(E0 ⊕ E1) < s(E) < s(Ek−1 ⊕ Ek).

Lemma 4.10. At least one of the two cases holds:

s(E0) < s(Ek−1) or (6)

s(E1) < s(Ek). (7)

Proof. Assume otherwise. Thens(E0) ≥ s(Ek−1) ands(E1) ≥ s(Ek).
Using the fact thatr0 = r1 andrk−1 = rk, we get:

s(E0 ⊕ E1) =
s(E0) + s(E1)

2
≥ s(Ek−1) + s(Ek)

2
= s(Ek−1 ⊕ Ek).

This contradicts the stability of(E,Φ). 
�
Wewill use Lemma4.10 to prove that H1(K•)1−k does not vanish. The1−k
weight space is equal to the first cohomology H1(K1−k• ) of the complex (3).
Hi(K1−k• ) vanishes fori < 0 andi > 2. We get the inequality

dimH1(K•)1−k ≥ −χ(K1−k
• ).

Consequently, it suffices to prove that the Euler characteristicχ(K1−k• ) is
negative

χ(Hom(Ek−1, E0)) +χ(Hom(Ek, E1))−χ(Hom(Ek, E0⊗Ω)) < 0.
(8)

Consider first the cases(E1) < s(Ek). The Euler characteristicχ(Hom
(Ek, E1)) is r1rk[s(E1)−s(Ek)+1−g]. It follows thatχ(Hom(Ek, E1))
is negative. Composition withφk

Hom(Ek−1, E0)
φk−→ Hom(Ek, E0 ⊗Ω)

is generically an isomorphism by our assumption onΦ1. Consequently, the
difference of their Euler characteristics is negative

χ(Hom(Ek−1, E0))− χ(Hom(Ek, E0 ⊗Ω)) =
r0rk[s(Hom(Ek−1, E0))− s(Hom(Ek, E0 ⊗Ω))] < 0.

Equation (8) follows.
The cases(E0) < s(Ek−1) is similar. Use composition withφ1 instead.
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Case 2:k is even

Then the complexK−k• is simply the vector bundleHom(Ek, E0) supported
in degree0. Stability implies

s(E0) < s(E) < s(Ek).

If follows that

dimH1(K•)−k ≥ −χ(K−k
• ) = −χ(Hom(Ek, E0)) > 0.

This completes the proof of Lemma 4.9. 
�

5. Connectedness of the locus ofU(p, p)-binary Hodge bundles

In this section, we show thatB(dP ,dQ) is irreducible for fixeddP anddQ,
thus, proving Theorem 1.1.

Proposition 5.1. If τ > 2(p− 1)(g − 1), thenB(dP ,dQ) is irreducible.

Recall that the assumption of Lemma 3.4 impliesp = q (See Remark 1.2).
Key to the proof of Proposition 5.1 is the alternative description ofB(dP ,dQ)
provided by Lemma 3.4. Suppose(VP ⊕ VQ, Φ) is a binary Hodge bundle.
Then we obtain the lengthp(2g − 2) + dQ − dP quotient sheaf(VQ, f :
VQ → VQ/(Φ1(VP ) ⊗ Ω−1)). Conversely, for each lengthp(2g − 2) +
dQ − dP quotient sheaf(E, f : E → F ), we obtain a binary Hodge bundle
(ker(f)⊗Ω ⊕ E,Φ1), where

Φ1 : ker(f)⊗Ω −→ E ⊗Ω

is the natural inclusion. In this way, Lemma 3.4 provides the following al-
ternative description of themoduli spaceB(dP ,dQ) of binary Hodge bundles:
B(dP ,dQ) parameterizesa family of equivalence classesof pairs(E, f : E →
F )of a rankp vector bundleE of degreedQ anda lengthp(2g−2)+dQ−dP
quotient sheaff : E → F onX. The irreducibility ofB(dP ,dQ) is an easy
consequence of this description.

Proof. (of Proposition 5.1)We construct an auxiliary irreducible varietyQ2
and a Zariski open subsetQss

2 ⊂ Q2. The subsetQss
2 maps surjectively

ontoB(dP ,dQ). The schemeQ2 is a relative Quot scheme over a subsetR
of a Quot schemeQ1 of vector bundles. We recall the construction ofR
following Seshadri [13].

The spaceB(dP ,dQ) is a subset of the moduli space of Higgs pairs. The
family of Higgs bundles parameterized byCM is bounded [15]. Hence,
there exists an ample line bundleL onX with the following property:Every
Hodge bundle in the family of Hodge bundles parameterized byB(dP ,dQ)
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admits a representative(VP ⊕ VQ, Φ1) with vanishing first cohomology
H1(X,VQ ⊗ L) = 0. Let H(m) := χ(VQ ⊗ Lm) be the Hilbert poly-
nomial of rankp vector bundles of degreedQ. Set a = H(1) and let
Q1 := QuotH⊕a

i=1L
−1/X/C

be the Grothendieck scheme parameterizing the

quotient sheaves of⊕ai=1L
−1 with Hilbert polynomialH [9]. The scheme

Q1 contains an irreducible and smooth quasi-projective varietyR defined
by

R = {W ∈ Q1 : W is locally free and H1(W ) = 0}
([13] Chapter III Proposition 23). By our choice ofL, every Higgs pair in
B(dP ,dQ) is represented by a pair(VQ ⊕ VP , Φ), such thatVQ is realized in
R as a quotient of⊕ai=1L

−1.
Let

E −→ X ×R

be the universal quotient bundle of⊕ai=1L
−1. Then there exists a relative

Quot scheme

Q2 := Quot
−dP +dQ+2p(g−1)
E/X×R/R

parameterizing quotient sheaves ofE supported as length−dP + dQ +
2p(g − 1) subschemes of a fiber ofX × R → R [9]. By construction
and Lemma 3.4,Q2 parameterizes a family of Higgs bundles that contains
representatives of all classes inB(dP ,dQ).

The morphismQ2 → R factors through a surjective morphism

h : Q2 → R×X(−dP +dQ+2p(g−1)),

whereX(m) stands for them-symmetric product ofX. A quotient sheafF
is sent to

∑
x∈X

;x · x, where;x is the length of the stalk ofF at the pointx.

Each fiber ofh is isomorphic to the product of infinitesimal Quot schemes
Q(;,Op

(x)) of length; quotients of the stalk atx of the trivial rankp vector

bundle. Consider the Zariski open subschemeQfree
2 of Q2 parameterizing

pairs of quotient sheaves(⊕ai=1L
−1 →W,W → F ), whereF is supported

on a subschemeD ⊂ X as a freeOD-module of rank1. The restriction of
h toQfree

2 is a smooth morphism. The schemeQfree
2 is irreducible because

R, the symmetric product ofX, and each fiber ofh are irreducible.Qfree
2

is dense inQ2, because each fiber ofh in Q
free
2 is dense in the fiber inQ2

(Lemma 5.2).
Finally, the semi-stable condition is open. Hence, the subschemeQss

2
of Q2, parameterizing the semi-stable Higgs bundles, is open and, conse-
quently, irreducible. Proposition 5.1 follows from the fact thatQss

2 admits
a surjective morphism ontoB(dP ,dQ). 
�



108 E. Markman, E.Z. Xia

Lemma 5.2. The Quot schemeQ(;,Op
(x)), of length; quotients of the stalk

at x of the trivial rankp vector bundle, is irreducible.

Proof. The Lemma must be well known. We could not find a reference,
so we include a short proof. Letm be the maximal ideal ofx andA the
ring O(x)/m

#. Any quotient sheaf inQ(;,Op
(x)) is also a quotient of the

freeA-module of rankp. It is a direct sum of at mostp cyclic A-modules
(Nakayama’s Lemma and the classification of modules over the discrete
valuation ringO(x)). Thus, the isomorphism class of a quotient sheaf is
determined by a partition of; as a sum ofp non-negative integers.

LetG := GL(p,A)be the groupof automorphismsof the freeA-module
of rankp. The groupG acts onQ(;,Op

(x)). LetQ(;,Op
(x))

(#) be the orbit of
quotient sheaves that are freeA-modules of rank1. It suffices to prove that
the orbitQ(;,Op

(x))
(#) is dense inQ(;,Op

(x)).

The proof is by induction onp. If p = 1, thenQ(;,O1
(x)) = Q(;,O1

(x))
(#)

is a point. Let(;1, ;2, . . . , ;p), ;i ≥ 0, be a partition of;. We show that the
orbitQ(;,Op

(x))
(#1,#2,...,#p) is in the closure ofQ(;,Op

(x))
(#). If some of the;i

are zero, the proof reduces to the case of a smallerp. Assume that none of the
;i vanishes. Letz be a local parameter and consider the linear combination
η(t) := ψ + tϕ, t ∈ C, of the twop× p matrices

ψ =




0 · · · 0 z#p

z#1 0 · · · 0
0 z#2 0 · · · 0
...

...
0 · · · 0 z#p−1 0


 and ϕ =




1 0 · · · 0 0
0 1 0

0
...
...

...
... 1 0
0 · · · 0 1 0

0 0 · · · 0 0 z#



.

Whent = 0,η(0) is equal toψ and its cokernel is a quotient sheaf in the orbit
Q(;,Op

(x))
(#1,#2,...,#p). If t /= 0, then row reduction leads to the expression

of the columnη(t)p as a linear combination of the firstp− 1 columns (mod
z#):

η(t)p =
z#p

t
η(t)1 −

p−1∑
k=2

[(−1
t

)k

z(#p+
∑k−1

i=1 #i)

]
η(t)k

+

[
t+

(−1
t

)p−1
]
· z# · ep,

where{e1, . . . , ep} is the standard basis ofOp
(x). Consequently, ift /= 0 and

tp /= (−1)p, the cokernel ofη(t) is inQ(;,Op
(x))

(#). 
�
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