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1. Let A be an m x n matrix. Prove that

(a) The linear system Az = b is solvable if and only if b belongs to the column
space of A. (4%)
(b) The following statements are equivalent: (1050
(i) the solution of Az = b is unique:

(i1) Az =0 has no non-trivial solution;
(iii) rank A = n.

2. Let A be an n x n matrix. Prove that A is positive seini-definite if and only if
there exists an n x n matrix B such that A = B*B. (10%)

3. Let T be a linear operator on V', dim V = n < ~.

(a) Let W be a T invariant subspace of V (i.e. T(1V) C W).

If B' = {vi,va,...,uk} is a basis for W and B = {vi, o Uk Uk )
is a basis for V.
Find the relation of [T] g and [T!“,] 5 (5%)
(b) Show that the characteristic polynomial of T‘W divides the characteristic
polynomial of 7". (3%)
(¢) Forall z € V, let T, be the smallest T-invariant subspace containing r.
Show that {2,T(z),...,T*7'(z)} is a basis of W, for some integer k. (5%
(d) Let B' = {I,T(Jf), o )'I‘k"l(z)} (as (L)) Find [T|W,]B" (:)‘/( }
{e) Staic and prove the Caley -Haulton iheora. (3%9%)
4. Suppose [ and g are continuous functious on [a, b].
(a) Show that if g(r) 2 0 for all x € {a.b). then there exists ¢ € [a. b} such that
b
flxdg(z)dr = f(¢) | g(x)dr. (8%7)
{b) fiow that the conclusion in (a) is false when the condition “g(zr) > 07 is
dropped. (3%)
5. Let fn:[0,1} = R be defined by f,(z) = (T_{f_)_" for'n=0.1.2....
+ 1
o .
(2) Prove that Z fn(2) is convergent for all r € [0.1]. (1%)
n=0
(b) Is it uniformly conergent on [0, 1]? Justify your answer. (5%)
i oo o
(¢) Does / > fulx)de = L/ Fulz)dz? (6%%)
0 n=0 n=0 0 ' .
6. Evaluate the integral // sin (3,/___,1) dA where
T4y
D )
D:{(r,y)|0<1‘<y<1—-r}. (10%)

T+l
7. Let m be the Lebesgue measureon R, f € L'(R) and define g(r) = / JF(t) de.
Show that ¢ is a continuous function and linmi g(z) = 0. ! (10%)
r—oc
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