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1. Let X and Y be random variables and let A be an event. Prove that the function
X(w), fweA
Z(w) = .
Y(w), ifwe A°
is a random variable. ("%)
2. Let X and Y be 1.i.d. with continuous distribution function F.
Find the probabilities P(X =Y) and P(X < Y). (8%)
3. Let X1, X, be independently distributed as N(pi,o?), 0:>0,i=1,2, and let
Zy1 = Xy cosf+ Xysiné
Zy = Xy cos8 — X siné.
Find the correlation coefficient between Z, and Z2, and show that
Mpq V
where p denotes the correlation coefficient of Z; and Zs. (10%)
4. Let (Q,F,P) be a probability space and let {An}nen be a sequence of events such
that hm A=A (e F),
(a) Show that hm P(An) = P(A). (15%)
+00 400
(ummeﬁE:mA ) < +oo, then P((] | 4n) =0. (10%)
n=] k=1n=k
5. Let X1,...,X, be independently distributed as N(u,0?), 0 > 0.
(a) Prove that X and Y = (X; - X,..., X — X)' are independent. (10%)
nS% . . . 1< -
(b) Prove that — s distributed as x2_,, where $2 = = Z;(Xj - X)% (10%)
6. (a) Let X,Y be random variables on the proba,bxhty space (2, F, P). Assume that
Pg>1 > 1—9+ = =1and E|X|’ < +o0, E|Y|? < +00. Prove that E|XY| <
(BIXIP)? (B|Y|9)*. (15%)
(b) Let {Xn}nen be a sequence of random variables and let X be a random variable
defined on the probability space (Q, F, P). Prove that if Xn 1= X, then (15%)

(i) EX, W EX,
(i) Ex? —y EX?, and hence Var(X,) —y Var(X).

(Note. X, L3 X means that {Xn}nen converges to X in quadratic mean as
n — +00.)
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