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Part I: Algebra
1. (10 points) Let G be a finite group and H a subgroup of G. Show that the order of G is divisible by the
order of H.
2. (10%) Let G be a nonabelian group of order p?, p a prime.
(a) Show that the center of G is of order p, and
(b) Show that the center of G is equal to the commutator subgroup [G, G].

3. (10 %) Let D be an principal ideal domain. Show that every nonzero prime ideal of D is also a maximal
ideal.

4. (10%) Let K be a finite field and F a finite extension over K. Show that F is Galois over K and the
Galois group of F over is a cyclic group.

5. (10%) Let V be a finite dimensional real inner product space with the inner product { . ). For any unit
vectora € V, define p, : V = V by p,(x) = x— 2(a,x)a.
(a) Show that p, is an isometry, i.e., (p4(x), pa(y)) = (x,y) forany x,y € V.
(b) detp, = —1.
Part II: Analysis
1. (20 points)

(a) Let f be a real-valued function on [0, 1] such that | f| is (Lebesgue) measurable and the set {x €
[0,1]] f(x) > O} is measurable. Prove that f is measurable.

(b) Let f: R -> R be a continuous function and let C be a closed subset of R. Prove that f(C) is
Lcbesgue measurable.

(¢) Let (X, u) be a finite measure space and f € L'(X,du). Show that for any € > Q there isa & > 0
such that | f¢ f{x)du(x)| < € for any measurable set E C X such that u(E) < 8.

(d) Let ¢t be a measurc (on some measure space X) and let f,, n =1,2..., be a sequence of real-valued
measurable functions on X. Suppose that for every € > 0, the sum

L 1ix || falx)] > €}
n=\
is finite. Prove that f, converges to zero almost everywhere.

2. (10 points) The convolution of two functions f. g € L'(R) is defined by:
fr00) = [ flx=3)s0)dy

(a) Prove that the integral defining f * g exists almost everywhere in x (with respect to the Lebesgue
measure).
(b} Prove that || f +g|l;0 < Il flLillgllc-
3. (10 points) Let / = (0.1). Suppose {f,}>_, is a norm-bounded sequence of functions in L?(/) that
converges in measure to a function f.
(a) Show that f € L?({) and || f]|2 < liminf|| fx]2-
(b) Show that || f,||2 converges to || f||2 if and only if || f, — f|l. — O.
4. (10 points) Let A denote Lebesgue measure and let f : [0,1] — [0, 1] be a differentiable function such

that for every Lebesgue measurable set A € [0, 1] one has A(f~'(A)} = A(A). Prove that either f{x) = x
or f{x) = 1 —x (the derivative f'is not assumed to be continuous).



