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PART 1
1. Let (X, M, 1) be a measure space. For f € L'(p) and g € L>(p), define

4 = [ fadu.

Show that the mapping g — ¢, is not injective (one~to-one) from L®(p) to (L1(p))* if ps i
e ") LY(j))* if p is not
semifinite. Here (L'(x))" is the dual space of L!(p). (L) i e

. Let ) be a Hilbert space, {#t5}aca an orthonormal set in 3, and M = span{u,}aea. Show that

for all z € K,
T - Z(z’ua)“a

a€A

is perpendicular to M, the closure of M.

. Let E C R be a Lebesgue measurable set with m(E) > 0. Show that for any a < 1 there exists an

open interval I such that m(ENI) > am(I). Here m is the Lebesgue measure.

. Let X be a locally compact Hausforf space. Show that if {U,}$° i3 a sequence of open dense subsets

of X, then N{° U, is dense in X.

. Show that if f, — f almost uniformly, then f, - f a.e. and in measure.

Part 1I.

6. Let S be a nonempty set of automorphisms of a field F'. S'is lincarly independent provided

10.

Let K be a commutat

that for any ay,...,a, € Fand oy,...,0n €S (n>1)

ayor(u) +---+ anon(u) =0 forallue F=a;= 0 for every 1.

Prove that if S is a sct of distinct automorphisms of a ficld F, then S is lincarly indpendent.

matrix over I, then 2™ Pap = 2" Ppa where Pap, Ppa are characteristic polynomials of

the matrices AB, BA respectively. Furthermore, if m = n, then Pap = Ppa.

Determine the structure of the abelian group G defined by gencrators a, b, c and rclations

3a+9b49¢c=0and 9a —3b+9c=0.

. An clement ¢ in a ring R is said to be idempotent if ¢? = e. An clement of the center of the

ring R is said to-be central. If ¢ is a central idempotent in a ring R with identity, then

(a) 1p — c is a central idempotent;

(b) eR and (1 — ¢)I? are idcals in It such that

R=cRx(1lp- e)R.

A ring R is called a Boolean ring if a’ = a for every clement a of J. If I is a Boolcan ring

and @ € R, prove that 2a = 0. Then prove that R i necessarily a commutative ring.

ive ring with identity. If A is an n x m matrix over K and Banmxn
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