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1. (20%)

(a)

a) (10%) Statc the L'Hopital’s Rule
(b)

(
(10%) State the Cauchy-Schwarz incquality for sequences
)

2. (10%) Let E = {(2,y,2) | 4 < 22 + y? + 2% < 9}. Computc

/// 24yt 422 dv
JE

3. (15%) Prove or disprove the following statements

(a) (5%) Every scquence in R contains a monotone (nondecreasing or nonincreasing) subscquence.

(b) (5%) Let {f.} bc a sequence of continuous functions on [0,1] and converge pointwiscly to a
continuous function f on QN [0,1]. Then {f,} converges pointwiscly to f on [0, 1].

(c) (5%) Let f: R — R be a smooth function. Then there cxists § > 0 such that

. fln)
f(z) = Z 77(0) HI(O) ™
n=0 -

for x € (—4,9).

4. (35%) Let (X, d) be a complete metric space and f : R® — X be a function with

d(f(z),f(v)) < Cllz —y|
wherc || - || is the usual norm in R” and C > 0 is a constant.

(a) (5%) Prove that f is uniformly continuous.

(b) (10%) Let {z,} be a bounded sequence in R™. Prove that there exists a convergent subsequence
of {f(zn)} in X.

(c) (10%) If g : R™ — R™ is differentiable with | Dg(z)|| < % for all z € R™, prove that there cxists
zg € R™ such that g(zp) = =o.

(d) (10%) Define h : R™ — R™ by h(z) = x + g(z). Prove that A is one to one on R™.

5. (20%) Let k(z) : R™ — R be a smooth and nonnegative function with integral 1. Let f : R” 2 R be
a continuous function with |f(z)| < eIl for cvery z € R™. For e > 0, define k(z) = e‘"k(;) and

fe(@) := [gn ke(y) f(z — y) dy. Prove that f. — f uniformly as ¢ — 0.
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Note: R denotes the field of real numbers, and n denotes a positive integer.

1. (10%) Is there a linear transformation T: R® — R? such that T(1,—2,0) = (1,1),
T(3,-5,1) = (2,3), and T'(—1,3,1) = (3,0)? Justify your answer.

2. (15%) Let V be the vector space of all polynomials of degree at most n with real
coefficients. For ¢ = 0,1,...,n, let p;(z) = 2* + ' + ... + ™ € V. Show that
{po(z),p1(z),...,pu(z)} is a basis for V.

3. (20%) Let A be an n x n real matrix such that A2 = A. Show that the trace of A
is equal to the rank of A. Is A similar over R to a diagonal matrix? Justify your
answer.

4. (20%) Let T be a linear operator on a finite-dimensional vector space such that
rank(7T?) = rank(T’). Show that N(T) NR(T) = {0}. (Here N(T") and R(T) are the
null space and the range of T respectively.)

5. (15%) Let V be the vector space of all polynomials of degrce at most 3 with real
coefficients. Let D be the linear operator on V defined by D(p) = p’ for p € V.
Find the Jordan form of D.

6. (20%) Let T and U be linear operators on an n-dimensional vector space V. Suppose
that {v,T(v),...,T" (v)} is a basis for V for some v € V, and that TU = UT.
Show that U = p(T") for some polynomial p.



